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Significance 

From honeybee 
swarms to fish schools, leaderless 
animal groups must divide 
labor to forage effectively without 
central control. Using a model 
of collective foraging in changing 
environments, we describe 
the most advantageous division 
of labor: a small number of risk-
tolerant individuals persistently 
explore the environment, while a 
coordinated majority forages only 
when conditions are favorable. 
This division of labor emerges 
from individuals following simple 
threshold-based rules, rather 
than the directives of a leader. We 
show that the optimal number 
of explorers grows sublinearly 
with group size, so larger 
groups need proportionally fewer 
explorers. Our findings provide 
a framework for understanding 
how decentralized collectives 
balance exploration costs 
against information benefits, 
and predict when ecological 
pressures favor heterogeneous 
vs. uniform group compositions. 

How can social animals divide labor to forage effectively without a leader? Effective 
foraging requires balancing individual exploration costs against collective information 
gains, but without central coordination. This balance must emerge from the 
distributed decisions of group members. We address this challenge using a collective 
foraging model in which individuals share information and rewards but each must 
choose whether to bear the cost of exploring or to remain idle. We show that 
decentralized collectives can match the performance of centrally controlled groups 
through a division of labor with a small exploratory minority bearing the cost of 
foraging in lean times, continuously gathering information to enable a synchronized 
majority to exploit favorable conditions. This division of labor is inherently adaptive 
because fixed individual thresholds produce flexible collective behavior without central 
adjustment of roles. Information redundancy causes the optimal number of explorers 
to grow logarithmically with group size, so larger groups need proportionally fewer 
explorers. We find that the ideal level of group heterogeneity is maximized at 
intermediate ecological pressures, whereas optimal groups are homogeneous under 
extreme conditions. Collective responses to environmental changes are asymmetric 
and detecting improving conditions is slower than detecting deteriorating ones, as the 
exploratory minority needed to signal recovery is costly to maintain. We thus show how 
a division of labor based on simple individual threshold rules leads to optimal collective 
performance without central coordination, and predict when ecological pressures favor 
heterogeneous vs. uniform group composition. 

collective foraging | division of labor | informed minority | decentralized coordination | 
exploration–exploitation 

How animal groups balance individual exploration costs and collective information gains 
remains a central question in our understanding of ecological decision making (1–4). 
Individual foragers bear energetic and survival costs when venturing into uncertain 
environments (5, 6), yet the information about the environmental state resulting from 
these forays can outweigh any immediate rewards (2, 7, 8). This tension raises a 
fundamental question: How should groups be organized to balance these costs and 
benefits? 

One solution to this problem is centralized leadership, in which a small number of 
individuals guide collective action. In many wild wolf packs, for example, the breeding 
pair tends to initiate movements and coordinates traveling, resting, and hunting (9). 
Human history offers parallel examples. Admiral Zheng He commanded fleets across 
the Indian Ocean in the early fifteenth century on imperial orders, spurring Chinese 
emigration and trade throughout Southeast Asia (10). A century later, royal sponsorship 
supported Magellan’s circumnavigation, opening the first western sea route to the Spice 
Islands and accelerated global trade and contact between distant regions (11). In each 
case, a small number of designated explorers, acting under a central authority, bore 
enormous personal risk, while the societies that sent them reaped lasting rewards. 
However, most social animals, including honeybees, ants, and fish schools, lack fixed 
leaders and coordinate through local interactions (2, 3, 7, 12–14). Despite extensive 
empirical study of decentralized animal groups (3, 12, 15, 16), it remains unclear 
how closely decentralized coordination can match centralized control, how performance 
depends on diversity in individual strategies, and under what conditions heterogeneous 
strategies offer an advantage in leaderless groups. 

To address these questions, we develop and analyze a stochastic foraging model 
(17–24) to understand how collectives can achieve efficient exploration. We show that 
well-calibrated collectives exhibit two characteristic behavioral regimes: during times 
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A

D E

B C

Fig. 1. Overview of model and setup. Individuals in a collective observe returning foragers to update their belief about the environmental state and select 
actions. (A) The belief, g t , is updated based on the observed outcomes of foraging attempts. (B) Individuals forage when their belief that the environment is in a 
high-reward state exceeds a threshold, 𝜃; these thresholds can differ between individuals. (C) Foraging is successful with probability 𝛾 t , which switches between 
high and low values with the environmental state. (D) Under centralized control, a planner decides on the optimal number of foragers to maximize returns. 
(E) With decentralized control, coordination emerges from individual foraging decisions. 

of plenty, risk-averse individuals venture out together, amplifying 
collective gains. When resources are scarce, most individuals 
refrain from foraging, but a small subset of risk-tolerant explorers 
continues foraging to rapidly detect environmental improve-
ments. Composition is critical as populations dominated by 
cautious individuals fail to discover new resources, whereas those 
dominated by risk-tolerant foragers exhaust shared reserves. The 
number of risk-tolerant individuals grows logarithmically with 
population size, a nonintuitive result demonstrated by explicit 
optimization, making a balanced division of labor between ex-
ploration and exploitation essential for efficient foraging (14, 25). 
Remarkably, collectives with a well-calibrated mixture of cautious 
and bold individuals can perform as well as groups governed by a 
central decision-maker. The most heterogeneous compositions 
emerge under intermediate ecological pressures, when explo-
ration costs and environmental variability are balanced. We thus 
show how a division of labor based on simple individual threshold 
rules leads to optimal collective performance, and predict when 
ecological pressures favor heterogeneous vs. uniform group 
composition. 

A Model of Collective Foraging under 
Uncertainty 

Collective decisions about foraging in large, decentralized col-
lectives face a fundamental challenge: How do groups balance 
individual risk and collective benefit in changing environ-
ments without central coordination? To address this question, 
we consider a minimal model designed to examine whether 
decentralized decision-making mechanisms can yield optimal 
collective long-term returns, even when individual expected 
returns are negative. Here we provide an overview of the 

model; mathematical details can be found in SI Appendix, 
section 1. 

Foraging Agents in a Dynamic Environment. We consider a 
collective of N agents who forage for resources. Time is discrete, 
and on each time step an agent chooses either to leave the “hive” 
and forage, or to stay. Each foraging attempt is either successful, 
resulting in a positive reward, or unsuccessful, resulting in no 
reward. The environment alternates between a high- and low-
rewarding state, so that in the high (low) state a foraging 
attempt is successful with probability 𝛾+ (𝛾−). To model 
energetic expenditure and environmental risk, we assume that 
each foraging attempt incurs a fixed cost, 𝜆, and that the expected 
return from an attempt is positive in the high-reward state and 
negative in the low-reward state. Transitions between the states 
are memoryless, so the environmental state evolves as a two-
state discrete-time Markov process with symmetric switching 
probability, 𝜖 (Fig. 1C ). While real environments fluctuate 
across a continuum of states, assuming two states provides a 
minimal framework that captures the essential trade-off between 
exploration and exploitation under uncertainty (19–21, 24). 

Collective Perception. We assume that the community coor-
dinates its behavior through shared information about the 
outcomes of foraging attempts. Returning foragers are observed 
by the entire community, so all individuals know how many 
foraging attempts have been successful (Fig. 1A), an idealization 
of group-level information flow in social collectives (2, 3, 26). 
Individuals are Bayesian observers (27–29) and compute the 
probability that the environmental state is in a high-reward 
state based on the observed number of successful foragers and 
knowledge about the environment’s volatility. We refer to this 
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subjective probability as their “belief” about the environmental 
state. Because all individuals have access to the same information, 
they share a common belief that guides their foraging decisions. 
The belief is updated according to 

g t+1 = (1 − 𝜖 )U (x t |g t , a t ) + 𝜖(1 − U (x t |g t , a t )), [1] 

where xt and at are the number of successful and committed 
foragers at time t, and U (xt |gt , at ) is the Bayesian posterior that 
the environment is high-rewarding given the observed outcomes 
(SI Appendix, Eq. S1). 

Decision Making with a Centralized Planner. Maximizing re-
turns requires optimizing forager number: deploying too many 
foragers when conditions are poor wastes effort; too few when 
conditions are good misses opportunities. To establish an upper 
bound on collective performance, we derive a theoretical bench-
mark based on a centralized planner that optimally determines 
foraging effort required to maximize long-term collective returns 
(Fig. 1D). Under this centralized policy, all individuals follow the 
directives of a planner, which infers the environmental state by 
observing foraging successes and then prescribes the best number 
of foragers. This optimal policy can be computed using dynamic 
programming (18, 30, 31) and provides an upper bound on 
achievable performance. The value function V ( g ) satisfies 

V (g) + 𝜌 = max 
a=0,1,··· ,N 

⎧⎨ ⎩ r(g|a) + 
 

g  
V (g )p(g |g, a)

⎫ ⎬ ⎭ , [2] 

where r(g|a) = a(𝛾̄(g) − 𝜆) is the expected immediate reward 
for deploying a foragers given belief g, 𝜌 is the long-run average 
reward, and p(g |g, a) is the belief transition probability (SI 
Appendix, Eq. S2). We compare this benchmark with outcomes 
from agents who make individual decisions based on shared 
information but without central coordination. 

