APPM 3310 Summer 2026 Final

Write your name below. This exam is worth 100 points and has 6 problems. You must show your work
to receive full credit on the problems. You are allowed to use both sides of an 8.5x11 page of notes. You
cannot collaborate on the exam or seek outside help, nor can you use the recorded lectures, a calculator, any
computational software, or material you find online.

Name:
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1. (24 points, 8 each) In each of the following problems, either show that the statement is always true or
provide a counterexample that shows it is false.

(a) If A is a symmetric matrix and the vector b is orthogonal to ker A, then the equation Ax = b
has at least one solution.

(b) If the linear function L : R? — R? has matrix representation A, so L(x) = Ax, then the function
represented by the matrix A2 is not linear.

(c) If the square symmetric matrix K is not positive definite, then the quadratic form ¢(x) = xT Kx
does not have a minimum on the unit sphere.

Solution: (a) True. Since A is symmetric, ker A = coker A, so if b is orthogonal to the kernel, it is also or-

thogonal to the cokernel. The Fredholm alternative then tells us there is at least one solution to
Ax =b.

(b) False. The function is L(x) = A%x, which is still linear, since

L(ax + fy) = A*(ax + fy) = aA’x + A%y = aL(x) + BL(y)

(c) False. A counterexample is K = < _01 ), which has a minimum value of the smallest

eigenvalue, which is —1:
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2. (16 points) Let A = ( 2 0 )

(4 points) What are the eigenvectors of A?

(8 points) Find e4*. Make sure to simplify your answer.

(
Solution: (a) We calculate the roots of A’s characteristic polynomial:

det(A—)\I):KgQ)‘ _i)‘

=3 -A)(-A) —22
=\ -3\—-4
=A—4)\+1)

So we have A =4 and A = —1.

(b) We calculate the kernels of A — AI for each value of A to find the eigenvectors:
4 2 Ry1—(1/2)Ry 2 1
A-(-1I= _—
(=1) ( 2 1 ) Ro—Rs—(1/2)Ra ( 00 )
. 1
V_1 = _9

-1 2 -1 2
A—4] = _
( 2 —4 ) Ro—R2+2R; ( 0 0 )

(c) Once we have diagonalized the matrix so A = SAS™!, we will have

—1
eAt _ eSAS t__ SeAt‘Sf—l

We already have the two matrices we need. Using the eigenvalues and eigenvectors we have
-1 0 1 2
(00 = (L)
Now calculate S~1. Using the 2 x 2 formula gives:

L 1/1 -2
51:5<2 1)
) )5
2 0 e )5\ 2 1
1
5
1
5

So we have

2 et —2e¢7t
2 1 2¢tt et
et ettt —2e7t 4 2%
—2¢t 4 2e* det 4 e*
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3. (13 points) Let A be an incomplete matrix with the Jordan Factorization of

Solution:

21 0 0 00
020 0 00
_ 00 2 0 00 1
A=5 000 -1 00 S
000 0 31
000 0O 0 3
where S has columns s1, s», etc:
I
S = S1 So ... Sg

(2 points) What are the complete eigenvalues of A?

(2 points) Which s; are the ordinary eigenvectors of A?

(3 points) Is (s + s2) an ordinary eigenvector, a generalized eigenvector, or neither?
(3 points) Is (s; + s3) an ordinary eigenvector, a generalized eigenvector, or neither?
( ) 1

3 points) Is (s; + s5) an ordinary eigenvector, a generalized eigenvector, or neither?

The only eigenvalue where the algebraic multiplicity equals the geometric multiplicity is A = —1.
It has a single 1 x 1 Jordan block.

There are four total Jordan blocks, each representing a Jordan chain. The chains start with the
ordinary eigenvectors, which are si, s3, s4, and ss.

This is a generalized eigenvector. We determine this by using the general eigenvector equation:

A(51 + SQ) = As; + Asy = 281 + 289 + 57
= 2(81 + SQ) + 81

This is an ordinary eigenvector. We determine this by using the general eigenvector equation:

A(Sl —+ S3) = A51 + ASg = 2S1 + 2S3
= 2(51 —+ Sg)

This is neither, since s; and s; have different eigenvalues:

A(81 —+ S5) = A51 + AS5 = 251 + 3S5
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4. (16 points) The matrix A= [ 0 —2 | has singular values o3 = 3 and o9 = 2.
2 0

(a) (8 points) What are the singular vectors of A?
(b) (4 points) Find the best rank 1 approximation of A.

