APPM 1360 Exam 2 Spring 2026

1. (14 pts) Consider the differential equation

dy 222 +1
Xr— =
dx ey

,  wherex > 1.
Find the particular solution where y(e) = 0.
Solution: First, separate the variables and integrate to find the general solution:

222 +1 1
ey@ == + dr = <2x+> dx
dx x T

/eydy—/<2a:+;> dz

eV =2? +1In(z) + C
y=In (x2 +In(z) + C).

Next, we solve for the particular value of C' when (x,y) = (e, 0):
O=In(e’+In(e) +C) = 1=€e*+14+C = C=—¢
Hence, the particular solution of the differential equation is
y=In (1:2 +In(z) — 62) .

2. (10 pts) A force of 3 pounds will stretch a spring 1/2 feet beyond its natural length.

(a) How far will an 8-pound force stretch the spring?
(b) How much work does it take to stretch the spring to the distance you found in (a)?
On this problem, you may assume that the force I required to stretch a string  units beyond its natural
length is given by F' = kx, where k is a constant.
Solution:
(a) First, we need to solve for the spring constant k. The given information says that 3 = k(1/2), so k = 6.
Hence, an 8-pound force will yield the relation 8 = 6z, which implies that x = 4/3 feet.

(b) To determine the work involved in stretching the spring 4 /3 feet beyond its natural length, we integrate
the force function:

4/3 4\? 4
W = / 6z dr = (327%) 3/3 =3 (3) = ;foot—pounds.
0

3. (24 pts) Consider the region R in Quadrant 1 bounded by y = sin(x) and y = cos(z) until their first point
of intersection, and the y-axis.

(a) Sketch the region, and label any intercepts and points of intersection.

For the following parts, set up but DO NOT evaluate integrals for the given quantities:

(b) the volume of the solid generated by rotating R around the line y = —1;
(c) the perimeter of the region;

(d) the moment about the z-axis, assuming the region has density p.

Solution:
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(a) Setting sin(x) = cos(x) and solving for x gives the first intersection point in Quadrant 1 to be
g g g p
(m/4,/2/2). Hence, the region is given by

Y

(b)

w/4

V= / 7 ((cos(z) +1)? — (sin(z) + 1)?) da

0

() P P
P:1+/ V1 + cos? d+/ \/1+sin®(z)d

; cos?(z) dx ; sin”(x) dx

(d)

(cos?(z) — sin®(x)) da

w/4
= [
0

4. (28 pts) Consider the region below, bounded by the curves = = 3y? — 2, = y?, and the x-axis.

D

Y

A

T /

—2 —1 0 1

\4
8

(a) Compute the area of the region.

(b) Compute the volume of the solid generated by rotating the region around the line y = 2 using the shell
method.

(c) Consider the portion of the curve 2 = y? which bounds the shaded region. Find the surface area of the
shape formed by rotating the curve segment around the x-axis.

Solution:
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(c) Note that z = y? implies that fl—z = 2y, S0

1
SA= 27T/ yv/ 1+ (2y)2 dy
0

1
= 271/ yv/ 1+ 4y?dy
0
using the substitution u = 1 + 4y?, du = 8y gives
5
= % Vudu
1
5
_ <2u3/2>
4 \3 1
T
542~ 1)
6 (
5. (12 pts) Consider the series given by
1 1 1 1
- — =+
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(a) Write this series in ) _-notation.

(b) For which values of a will this series converge? Your answer can use inequalities or interval notation.

(c) Find the sum of the series when a = %

Solution:
(a) Note that
1 1 1 1

a 3a2  9a3 27a*

( — ot - 271@3+'--)
(502
()

Q= Q|

I
SM

though there are many other valid ways of writing this in sigma notation.

(b) Note that this is a geometric series with r = — % Hence, it will converge when
! <l = ! <1l = |a| > L
—— —_— al > -.
3a 3|al 3

In interval notation, this series will converge when a is in the interval (—oo, —1/3) U (1/3, 00), and
will diverge otherwise.

(c) When a = 1/2, the series becomes
o0 2 n
S2(-3)
n=0
Using the geometric sum formula, the sum is given by

§2<‘§>n:1—<2—2/a:§'

6. (12 pts) Determine whether the following quantities converge or diverge. If something converges, determine
what it converges to. If something diverges, explain why. Note: if you use L’Hdpital’s Rule, state where you
used it. Give the name of any other theorems you use.

1 1
(a) the sequence a,, = H(TF:L_);
i 1
(b) the sequence b, = 7sm(n) + ;
n+1

o n
1
(c) the series g cn, Which has partial sums given by s,, = 2 <3) ;
n=0

1\2
(d) the series Z d,,, where the sequence {d,, } is given by d,, = <2 — ) .
n

Solution:
(a) This sequence converges:

1 1 1 9 1
i D) g, 1/t 2V 1

nmoo  \/n nboo 1/(2y/n)  noeen+ 1 nisoy/m

4
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(b) This sequence converges. Note that —1 < sin(n) < 1,500 <sin(n) +1 < 2, so0

0<sm(n)—|—1< 2 .
- n+l T n+41

Since lim
n—oo N +

(c) This series converges to 0, since

o 1 n
ch = lim s, = lim 2 <> = 0.
n—00 n—00 3

n=0

= 0, the Squeeze Theorem says that this sequence also converges to 0.

(d) This series diverges by the Test for Divergence since the terms don’t go to 0:

1 2
lim (2—) = (2-0)2=4.
n—o00 n