Decisions in the Absence of a Centralized Planner. With no 
central decision-maker, each individual decides whether to 
forage based on their estimate of the environmental state. We 
assume that each agent chooses to forage if their belief that 
the environment is in the high-reward state exceeds a private 
threshold (Fig. 1 B and E). The distribution of these thresholds 
across individuals determines the behavior of the decentralized 
group (32, 33). Such threshold-based decision rules are consistent 
with empirical work on quorum/acceptability thresholds in social 
insects and with theory showing how heterogeneity in thresholds 
shapes collective decisions (34–39). As we show, an appropriate 
distribution of such thresholds allows the collective to match the 
performance of a central optimizer, despite no individual having 
knowledge of others’ thresholds or any group-level objective. 
Despite its abstraction, this model captures the ecological 

tradeoffs between exploration cost, environmental uncertainty, 
and collective return. It also allows us to ask whether decentralized 
decision making itself entails a performance cost, separate from 
any limitation imposed by imperfect information sharing. By 
holding information fixed across the centralized and decentralized 
settings, we isolate the cost of autonomous decision making and 
ask how closely individual threshold rules can approximate jointly 
optimized collective behavior. 

Results 

Using our model of foraging and belief updating, we ask 
how a collective translates shared environmental information 

into effective foraging decisions. We first establish a normative 
benchmark based on a centralized decision-maker that maximizes 
expected payoff. We then show that a leaderless group can achieve 
optimal performance using heterogeneous individual decision 
thresholds and analyze how environmental conditions shape the 
optimal threshold distribution in a decentralized collective. 

Robust Collective Coordination Through Structured Hetero-
geneity. A central decision-maker can select an optimal number 
of foragers to maximize expected payoffs on each turn. In a 
decentralized collective, individuals share a common belief about 
the environmental state but make individual choices based on 
a private threshold. If all individuals choose a threshold that 
maximizes their own expected return, then all thresholds are 
identical. Since they share the same belief, everyone makes the 
same decision: forage when the expected reward is positive, and 
remain idle when the expected reward is negative. As a result, a 
collective can quickly detect when an environment switches from 
a high- to a low-rewarding state. However, when the collective 
believes the reward state is likely to be low, no individuals forage, 
and the collective will not detect a switch back to a high-rewarding 
state. The resulting failure to explore thus leads to starvation even 
when conditions improve. Conversely, if all individuals adopt low 
thresholds and forage often, the collective can quickly infer the 
environmental state but incurs large energetic losses in lean times. 
Effective collective performance therefore requires a division of 
labor between a minority that bears the cost of foraging in lean 
times and a majority that waits for favorable conditions. 
With an appropriate distribution of individual decision thresh-

olds, a decentralized collective can achieve the same expected 
returns as an optimally controlled group. We show this by 
constructing a threshold distribution that reproduces the number 
of foragers deployed under the optimal centralized policy. 
We do not suggest that collectives compute or implement a 
centralized solution; rather, this construction demonstrates that 
simple local threshold rules can recover centralized allocations, 
allowing us to analyze how ecological parameters shape the 
structure and robustness of the resulting strategy. Even when 
all individuals observe the same foraging outcomes, each agent 
acts on a private threshold with no joint optimization of roles, 
so the centralized benchmark measures the gap attributable to 
decentralized decision making alone. The optimal strategy of 
a central planner can be represented by a function, 𝜋(g), that 
maps the collective belief about the state of the environment, 
g, to the number of individuals sent out to forage, n = 𝜋 (g) 
(Fig. 2A). As the belief that the environment is in a high-reward 
state increases, the planner commits more foragers (17, 40). The 
optimal policy, 𝜋 (g), is nondecreasing in the belief g, since higher 
expected rewards never justify deploying fewer foragers. We can 
therefore define a sequence of belief thresholds, 

𝜃n = inf {𝜃 ∈ [0, 1] : 𝜋 (𝜃) ≥ n}, n = 1, 2, . . . , N, [3] 

where 𝜃n is the smallest belief at which deploying at least n 
foragers is optimal. Multiple thresholds may coincide, and in 
large groups the majority of thresholds equal the critical belief 𝜃c 
(Fig. 3) at which the expected foraging return is zero. 
The strategy of a decentralized collective is fully determined 

by a set of private thresholds. Hence, a collective of size N 
whose individuals have thresholds {𝜃n}Nn=1 will send out exactly 
n foragers when the belief satisfies 𝜃n ≤ g < 𝜃n+1, with the 
convention 𝜃N +1 = 1 (Fig. 2B). This choice of thresholds 
thus results in a number of foragers equal to that dictated 
by the optimal policy, 𝜋(g) for any belief g. Importantly, 
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A C 

B D 

Fig. 2. Division of labor enables centralized and decentralized coordination. 
(A) In decentralized collectives, individuals have different foraging thresholds. 
Risk-averse individuals share a common threshold, 𝜃c , and forage only 
when the expected reward is positive. Risk-tolerant explorers have lower, 
heterogeneous thresholds and forage even when the expected reward is 
negative. (B) Under centralized control, a planner implementing the optimal 
policy, 𝜋(g), deploys an increasing number of foragers as the belief increases. 
An appropriate distribution of individual thresholds allows a decentralized 
collective to match this allocation (compare panels A and B). (C) The optimal 
number of risk-tolerant explorers, Ns, grows sublinearly with population size, 
N, so an increasingly small fraction of explorers suffices for efficient foraging. 
(D) The collective belief, g t , tracks environmental fluctuations because a 
subset continues exploring during lean periods, so the collective can rapidly 
re-engage when conditions improve. 

individual decisions are based on a shared belief paired with 
private thresholds, rather than on orders from a central planner. 
The resulting distribution of foraging strategies could arise from 
evolved or learned differences in risk sensitivity (41–43), and is 
consistent with classic response-threshold models of division of 
labor (32, 44). We show that such a distribution can emerge 
from a homogeneous population via selection on group-level 
foraging returns, with no central authority assigning thresholds 
(SI Appendix, Fig. S1). 

Unlike centralized collectives that concentrate decision mak-
ing in a single coordinator, decentralized collectives distribute 
responsibility across individuals with heterogeneous strategies, 
making them more robust to decision noise and environmental 
perturbations, and potentially promoting evolutionary stability 
(2, 45). As long as phenotypic differences across the population 
generate an appropriate distribution of risk tolerances, the 
collective can achieve optimal foraging performance (25, 41). 
Structured heterogeneity thus allows decentralized groups to 
match the allocations of a central planner while maintaining 
robust performance in dynamic environments. We next analyze 
the structure of the optimal population and ask how ecological 
pressures shape this distribution of strategies. 

Minority Exploration and Majority Synchronization. An optimal 
collective balances risk-tolerant individuals, who forage under un-
certainty, with risk-averse individuals, who forage only when the 
expected reward is positive. Empirical studies show a consistent 

pattern in many social species: a small fraction of individuals, 
such as “scouts” in honeybee populations, persistently engages 
in exploration, while most colony members adopt safer strategies 
and exploit known resources (14, 41, 46, 47). We show that 
the optimal decentralized strategy yields a similar pattern. To 
do so, we use the critical threshold, 𝜃c , and classify individuals 
with decision thresholds below 𝜃c as risk-tolerant, and those with 
thresholds equal to or exceeding 𝜃c as risk-averse. 
In small optimal collectives, all individuals are risk-tolerant, 

because each foraging outcome is highly informative and has a 
large impact on the collective belief about the environmental state 
(Fig. 2C ). As group size increases, performance improves, but the 
optimal division of labor changes. The expected cost of foraging 
grows linearly with the number of active foragers, whereas 
additional foraging outcomes provide redundant information 
and thus become less valuable. A mathematical analysis shows 
that the optimal number of risk-tolerant individuals grows 
logarithmically with group size (dashed line in Fig. 2C ), reflecting 
a precise balance between the diminishing informational returns 
of additional explorers and the linearly accumulating costs of 
exploration. This sublinear scaling is robust across a wide range 
of environmental switching rates, foraging costs, and reward 
structures (SI Appendix, Fig. S2). Consequently, larger groups 
comprise a growing majority of risk-averse individuals, while 
the fraction of risk-tolerant explorers declines. This prediction 
is consistent with empirical and theoretical studies showing that 
effective animal collectives rely on a small exploratory minority 
whose size grows more slowly than group size (2, 48). Details 
of the asymptotic analysis underlying this result are provided in 
SI Appendix, section 2. 