(¢) (4 points) Find the pseudoinverse of A. You may leave your answer as a product of matrices.

Solution: (a) We first need to calculate A7 A:

v, (1 0 =2 -
o (1o 2y (o

(3 %)

The singular vectors are the eigenvectors of AT A, and the eigenvalues of AT A are the squares of
the singular values:
g1 = 3— )\1 =09

0’222—>)\2:4:

Where we have normalized these singular vectors.

(b) For this approximation we need to calculate the first column of P:

A 1Y 2\ 1 /1
pir=—=35|( 0 -2 | —=

o 3\ g o VB2

L °

BEVCA

As we have already normalized qi, this p; is a unit vector. The best rank 1 approximation is

then
A1=01P1QT:3L _54 i(1 2)
RV AN R
5 10
— 2| -4 =8
S\ 2 4
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(c¢) For the pseudoinverse, we need the entire P matrix, so we calculate the second column:

Aqg 1 1 2 1 —2
pP2=—=+— 0 -2 -
o2 2\ o5 o )Vl

U N N U
2v/5 _4 3v5 -6

We now have all of the matrices we need and can calculate the pseudoinverse:

AT =QxtpT

(e )Wk )ss (6 5 %)
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5. (16 points) A linear map L : R® — R? has matrix representation A = ( 1 ;1 }1 )

(a) (3 points) What is the canonical form of A?

(b) (8 points) If you were to perform a change of basis on A such that it is placed in canonical form,
what would your R? basis be?

(c) (5 points) What would your R? basis be?
Solution: (a) Calculating the RREF, we find that A is rank 2:

1 -1 -1
1 2 2 Ro—Ry—Ry

R1—>R1+%R3 <
S LN

R3*>%R3

1 00
010

(b) The first two basis vectors are a basis for the coimage, so we take the nonzero rows of the RREF
for this basis:

SO = O

So the canonical form of A is

1 0
ST = 0 and s, = 1
0 1

The last vectors must be chosen to be a basis for the kernel, so we use the RREF to calculate it.
Our free variable is x3:

0
— 83 = -1
1
and so our R? basis is
1 0 0
0 , 1 , -1
0 1 1

(c) For the R? basis, we first find L(s;) and L(ss):

1 -1 -1
L(Sl>=A51:(1 9 9 )

1 -1 -1
L(SQ)ZASQZ(l 9 9 )

) ()

—_ =
'

__0 OO
Il
7N

Il
7N
= O
"

and so our R? basis is
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6. (15 points) Let p(x) = 23 — 2z1m5 + 2235 — 229w3 + 23 — 2xT f where f € R3.

(a) (7 points) Does p(x) always have a minimizer (or minimizers) regardless of what f is? Show that
it does or find an f where it doesn’t.
1
(b) (6 points) Find all of the minimizers of p(x) when f = 1
-2

(¢) (2 points) For the f from part b, what is the minimum value of p(x)?

Solution: (a) We first find the K matrix such that p(x) = x7 Kx — 2xTf by reading off the coefficients:

1 -1 0

K = -1 2 -1

0 -1 1

This matrix is positive semidefinite:

1 -1 0 1 -1 0
1 9 | BemBetRa | g 1 g
0 -1 1 0 -1 1
1 -1 0
R3—R3+R2 0 1 1
0 0 0

This implies that p(x) will not have minimizers unles the equation Kx = f has solutions, in other
words when f € img K. So no, p(x) not always have minima. An example of an f vector where

1
p(x) doesn’t is | 1 | since Kx = f is inconsistent:
1
1 -1 0|1 1 -1 0 |1 1 -1 0|1
-1 2 -1]1 10 1 -1{2 | =10 1 -1|2
o -1 1|1 0 -1 1 |1 0 0 013
(b) The minimizers are the solutions to Kx = f, so we solve:
1 -1 0 1 1 -1 0 1
12 -1 1 | EEEEELl g g 2
0o -1 1 |-2 0 -1 1 |-2
1 -1 0|1
foofotle L g 1 —12
0 0 010
1 0 —-1|3
faofrfe o 1 -1 2
00 010

3 1
X = 2 + 1 t
0 1

10
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(c) We calculate p(x) for our x from part b. Since every value of ¢ gives a minimizer, we can choose
t = 0. Using Kx = f gives

p(x) =xTKx — 2xTf = xTf — 2x"f = —x'f
1

—(3 2 0)( 1
—2

=5

11