While the decision thresholds of risk-tolerant individuals 
are distributed, all risk-averse individuals share a common 
threshold, 𝜃c . Indeed, the entire collective commits to foraging 
once the expected reward becomes positive (SI Appendix, section 2 
and Fig. S3). This synchronization of foraging bouts is a conse-
quence of the linear increase of total reward with the number of 
committed individuals, implying that full commitment is optimal 
when returns are expected to be favorable. Thus, an optimal 
collective consists of a heterogeneous minority that maintains 
environmental awareness through continued sampling, and a 
synchronized majority that maximizes collective returns through 
coordinated exploitation once conditions are deemed favorable. 

Optimal collective foraging strategies exhibit a characteris-
tic cascade of activity in response to environmental changes 
(Fig. 2D). When conditions deteriorate, widespread foraging 
produces few successes, quickly shifting the collective belief 
toward low expected rewards. Most individuals stop foraging, 
leaving a small subset of risk-tolerant explorers that continue 
sampling. When conditions deteriorate severely, even limited 
exploration ceases to minimize costs. Nevertheless, in the absence 
of new information, collective belief gradually relaxes toward 
uncertainty, prompting renewed exploration. If some of these 
sparse foraging attempts are successful, the belief shifts toward 
high expected rewards, and more foragers are recruited. Once the 
collective belief crosses the threshold 𝜃c , coordinated collective 
foraging is triggered again, and the process repeats. This cascade is 
asymmetric: deteriorating conditions are detected rapidly by the 
whole group, whereas improving conditions must first be detected 
by the costly exploratory minority before triggering group-wide 
recruitment. Heterogeneity in decision thresholds enables the 
population to function as a distributed sensor, maintaining 
sensitivity to environmental changes while balancing the cost 
of exploration. 
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A B E 

DC 

Fig. 3. Effects of perturbing the distribution of decision thresholds. (A) Optimal threshold distribution for a collective of N = 100 individuals. (B–D) Perturbed 
strategy distributions: (B) increasing the spread of thresholds in the risk-averse majority; (C) risk-tolerant individuals sharing a high threshold; (D) risk-
tolerant individuals sharing a low threshold. Colors indicate the different perturbation types. (E) Normalized return vs. accuracy for the optimal strategy 
and its perturbations shows that returns are maximized at intermediate accuracy (gray dot; panel A), reflecting weakened coordinated exploitation under 
desynchronization (brown–gray curve; panel B), improved accuracy at increased cost under moderate heterogeneity (pink–gray curve; panel C), and degraded 
returns under excessive risk tolerance (blue–gray curve; panel D). Returns are normalized by the maximum possible return 𝜌max, defined as the return obtained 
when the entire collective forages only in the high-reward state. 

Risk-tolerant individuals thus act as functional leaders by 
providing information about the environment, rather than by 
imposing their choices on others. Their exploratory actions 
inform the more cautious majority, resulting in a form of passive 
leadership that emerges from threshold heterogeneity (49–51), 
rather than social dominance or intentional coordination. The 
resulting collective dynamics operate on two timescales: slow 
environmental detection by the exploratory minority and rapid 
group-wide responses once conditions are confirmed favorable 
(Fig. 2D and SI Appendix, Fig. S4). 

Uniform Strategies Degrade Collective Performance. A division 
of labor based on diverse risk tolerances is therefore crucial 
for balancing the costs and benefits of exploration (Fig. 3A). 
We next compare the performance of such optimal collectives 
to those with suboptimal strategy compositions. We quantify 
collective performance using two metrics (Fig. 3E). The first is 
the long-term average return, 𝜌, normalized by the maximum 
possible return 𝜌max = N (𝛾+ − 𝜆)/2 achieved when all 
individuals forage only when conditions are favorable. The 
second is accuracy, 𝛼, defined as the time-averaged proportion of 
individuals committed to foraging when the environment is in 
the high-reward state. 

When all thresholds are high, the population is overly 
cautious, since even relatively risk-tolerant individuals forage too 
infrequently to detect environmental improvements. As a result, 
the collective responds slowly when good times return, reducing 
long-term average reward (Fig. 3 C and E). In the extreme 
case where all individuals require excessive certainty to forage 
(𝜃n > 1/2 for all n), unsuccessful foraging drives the collective 
belief below 1/2, halting further exploration. In the absence 
of new observations, the belief relaxes back toward uncertainty 
(g = 1/2). Since all decision thresholds exceed this value, the 
collective remains inactive indefinitely. 

Conversely, a collective with too many risk-takers fails in 
the opposite way: eager explorers can maintain high accu-
racy, but only by sustaining near-continuous sampling. The 
marginal information gain of these explorers is outweighed by 
the energetic cost of foraging, depressing long-term returns 

(Fig. 3 D and E). In contrast, unstructured deviations from a 
shared risk-averse threshold primarily impair exploitation rather 
than information acquisition, desynchronizing the cautious 
majority and preventing coordinated surges of foraging when 
conditions are favorable (Fig. 3 B and E). 
Optimal collectives thus exhibit functional specialization, 

with a synchronized risk-averse majority sharing threshold 𝜃c 
responsible for coordinated exploitation, and a heterogeneous 
risk-tolerant minority that sustains exploration through a broad 
distribution of thresholds in large groups (Fig. 3 and SI Appendix, 
Fig. S5). Together, these results reveal a collective exploration– 
exploitation trade-off: heterogeneity among risk-tolerant individ-
uals sustains exploration under uncertainty, while synchroniza-
tion of the risk-averse majority maximizes returns once conditions 
are favorable. This exploration–exploitation trade-off requires 
only that the right proportions of explorers and exploiters are 
maintained for given ecological conditions; the model does not 
prescribe how this balance is achieved, leaving open the possibility 
that individuals can rotate between roles over time. 

Ecological Extremes Suppress Division of Labor. We next ask 
how changes in environmental conditions impact the optimal 
division of labor between risk-tolerant and risk-averse indi-
viduals. In particular, we show that the cost of foraging, 𝜆 
(energetic expenditure and risk), the difference between expected 
reward during good and bad times, Δ𝛾 = 𝛾+ − 𝛾−; and 
environmental variability, 𝜖 (the probability of state transitions) 
strongly shape the structure of a well-calibrated collective. We 
quantify these effects using the SD of the optimal threshold 
distribution as a measure of heterogeneity of strategies in the 
collective. 

Group heterogeneity varies nonmonotonically with foraging 
cost, peaking at intermediate values (Fig. 4 A and D and SI 
Appendix, Fig. S6). When costs are low (𝜃c(𝜆) < 𝜖 ), resources 
are easily accessed and all individuals forage, resulting in a 
homogeneous population of foragers. Conversely, when costs 
are high (1 − 𝜖 < 𝜃c(𝜆)), exploration becomes prohibitively 
expensive, and all individuals refrain from foraging. Between 
these extremes (𝜖 ≤ 𝜃c(𝜆) ≤ 1 − 𝜖 ), a maximal variability 
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A B C D 

Fig. 4. Ecological modulation of collective heterogeneity. (A) Heterogeneity of optimal decision thresholds varies nonmonotonically with commitment cost, 𝜆, 
peaking at intermediate values where foraging decisions depend sensitively on belief; extreme costs lead to uniform inactivity (high cost) or uniform foraging 
(low cost). (B) Heterogeneity also peaks at intermediate reward rate contrasts, Δ𝛾 , (shown for two commitment costs): small changes in reward rate are both 
hard to detect and not worth detecting. Large changes are easily detected by a few foragers. Heterogeneity thus saturates in both limits. (C) Rapid environmental 
switching suppresses heterogeneity by limiting achievable inference accuracy. (D) Joint variation of cost and reward contrast reveals a wedge of intermediate 
ecological conditions in which division of labor and structured heterogeneity are optimal. 

of risk-preference is attained. In this intermediate regime, 
moderate increases in foraging cost selectively suppress marginal 
exploration by cautious individuals, while favoring continued 
sampling by a smaller risk-tolerant subset, thereby amplifying 
the diversity of thresholds used (wedge-shaped region of high 
heterogeneity in Fig. 4D). 
Group heterogeneity also varies nonmonotonically with the 

difference between the expected reward rate in the two environ-
mental states, Δ𝛾 = 𝛾+ − 𝛾− (Fig. 4 B and D and SI Appendix, 
Fig. S6). When this difference is small (𝜃c(Δ𝛾 ) < 𝜖 or 
𝜃c(Δ𝛾 ) > 1 − 𝜖), the environment is nearly deterministic, 
and the population follows a homogeneous strategy. Again, 
all individuals forage or remain idle depending on whether 
the average reward exceeds the commitment cost. As the 
difference increases, distinguishing favorable from unfavorable 
conditions becomes more valuable, as early detection yields 
large gains in expected return. This leads to the emergence 
of risk-tolerant individuals and greater strategic heterogeneity. 
At extreme contrasts in reward, transitions to a favorable state 
are easily inferred without extensive exploration, because even 
sparse successes strongly shift belief, reducing the benefits of 
maintaining many risk-tolerant individuals in the population. 
Heterogeneity is amplified when commitment costs are high, 
as risk-averse individuals require greater certainty to forage, 
increasing the informational value of continued sampling by a 
small exploratory minority. 

Rapid environmental changes suppress heterogeneity, fa-
voring homogeneous risk aversion over exploratory strategies 
(Fig. 4C ). When environments fluctuate rapidly, maintaining 
risk-tolerant individuals becomes counterproductive as informa-
tion gained through exploration quickly becomes obsolete. In 
this regime, the timescale of environmental changes is shorter 
than the time needed to coordinate a response. As a result, 
fast-changing environments suppress heterogeneity, favoring 
uniform populations: all individuals forage when costs are 
low relative to the time-averaged reward, or all refrain when 
costs are high. In contrast, when environmental changes are 
slow and predictable relative to the timescale of exploration 
and response, information accumulates and remains reliable 
over long periods, so the group can profit from exploratory 
foraging in future decisions. Under these conditions, risk-
tolerant individuals can repeatedly detect state changes, stabiliz-
ing collective belief and enabling timely collective commitment 
and making a structured division of labor both possible and 
advantageous. 

Discussion 

We have shown that leaderless collectives can achieve optimal 
foraging performance through a division of labor based on 
heterogeneous risk tolerances. A small fraction of risk-tolerant 
individuals, whose number increases logarithmically with group 
size, maintains environmental awareness by exploring even when 
expected rewards are negative, while a synchronized risk-averse 
majority maximizes collective gains by committing only when 
conditions are favorable. This asymmetric structure reflects 
fundamental principles of collective information gathering: as 
individuals sample independently, the information value of 
additional observations diminishes due to redundancy, whereas 
exploration costs accumulate linearly with the number of explor-
ers, so only a small fraction is needed for accurate environmental 
tracking in large groups. 
Optimal collective foraging exhibits characteristic decision 

cascades in response to environmental changes. Minority-driven 
exploration triggers rapid group-wide recruitment when condi-
tions improve, enabling swift responses to opportunities while 
limiting costly false alarms. Exploration loses its value under 
extreme ecological pressures or in rapidly changing environments 
where information becomes obsolete before it can guide actions. 
This causes collectives to favor uniform risk aversion over strategic 
diversity. Hence, the ideal breadth of heterogeneity in decision 
thresholds is most pronounced under intermediate foraging costs 
and environmental contrasts (Fig. 4). 

Risk-tolerant individuals function as informative leaders in 
decentralized groups, guiding collective behavior by maintain-
ing environmental awareness during periods of uncertainty 
(2, 49, 50). Whether such leadership is persistent or transient 
depends on its origin. Stable phenotypic variation in energetic 
state or temperament can produce consistent leaders (49, 52, 53), 
whereas probabilistic decision making by otherwise homoge-
neous individuals allows leadership to rotate while preserv-
ing near-optimal collective performance (51, 54, 55) (see SI 
Appendix, section 3 for proof). Notably, even a population 
initialized with identical thresholds at the greedy level can spon-
taneously develop the requisite heterogeneity: agents with poor 
reward histories gradually resample their thresholds, diversifying 
the distribution toward the optimal structure through purely 
local responses to collective experience (SI Appendix, Fig. S1). 

While comparable divisions of labor can be imposed by 
centralized or dominance-based control in some groups (9, 55), 
we focused on how informational leadership can emerge in 
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leaderless collectives via heterogeneity in exploration preference 
under uncertainty (4, 7). A minority that samples when payoffs 
are ambiguous can distribute group sensing to regulate ma-
jority engagement, consistent with broader views of collective 
computation and information flow in animal groups (26). 
This perspective suggests that if exploratory roles reflect stable 
phenotypic differences, individuals should show cross-context 
consistency in risk-taking and influence (52, 53, 56); if instead 
exploration is due to stochastic choices among otherwise similar 
individuals, leadership should rotate without loss of group-level 
performance (54, 57). Correspondingly, altering exploration 
costs or environmental persistence is expected to shift the 
degree and stability of leadership and the strength of division 
of labor (8, 58). These predictions are experimentally accessible 
in social insects and other tractable systems where ecological 
timescales and costs can be manipulated and collective responses 
quantified (47, 59, 60). 
A sublinearly increasing number of risk-tolerant explorers 

appears in diverse collective decision-making systems: informed 
minorities can effectively guide naïve majorities in moving animal 
groups (2), a small fraction of hasty explorers can optimize 
group decision efficiency when observed by a large, deliberate 
majority (61), and a few scouts can reliably inform nest-site 
choices in social insects (48). Although leadership by risk-
tolerant minorities has been studied experimentally in groups 
of fixed size (62–64), how the number of leaders should scale 
with group size and how this scaling emerges from individual 
decision rules remains largely unexplored. Related work shows 
a similar sublinear scaling of active individuals with colony size, 
arising from a balance of social activation and inhibition rather 
than diminishing informational returns (65, 66), suggesting the 
pattern may reflect a general principle with multiple mechanistic 
origins. Recent work in swarm robotics reaches qualitatively 
similar conclusions, showing that heterogeneity in individual 
thresholds improves collective foraging performance and that 
the degree of optimal heterogeneity depends on group size 
(67–69). Our work complements this literature by deriving 
the theoretical optimum directly via dynamic programming and 
proving constructively that it can be matched by a decentralized 
collective, providing a principled benchmark against which 
approximate strategies can be evaluated. 
The role of heterogeneity in group composition has been exten-

sively studied using threshold-based models of division of labor, 
which typically assume symmetric, normally distributed response 
thresholds across individuals (32, 33, 44, 70, 71). However, 
the structure of threshold distributions itself has been largely 
overlooked. Skewness alone can generate complex relationships 
between group composition and collective performance. Division 
of labor in social insects can emerge from multiple interacting 
factors, beyond threshold variation (71), yet the contribution of 
the distribution structure remains unexplored. We hypothesize 
that natural groups may evolve skewed threshold compositions 
to optimize collective task performance. 
One limitation of our model is the assumption of perfect 

information sharing as all individuals instantaneously observe 
collective foraging outcomes. In many natural systems not 
all potential foragers observe every returning individual, and 
information is transmitted locally or indirectly (3, 26, 61). 
Such local transmission can generate modular organization, in 
which distinct subpopulations have unequal access to exploratory 
returns. Even when information is available, individuals may 
differ in perceptual or decision noise (e.g., noisy belief updates or 
variable thresholds) (28), resulting in heterogeneous beliefs and 

stochastic actions. Under such conditions, individuals may rely 
not only on explicit signals but also on implicit social information 
inferred from the behavior of others (57, 72, 73). How partial 
information sharing and social inference reshape the optimal 
division of labor remains an open question (44). We show that 
the core organizational structure identified here, a minority of 
explorers along with a synchronized majority, remains robust 
under imperfect communication, although achieving comparable 
performance requires a somewhat larger exploratory cohort to 
compensate for information loss (SI Appendix, Fig. S7). 
Our results also raise questions about how finite energetic 

reserves constrain collective decision making. While our model 
implicitly assumes unbounded accumulation of returns, biologi-
cal systems operate under both lower and upper energetic limits. 
Near starvation, collectives may be forced into riskier strategies 
to avoid extinction. How such transitions are distributed across 
heterogeneous groups remains unclear. If risk heterogeneity 
reflects hunger-driven phenotypic variation, individuals with de-
pleted reserves may become disproportionately risk-tolerant (34), 
amplifying the influence of an informed minority during critical 
periods (49). Conversely, when storage approaches saturation, 
continued foraging becomes unnecessary, potentially suppressing 
exploration and diminishing the role of exploratory individuals 
altogether. Understanding how energetic constraints reshape the 
emergence, persistence, and influence of informed minorities is 
therefore essential for linking individual state, division of labor, 
and collective responsiveness of natural systems. 
In human society, the parallel to the risk-tolerant explorer 

is thus not the state-sponsored adventurer like Zheng He or 
Magellan, but the self-motivated innovator: the garage inventor, 
the citizen scientist, the open-source builder, the high-risk 
entrepreneur, and the avant-garde artist. These individuals are 
driven by curiosity and passion and have lower thresholds for 
action than others. They often bear substantial personal costs, yet 
when they succeed, they spark movements that drive collective 
behavior at scale. 

Materials and Methods 

Bellman Equation and Numerical Solution. To determine the optimal 
collective foraging strategy under a centralized planner, we formulate the 
problem as a Markov decision process in which the system state is given by 
the collective belief about the environmental state. The goal is to find the 
strategy that maximizes the long-term average collective return. Using dynamic 
programming, we derive the Bellman equation characterizing the optimal 
policy, 𝜋 (g), that maps belief states g to the number of agents committed 
to foraging. The derivation of the Bellman equation is provided in SI Appendix, 
section 1. 

We compute the optimal policy numerically by discretizing the belief space 
on the interval [0, 1] using a uniform grid of 201 points and solving the 
discretized Bellman equation via fixed-point iteration. Iteration is continued 
until the value function converges to tolerance 10−6 . The resulting policy serves 
as a benchmark for collective performance and as a reference for constructing 
decentralized strategies. 

Asymptotic Analysis and Large Deviation Theory. To understand how the 
optimal collective strategy, 𝜋(g), changes with group size N, we perform 
asymptotic analysis of the Bellman equation in the limit of large N. This analysis 
characterizes theleading-orderbehaviorof theoptimalpolicyandshowsthatonly 
a sublinear number of agents explore (forage) under unfavorable conditions, 
i.e., when g < 𝜃c . In our model setup, this scaling is logarithmic in N. 

Rare events associated with future rewards and belief transitions are 
characterized using large deviation theory. These estimates allow us to quantify 
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the contributionof the current number of committed agents to long-term returns 
and to derive bounds on the optimal allocation of exploratory effort for large 
groups. Technical assumptions and full derivations arepresented inSI Appendix, 
section 2. 

Perturbations of the Optimal Policy. To perturb the optimal policy in Fig. 3, 
we construct strategies by interpolating between the optimal policy 𝜋(g) and 
three extreme reference policies 𝜋ext(g) corresponding to uniformly bold, 
uniformly cautious, and desynchronized cautious strategies. More precisely, 
the perturbed policy is given by 𝜋𝜆(g) = (1 − 𝜆)𝜋(g) + 𝜆𝜋ext(g) for 
𝜆 ∈ [0, 1], where z denotes the largest integer less than or equal to z. 
These interpolations systematically alter the degree of heterogeneity and 
synchronization in foraging behavior. Performance under perturbed policies 
is evaluated using the same metrics as for the optimal strategy (return and 
accuracy). 

Model Parameters. All figures in the main text are generated using a baseline 
parameter set with group size N = 100, reward probabilities 𝛾± = 0.5 ± 0.3, 
switch probability 𝜖 = 0.1, and commitment cost 𝜆 = 0.62 (and thus 𝜃c = 
(𝜆 − 𝛾−)/(𝛾+ − 𝛾−) = 0.7) chosen to represent typical model behavior 
unless otherwise specified. In Fig. 3, we vary the interpolation parameter while 
holding other parameters fixed at baseline values. In Fig. 4, we choose 𝛾± = 
(1 ± Δ𝛾 )/2. 

Monte Carlo Simulations. To compute performance metrics for given model 
parameters, we employed Monte Carlo simulations of the stochastic foraging 
process. Foreachparameter setand (perturbed)policy,wesimulate thecollective 
dynamicsover long timehorizons toestimate theperformancemetrics. Eachdata 
point in Fig. 3 is computed from 103 independent realizations, each simulated 
for 2 × 104 time steps. 

Data, Materials, and Software Availability. All scripts for simulations, 
analysis, and figure generation are available in a public GitHub repository 
(74). 
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1. Detailed model description

Collective foraging in a changing environment. We consider a group of N agents with a single central home, which is situated
at a distance from a single foraging site. The placement of the home site is motivated by dwellings of socially foraging animal
groups who bring food back to a central location (e.g., honeybees, ants, and many other social insects), serving as a base
from which information and resources are collected. At each time t = 1, 2, · · · , each agent chooses to either idle or commit.
Individuals who choose to idle remain at the home site, avoiding the expense and danger of exploration, but also foregoing
potential rewards. In contrast, agents who choose to commit to the foraging site will leave the home site during a time step
and may receive a reward but incur some cost for exploring, λ. Each agent can choose whether to commit or idle at each step.
Rewards are resources that benefit the collective, such as food that is immediately consumed or nectar that is brought back to
the home site. The cost of exploring includes both expended energy and risks of foraging such as predation.

When visiting the site, agents receive a reward with a probability determined by the hidden state of the environment at
each time t. When the environment is in the high- (low-)rewarding state st = s+ (st = s−), a single forager receives a reward
with probability γ+ (γ−),

Pr
(
xt = 1

∣∣st = s±, at = 1
)

= γ±, γ− < γ+,

where xt = 1 if a reward is received in the special case at = 1, and xt = 0 otherwise. Agents that do not visit the site do not
obtain rewards.

The environmental state changes probabilistically as a two-state Markov chain with symmetric switching (hazard) rates

Pr
(
st+1 ̸= st | st

)
= ϵ,

where ϵ ∈ [0, 1/2]. Our results can be extended to the case in which transitions out of either state occur at different rates,
Pr

(
st+1 = s±|st = s∓

)
= ϵ±, leading to unequal average dwell times (rather than the symmetric case considered here), but

this substantially complicates the resulting expressions.

Collective perception of environment. We assume agents combine their own observations with social information shared across
the group to compute the posterior probability that the environment is in the high rewarding state (1). We also assume that
all agents share their observations with all others once home, at which point everyone in the group has the same information
and the same belief about the environmental state. For example, in a sufficiently small colony of honeybees, all members can
observe each other’s waggle dances, which communicate information about foraging sites (2–4). We derive a recursive expression
for the probability that the environment is one of the two states given the observations of the collective, corresponding to the
belief shared by all agents.

An agent infers the state, st, using the outcome of all foraging attempts made by other agents, and knowledge about the
volatility of the environment, ϵ. Let at be the number of agents choosing to forage at time t. Among these agents, xt agents
successfully receive rewards by finding food at the foraging site. The probability that xt out of at agents receive rewards if the
state is st is given by

Pr
(
xt|st = s±, at

)
= B(xt|at, γ±) ≡

(
at

xt

)
γxt

± (1 − γ±)at−xt

.

We will discuss later how agents ideally choose to take specific actions based on their belief in Sect. 1, focusing on how the number
at of foragers at time step t is chosen based on prior reward x1:t−1 = {x1, · · · , xt−1} and foraging a1:t−1 = {a1, · · · , at−1}
outcomes. The best number at of foragers to send out is in turn determined by the subjective probability (belief) that the
current state is high-rewarding, st = s+, based on these previous observations. We denote this belief by

gt = Pr
(
st = s+|x1:t−1, a1:t−1)

.

Once at agents commit, xt ∈ {0, 1, ..., at} is sampled from a binomial distribution with parameters determined by the present
state st. Subsequently all agents update their belief based on xt and at. We can thus compute this update iteratively by
accounting for this conditional dependence of xt and the remaining prior contributions to the belief:

Pr
(
st|a1:t, x1:t) ∝ Pr

(
xt|st, at, a1:t−1, x1:t−1)

Pr
(
st, at|xt, a1:t−1, x1:t−1)

∝ Pr
(
xt|st, at

)
Pr

(
st|a1:t−1, x1:t−1)

.

Since there are only two potential values for the state, s±, conservation of probability ensures

Pr
(
st = s+

∣∣a1:t, x1:t) = B(xt|at, γ+)gt

B(xt|at, γ+)gt + B(xt|at, γ−)(1 − gt)

= gt

gt + (1 − gt)C(xt, at) ≡ U(xt|gt, at),
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where C(x, a) = (γ−/γ+)x((1 − γ−)/(1 − γ+))a−x is the ratio of the conditional binomial probabilities in either state. After
this update, each agent predicts the next state, st+1, from the obtained posterior probability (belief) of the current state. The
Chapman-Kolmogorov equation for the state yields

gt+1 = Pr
(
st+1|a1:t, x1:t) =

∑
st

Pr
(
st+1|st, a1:t, x1:t) Pr

(
st|a1:t, x1:t)

=
∑

st

Pr
(
st+1|st

)
Pr

(
st|a1:t, x1:t) ,

according to the assumption that st+1 only depends on st. It follows that

gt+1 = (1 − ϵ)U(xt|gt, at) + ϵ(1 − U(xt|gt, at)) ≡ G(xt|gt, at). [1]

We introduced a Bayesian model of collective perception in a changing environment. In this framework, both the agents’
returns and their beliefs are shaped by their actions, at. This raises a central question: given a belief, gt, what is the optimal
number of agents that should forage at each time step? In Sect. 1, we address this question by using dynamic programming
to find the optimal policy of collective agents to maximize their return, and discuss how individuals without a coordinator
optimize their decisions as a collective.

Normative foraging strategy. The allocation of agents impacts the immediate reward, and determines the information gathered
(Section 1), and hence future rewards received by the group. The group action at time t is the number of foraging agents,
denoted as at. Since the group size is constant, the number of idlers is N − at. Therefore, the group action (deploy at foragers)
is chosen from the action space:

at ∈ A = {0, 1, · · · , N}.

Let xt represent the number of agents who receive a reward at time t and let g denote the probability that st = s+ (belief).
The expected immediate reward (per unit time), r̄t, for a given action is then expressed as:

r̄t(gt|a) = E[rt|at = a]
= E[xt − λat|at = a]

= a
(
γ+gt + γ−(1 − gt) − λ

)
≡ ar̄1(gt),

where λ is the commitment cost a single agent incurs during the trip, and r̄1(g) is the expected reward for a single agent given
belief g. We assume that idling incurs no cost for simplicity, but could compute idling cost effects by shifting r̄t and scaling λ
appropriately. From the viewpoint of a single agent, a greedy strategy is one that always selects the action that gives the best
immediate reward. Let θc be the critical threshold where r̄1(θc) = 0, which is given by

θc = λ − γ−

γ+ − γ−
.

The greedy agent chooses to forage if g > θc, and otherwise chooses to idle.
In addition to potentially receiving a reward, the presence or absence of the reward also provides noisy evidence about the

state of the environment. The anticipated value of the information obtained from returning agents should also be taken into
account when computing the value of an action. We do so by obtaining the probability of a future belief, gt+1, resulting from
sending out at agents, given that the current belief is gt. Given gt and at, there are at most at + 1 possible values for gt+1

since xt ∈ {0, 1, · · · , at}. At time t, if at = a agents have gone out to forage and xt = x of these agents receive rewards, Eq. (1)
gives the belief transition from gt = g to gt+1 = g′ as follows:

p(g′|g, a) = B(x|a, γ+)g + B(x|a, γ−)(1 − g), g′ = G(x|g, a). [2]

Hence, the belief transition probability is determined completely by the probability of receiving x rewards when sending out a
agents, given the current belief g.

We next determine the optimal foraging strategy, π : [0, 1] → A determining how many agents should be deployed given a
belief, gt = g ∈ [0, 1]? To measure foraging efficiency, we introduce the average reward (5, 6). Denote by rtπ the collective
reward at time t, given that the planner uses policy π. Then the average reward in the long time limit is given by

ρπ = lim
T →∞

1
T

E

[
T∑

t=1

rtπ

]
,

which is independent of the initial action if the underlying Markov decision process is ergodic (6). This average reward satisfies
the Bellman equation,

V π(g) + ρπ = r(g|π(g)) + PV π(g|π(g)), PV (g|a) =
∑

g′

V (g′)p(g′|g, a), [3]
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which incorporates the adjusted value function

V π(g) = E

[
∞∑

s=t

rsπ − ρπ

∣∣∣∣∣gt = g

]
.

On the right-hand side of Eq. (3), the first term represents the expected immediate reward and the second term accounts
for the expected future rewards if a = π(g) agents are sent out to forage under policy π. The probability p(g′|g, a) is defined
by Eq. (2), and the sum is over the N + 1 possible outcomes of the belief, g′, at the next timestep. Using dynamic programming,
we can determine the optimal number of agents that should commit to the environment given the current belief g, denoted by
the policy π(g), which satisfies Bellman’s optimality equation:

V (g) + ρ = max
a=0,1,··· ,N

{ r(g|a) + PV (g|a)} . [4]

2. Asymptotic analysis of Bellman equation

Two-step look-ahead approximation. We now consider the two-step look-ahead model, whose value function is given by

Vtwo-step(g|a) = ar(g) + PVone-step(g|a), Vone-step(g) = Nr(g)H(g − θc), [5]

where H(g) denotes the Heaviside function, equal to 1 if g ≥ 0, and 0 otherwise. Here the first term represents the immediate
reward, and the second term represents the expected return by looking two-step ahead. The one-step-ahead value function is
determined by the greedy strategy. The optimal composition in the two-step-ahead model satisfies

πtwo-step(g) = arg max
a=0,1,··· ,N

Vtwo-step(g|a).

We next determine the first two leading-order terms of the second term in the value function, PVone-step(g|a) by expanding
as

1
N

PVone-step(g|a) =
∑

G(x|g,a)≥θc

(G(x|g, a) − θc)p(x|g, a)

= (1 − ϵ − θc)g
∑

G(x|g,a)≥θc

B(x|a, γ+) − (θc − ϵ)(1 − g)
∑

G(x|g,a)≥θc

B(x|a, γ−)

:= (1 − ϵ − θc)g
(
1 − R+(a|g)

)
− (θc − ϵ)(1 − g)R−(a|g),

based on the identity
G(x|g, a)p(x|g, a) = (1 − ϵ)gB(x|a, γ+) + ϵ(1 − g)B(x|a, γ−).

We analyze the remainders R± using large deviation theory (7, 8). For simplicity, we again assume γ+ + γ− = 1 and denote
γ+ = γ. Let Xa,γ denote a binomial random variable with size a and probability γ. We focus on the non-trivial regime
ϵ < θc < 1 − ϵ, so that

R+(a|g) = Pr
(
G(Xa,γ+ |g, a) < θc

)
= Pr

(
Xa,γ+ <

a

2 + z(g)
)

, z(g) =
log θc−ϵ

1−ϵ−θc
− log g

1−g

log γ
1−γ

,

= Pr
(

Xa,γ− >
a

2 − z(g)
)

.

Similarly,

R−(a|g) = Pr
(

Xa,γ− ≥ a

2 + z(g)
)

.

By Cramer’s theorem, the binomial random variable satisfies the large deviation principle:

lim
a→∞

1
a

ln Pr(Xa,γ > ξa) = −I(ξ|γ), I(ξ|γ) = ξ ln ξ

γ
+ (1 − ξ) ln 1 − ξ

1 − γ
, [6]

for ξ > γ, where I > 0 is the rate function for the binomial random variable. For sufficiently large a and any 0 < ζ <
1
2 − (1 − γ) = γ − 1/2, the following inequality holds(1

2 − ζ
)

a <
a

2 − |z(g)| ≤ a

2 + |z(g)| <
(1

2 + ζ
)

a

which implies that

Pr
(

Xa,1−γ >
(1

2 + ζ
)

a
)

≤ R±(a|g) ≤ Pr
(

Xa,1−γ >
(1

2 − ζ
)

a
)

.
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Applying the binomial rate function gives

−I
(1

2 − ζ

∣∣∣1 − γ
)

≤ lim
a→∞

1
a

ln R±(a|g) ≤ −I
(1

2 + ζ

∣∣∣1 − γ
)

.

Since ζ > 0 is arbitrary, it follows that

lim
a→∞

1
a

ln R±(a|g) = −I0 := −I
(1

2

∣∣∣1 − γ
)

.

Thus, the operator P admits the asymptotic form:

1
N

PVone-step(g|a) ∼ B0(g) − cB1(g)e−aI0 , [7]

for sufficiently large a, where c is a positive constant and

B0(g) = g(1 − ϵ − θc) − (1 − g)(θc − ϵ), B1(g) = g(1 − ϵ − θc) + (1 − g)(θc − ϵ).

Note that B1 > 0 for any g ∈ (ϵ, 1 − ϵ).
We finally optimize the value function in Eq. (5) by substituting the expansion from Eq. (7):

Vtwo-step(g|a) = ar(g) + N
(
B0(g) − cB1(g)e−aI0

)
.

If g ≥ θc, the value function Vtwo-step(g|a) increases with a, and is therefore maximized at a = N . Otherwise, if g < θc, there
exists a value a < N satisfying the critical condition

r(g) + cNI0B1(g)e−aI0 = 0.

Solving for a gives

a = log N

I0
+ log I0 + log cA1(g)

θc − g
+ · · · ,

Therefore, the optimal composition in the two-step-ahead model is

π(g) ∼
{

O(log N) , g < θc

N , g ≥ θc

.

for sufficiently large N . Put simply, nearly all agents should refrain from foraging unless the belief g ≥ θc and a small,
logarithmically scaled minority should forage at lower beliefs.

First-order optimal policy. The optimal composition of individual strategies satisfies Bellman’s equation given in Eq. (3):

V (g) + ρ = max
a=0,1,··· ,N

{ar(g) + PV (g|a)} ,

where P denotes the operator for the expected future value,

PV (g|a) =
a∑

x=0

(V ◦ G)(x|g, a)p(x|g, a).

Here G(x|g, a) denotes the updated belief given current belief g, the number of committed foragers a, and the number of
successful foragers x. The term p(x|g, a) represents the corresponding probability. For simplicity, we assume γ+ + γ− = 1 and
denote γ+ = γ. Taking a → ∞, we have

lim
a→∞

G(x|g, a) = lim
a→∞

(1 − ϵ)g + ϵ(1 − g)Cx,a

g + (1 − g)Cx,a
, Cx,a =

(
γ

1 − γ

)a−2x

,

→


ϵ , x < a/2
(1 − ϵ)g + ϵ(1 − g) , x = a/2
1 − ϵ , x > a/2

. [8]

We can also compute the probability limit

lim
a→∞

∑
x<a/2

p(x|g, a) = lim
a→∞

g
∑

x<a/2

B(x|a, γ+) + (1 − g)
∑

x<a/2

B(x|a, γ−) = 1 − g.
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Similarly,

lim
a→∞

∑
x>a/2

p(x|g, a) = g.

Using these limits, the operator converges to

lim
a→∞

PV (g|a) = lim
a→∞

V (ϵ)
∑

x<a/2

p(x|g, a) + V (1 − ϵ)
∑

x>a/2

p(x|g, a)

= gV (1 − ϵ) + (1 − g)V (ϵ) := P0V (g).

Introducing the expansion
a = π(g) = Nπ0(g) + · · · , π0(g) ∈ [0, 1],

we find that the leading-order behavior of the operator is given by

PV (g|a) = P0V (g) + · · · .

We further introduce the expansions

V (g|a) = NV0(g|a) + · · · , ρ = Nρ0 + · · · .

Substituting those expansions into Bellman’s equation yields

NV0(g|a) + Nρ0 + · · · = max {Nπ0(g)r(g) + P0V0(g) + · · · } .

Collecting O(N) terms gives the leading-order equation

V0(g|a) + ρ0 = max{π0(g)r(g) + P0V0(g)}
= max{π0(g)r(g)} + P0V0(g),

since P0 is independent of a. Since r(g) ≥ 0 when g ≥ θc, the right-hand side is maximized at π0(g) = 1. Similarly, it is
maximized at π0(g) = 0 if g < θc. Thus, the leading-order optimal proportion of committed foragers is given by

π0(g) = H(g − θc),

where H(g) is the Heaviside function, equal to 1 if g ≥ 0 and 0 otherwise. It follows that

π(g) = NH(g − θc) + · · · ,

which yields π(g) ∼ NH(g − θc), therefore, all individuals should commit when g ≥ θc.

Upper bound on the optimal policy when g < θc. We now establish that the optimal policy π(g) ≤ ΠN (g) = O(ln N) when
g < θc. The proof proceeds in four steps: (i) establishing pointwise convergence of the posterior update, (ii) bounding the
difference between the finite and limiting operators, (iii) showing the relevant constants scale linearly in N , and (iv) deriving
the upper bound on the optimal action.

Pointwise convergence of the posterior update. Define the rescaled posterior update G̃(ξ|g, a) = G(ξa|g, a) for ξ ∈ [0, 1]. The
pointwise limit as a → ∞ is given by

G̃∞(ξ|g) := lim
a→∞

G̃(ξ|g, a) =


ϵ , ξ < 1/2,

(1 − ϵ)g + ϵ(1 − g) , ξ = 1/2,

1 − ϵ , ξ > 1/2.

[9]

We now quantify the rate of convergence. For ξ < 1/2, we have

G̃(ξ|g, a) − G̃∞(ξ|g) = (1 − 2ϵ)Ũ(ξ|g, a),

where Ũ(ξ|g, a) = U(ξa|g, a) satisfies

Ũ(ξ|g, a) =
gQ−a

ξ

gQ−a
ξ + (1 − g)

, Qξ :=
(

γ

1 − γ

)|2ξ−1|

.

Here we assume γ > 1/2, so that Qξ > 1 for ξ ̸= 1/2. Since g ≤ θc < 1, we obtain the bound

Ũ(ξ|g, a) ≤ g

1 − g
Q−a

ξ ≤ θc

1 − θc
exp (−a ln Qξ) .

Therefore, ∣∣G̃(ξ|g, a) − G̃∞(ξ|g)
∣∣ ≤ Z exp (−a ln Qξ) , Z := (1 − 2ϵ)θc

1 − θc
. [10]

A symmetric argument establishes the same bound for ξ > 1/2. Note that the decay rate ln Qξ → 0 as ξ → 1/2, reflecting
slower convergence near x = a/2.
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Asymptotic analysis of the operator P . Define the limiting operator P∞V (g) := lima→∞ PV (g|a) and the difference

∆PV (g|a) := PV (g|a) − P∞V (g).

Fix a parameter ζ ∈ (0, γ − 1/2) and introduce the set

Λ(a, ζ) :=
{

x ∈ {0, 1, . . . , a}
∣∣∣ ∣∣∣x

a
− 1

2

∣∣∣ ≤ ζ
}

,

which captures observations near the boundary x/a = 1/2. We decompose the difference as

∆PV (g|a) =
a∑

x=0

[
(V ◦ G̃)

(
x

a

∣∣∣g, a
)

− (V ◦ G̃∞)
(

x

a

∣∣∣g)]
p(x|g, a)

= Σ1 + Σ2,

where Σ1 sums over x ∈ Λ(a, ζ) and Σ2 sums over x /∈ Λ(a, ζ).
The distribution p(x|g, a) is a mixture of two binomials:

p(x|g, a) = g B(x|a, γ) + (1 − g) B(x|a, 1 − γ),

where B(x|a, p) =
(

a
x

)
px(1 − p)a−x. Since γ > 1/2, the first component B(x|a, γ) has mean γa > a/2, while the second

component B(x|a, 1 − γ) has mean (1 − γ)a < a/2. Both components concentrate away from x = a/2. By Cramér’s theorem
applied to each component separately: ∑

x∈Λ(a,ζ)

B(x|a, γ) ≤ B1 exp
(
−a I

(
1
2 − ζ

∣∣ 1 − γ
))

,

∑
x∈Λ(a,ζ)

B(x|a, 1 − γ) ≤ B2 exp
(
−a I

(
1
2 + ζ

∣∣ γ
))

,

where I(y|p) = y ln y
p

+ (1 − y) ln 1−y
1−p

is the Kullback-Leibler divergence (rate function for binomial large deviations), and
B1, B2 are constants. Define

I0 := min
{

I
(

1
2 − ζ

∣∣1 − γ
)

, I
(

1
2 + ζ

∣∣ γ
)}

> 0.

Note that I0 > 0 according to Eq. (6). Therefore,∑
x∈Λ(a,ζ)

p(x|g, a) = g
∑

x∈Λ(a,ζ)

B(x|a, γ) + (1 − g)
∑

x∈Λ(a,ζ)

B(x|a, 1 − γ)

≤ gB1 exp(−aI0) + (1 − g)B2 exp(−aI0)
≤ B exp(−aI0),

where B = max{B1, B2}. Thus,

|Σ1| ≤ 2∥V ∥∞

∑
x∈Λ(a,ζ)

p(x|g, a) ≤ 2B∥V ∥∞ exp (−aI0) . [11]

For x /∈ Λ(a, ζ), we have |x/a − 1/2| > ζ, so the bound Eq. (10) applies with ln Qx/a ≥ ln Qζ > 0, where

Qζ =
(

γ

1 − γ

)2ζ

.

Assuming V is Lipschitz continuous with constant ∥V ′∥∞, we have∣∣∣(V ◦ G̃)
(

x

a

∣∣∣g, a
)

− (V ◦ G̃∞)
(

x

a

∣∣∣g)∣∣∣ ≤ ∥V ′∥∞

∣∣∣G̃ (
x

a

∣∣∣g, a
)

− G̃∞

(
x

a

∣∣∣g)∣∣∣
≤ ∥V ′∥∞ · Z exp (−a ln Qζ) .

Summing over x /∈ Λ(a, ζ) and using
∑

x
p(x|g, a) = 1,

|Σ2| ≤ ∥V ′∥∞ · Z exp (−a ln Qζ) . [12]

Combining Eq. (11) and Eq. (12), we obtain

|∆PV (g|a)| ≤ D(V ) exp
(
−aĨ

)
, [13]

where
Ĩ := min{I0, ln Qζ} > 0, D(V ) := 2B∥V ∥∞ + Z∥V ′∥∞.
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Scaling of D(V ) with N . Consider the ergodic Bellman equation

V (g) + ρ = max
a∈{0,1,...,N}

{−aδ(g) + PV (g|a)} , [14]

where δ(g) := −r(g) > 0 for g < θc. Introduce the scaled quantities

U(g) := V (g)
N

, ρ′ := ρ

N
.

Then U satisfies

U(g) + ρ′ = max
a∈{0,1,...,N}

{
−aδ(g)

N
+ PU(g|a)

}
.

The immediate reward is uniformly bounded: ∣∣∣∣aδ(g)
N

∣∣∣∣ ≤ sup
g

|δ(g)| =: C0 < ∞.

By standard results on the span of the bias function in ergodic MDPs (see, e.g., (5)), we have

span(U) := max
g

U(g) − min
g

U(g) ≤ 2C0

1 − β
,

where β < 1 is a contraction coefficient depending on the mixing properties of the chain. Normalizing U so that ming U(g) = 0,
we obtain ∥U∥∞ ≤ 2C0/(1 − β). For the derivative bound, differentiating the Bellman equation and using regularity of P with
respect to g, one can show (under appropriate smoothness assumptions on the model) that

∥U ′∥∞ ≤ C1,

for some constant C1 independent of N . Rescaling back to V :

∥V ∥∞ ≤ C2N, ∥V ′∥∞ ≤ C1N,

where C2 = 2C0/(1 − β). Therefore,

D(V ) = 2B∥V ∥∞ + Z∥V ′∥∞ ≤ (2BC2 + ZC1)N =: Z̃N. [15]

Upper bound on the optimal policy. Define the Bellman operator for a fixed action:

T V (g|a) := −aδ(g) + PV (g|a).

The value difference from increasing the commitment level is

T V (g|a + 1) − T V (g|a) = −δ(g) + PV (g|a + 1) − PV (g|a)
= −δ(g) + (∆PV (g|a + 1) − ∆PV (g|a)) ,

where we used P∞V (g|a + 1) = P∞V (g|a) = P∞V (g). By the triangle inequality and Eq. (13)–Eq. (15),

|∆PV (g|a + 1) − ∆PV (g|a)| ≤ 2D(V ) exp(−aĨ) ≤ 2Z̃N exp(−aĨ).

Define the threshold

ΠN (g) := 1
Ĩ

(
ln N + ln 4Z̃

δ(g)

)
.

For any a > ΠN (g), we have

2Z̃N exp(−aĨ) <
δ(g)

2 ,

and therefore

T V (g|a + 1) − T V (g|a) ≤ −δ(g) + δ(g)
2 = −δ(g)

2 < 0.

This shows that increasing a beyond ΠN (g) strictly decreases the value, so the optimal policy satisfies

π∗(g) ≤ ΠN (g) = ln N

Ĩ
+ O(1).

We conclude that π∗(g) ≤ O(ln N) for all g < θc.
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3. Probabilistic decision-making in homogeneous collectives

Consider a collective of N individuals who independently follow the same probabilistic strategy φ(g), defined as the probability
of committing given belief g. The corresponding Bellman equation is given by

V (g) + ρ =
N∑

a=0

B
(
a
∣∣N, φ(g)

)(
r(g|a) + PV (g|a)

)
, [16]

where a is the number of committed individuals and B(a|n, p) is the Binomial distribution with n trials and success probability
p. As before, r(g|a) is the expected reward and PV (g|a) the future expected return given belief g and action (or committed
individuals) a. Note that the Bellman optimality equation can be written as

V (g) + ρ =
N∑

a=0

1a=π(g)
(
r(g|a) + PV (g|a)

)
, [17]

where 1a=π(g) represents the indicator function, equal to 1 if and only if a = π(g). Even when φ(g) = π(g), randomness in
individual decisions leads to random over- or under-commitment relative to the optimal decision at the group level. However,
for the homogeneous collective, the induced binomial distribution satisfies

B
(
a
∣∣N, π(g)

)
→p 1a=π(g) [18]

as N → ∞, by the law of large numbers. In other words, despite individual-level randomness, the collective behavior
concentrates on the optimal group action and becomes asymptotically near-optimal as group size N increases.
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Fig. S1. Natural selection gives rise to the optimal division of labor. A genetic algorithm (GA) is chosen as a model of natural selection. A population of 200 groups of size
N is initialized with all individuals greedy (θn = θc for all n = 1, . . . , N ), and groups are selected and evolved based on long-run average foraging return ρ. The algorithm
terminates when no improvement is observed over 100 consecutive generations. (A) Collective policy as a function of belief g for N = 100, comparing the optimal policy
obtained by solving the Bellman equation (black), the best GA solution (blue dashed), and the GA population average (blue solid). The GA recovers the optimal policy for
g < 1/2 and for large g, but deviates near g ≈ θc. However, since beliefs near θc are visited very rarely, the best GA policy yields effectively the same foraging performance
as the optimal policy. (B) Relative error (ρopt − ρbest)/ρopt as a function of generation for N = 10, 25, 50, 100, 200. Smaller groups converge to near-optimal solutions in
fewer generations, while larger groups require more generations, consistent with a larger policy search space. (C) Number of scouts as a function of group size N , comparing
the best GA solution (individuals with θ < 1/2, blue) with the optimal collective (individuals with θ < θc, black). The cutoff θ < 1/2 serves as a conservative, model-free
proxy for scouts in the GA solution.
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Fig. S2. Sublinear scaling of risk-tolerant individuals across ecological conditions. (A) The number of risk-tolerant individuals as a function of group size N for different
commitment costs, λ. (B) Scaling of risk-tolerant individuals with group size under varying reward conditions, ∆γ = γ+ − γ− (difference in high- and low-reward probabilities).
(C) Scaling under different environmental switching rates, ϵ. Across all conditions, most individuals are risk-tolerant in small groups, whereas in larger groups the number of
risk-takers increases sublinearly and logarithmically with group size.
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Fig. S3. Large collectives fully commit once expected rewards become positive. The cumulative distribution of optimal thresholds indicates that all individuals commit
when g ≥ θc, i.e., when the expected reward is positive, in sufficiently large collectives.
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Fig. S4. Asymmetry in collective response times. Collective responses are slower for low-to-high than high-to-low environmental switches. Response times for low-to-high
and high-to-low transitions are denoted by τ−,+ and τ+,−, respectively, and are estimated as mean response times from Monte Carlo simulations (with unsuccessful
responses counted as inter-switch intervals). Shown is the response-time bias β = log(τ−,+/τ+,−) across variation in environmental parameters: (A) Commitment cost λ

vs. reward difference ∆γ; (B) Commitment cost λ vs. environmental switching rate ϵ. The gray-dashed curve shows the contour β = 0, corresponding to equal response times
for low-to-high and high-to-low environmental switches. At low commitment cost, strong commitment (in low reward state) enables rapid responses to low-to-high switches,
whereas at high cost weak commitment impedes timely responses to high-to-low switches.
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Fig. S5. Group size effect on collective performance under various perturbations to the optimal threshold structure. Optimal performance increases with group size
N (N = 50, 100, 200, shown by increasing color saturation). As group size increases, the normalized return increases under the same perturbations. Since the optimal
fraction of risk-tolerant individuals decreases in larger groups, assigning maximal risk to the risk-tolerant individuals takes a lower relative cost than in small groups. All other
parameters are identical to those in Fig. 3.
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Fig. S6. Group size effect on optimal heterogeneity. Heterogeneity of the optimal threshold structure in decentralized collectives decreases with group size N : (A) N = 50,
(B) N = 100, (C) N = 200. All other parameters are identical to those in Fig. 4.
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Fig. S7. Effect of partial communication on collective foraging. Instead of sharing a common belief, each individual maintains and updates its own belief as an independent
Bayesian observer. Each individual randomly samples the foraging outcomes (success or failure) of committed foragers with probability κ, so that κ = 1 corresponds to full
communication and smaller κ to increasingly sparse information sharing. We assume that individuals know the number of committed foragers. Individuals act according
to the threshold distribution optimized under full communication (κ = 1), which is held fixed as κ varies, so that any difference in collective performance reflects the effect
of information quality alone. (A-B) Collective foraging dynamics with partial communication. Environmental state switches at t = 10, 20 (vertical dashed lines) and is the
high-reward state between them. (A) Belief trajectories of individual agents (light traces) and population mean (dashed green) under partial communication (κ = 0.7),
compared to the population mean under full communication (κ = 1, solid black). (B) Number of committed foragers over time for various κ. Partial communication delays
collective adoption during the favorable environmental phase, while abandonment upon environmental deterioration is largely unaffected. (C-D) Monte Carlo estimates of
normalized return ρ/ρmax and decision accuracy α during the high-reward phase as functions of κ. Individual simulation runs (blue dots) and error bars of ±1 standard
deviation are depicted alongside mean values (black circles). Collective foraging performance degrades gracefully as communication becomes sparser, remaining near-optimal
across a wide range of κ.
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