APPM 1360 Final Exam Summer 2025

Answer the following problems, showing all of your work and simplifying your so-
lutions where possible unless otherwise stated.

No calculators, notes, books, electronic devices, internet access, AI tools etc. are
allowed. This is a closed book, closed note exam.

1. (22 pts) Evaluate the integrals.
2z
——dx
) / V4 — x?
Solution:

This is a good candidate for a trig sub. Let z = 2sinf (you could also use 2 cos ).
Then dx = 2 cos 6d6.

(2sin6)%(2cos @
/ sin cos )dH
4 — 4sin? 9

/2 8sin? 6 cos 6

24/1 — sin?

8 sin? 900s0d9
Vcos2 0

= 8/sin2 6do

1
= 8/ 5(1 — cos(26))de
=460 — 2sin(20) + C

=
dé

We use the identity sin(20) = 2sin f cos§ and a reference triangle to find:

40 — 2sin(20) + C = 40 — 4sinf cos 0 + C

4 — 22

— 4 —
arcsin( 2) 2x( 5 )+ C
So )
2z
—dz —4arcsm )—azv4d—22+C
/ VA — 2
14

b —d
(b) o vV +2 *

Solution:

Note that this is an improper integral of type 2. For x = —2, the integrand has a
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discontinuity, as the denominator evaluates to 0. Then we set up as:

o o
de = 1 d
/_2 v +2 . t%1£n2+ . v +2 o
14
= lim (z +2)"V4da

t——21 t

4 14
= lim g(x+2)3/4

t——2+

= §(16)3/4 —0
4 32

—3@ =%

t

2. (46 pts) Let
f(z) = In(x).

(a) Find a Taylor series centered about a = 1 for f(z).
(b) What is the radius and interval of convergence for the series in part a?
(c) Use Tz(x) to estimate f(1.1).

(d) Use Taylor’s Remainder Formula to find an upper bound on the error in your esti-
mation from part c.

Solution:

(a) To find the Taylor series, we must evaluate several derivative of In(x) at 1 in order
to establish a pattern.

n Fm () Fm()
0 In(z) 0
1
1 o 1
2 ;—21 -1
3 (_D; 2-1 (—1)2 - 2!
4 (—1)3(54 2-1) (—1). 31
5| CUA Gy
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(b)

We can spot the pattern,

and f°(z) = 0. Then

and

x n—ln_ | >  1yn-—1
() = 3 N Dty 5 U g

n
n=1 n=1

Note that the index starts at n = 1, since for n = 1, f(")(1) = 0. Therefore the first

non-zero term occurs at n = 1.

We find the radius and interval of convergence with the ratio test.

_ 1\n+1
L= lim |&EZD
nooo| (n+1)  (z—1)n
1
— o — 1] lim |2 ‘
n—00 n
L=|z—1|

Then
L<l = |z—-1<1,0<2<2

The radius of convergence is R = 1.

For the interval, we must test the convergence at the endpoints,
First, for =0 :

> n—1 0 (_1)2

r=0& 2 = 2.

o n—1 >
T
n=1

n=1 n=1

This is the negative version of the harmonic series, which diverges.

Forxz=2: - » - »

n=1 n=1

This is the alternating harmonic series, which converges.

Therefore, the interval of convergence is (0, 2].

Using the Taylor series we have found, we have:
1
Ty(r) = (z — 1) = 5 (2 — 1)
Then ] .
Tr(1.1) = (1.1 —-1) — 5(1.1 —1)== 2. =
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I (2) (x — 1)2H.

(d) We know in general Ra(x) = 271

From part 1,
2
G =2
19 =5
To maximize this, we minimize the denominator, which occurs at z = 1. Then

1 1
=3 1000

1<z<11

| Ra(2)] < \1 1-1P <

Then our error bound is |Ry(1.1)| < oi

As a side note, the actual error in this estimate is approximately 103%. The up-
per bound found here is relatively close to the true error.
3. (26 pts) The following questions are related.

1
(a) Find a Maclaurin series for f(z) = e’

e~ **dz. Tnclude the radius of convergence.

1
b) Find a Maclaurin series for
(b) / V2T

1/4
(c) Use your answer in part a to evaluate / e da exactly. (Hint: your solution
0

V2

will be in the form of a series).

Solution:

(a) This is a transformation of the Maclaurin series for .

1 2 1 oo (—332) n 2n
e g
2T s 7;) n! Z
(b) We can find the term-by-term integral.
n 2n
e dy =
& / N
_ — 2n
- m Z nl / T
n 2n+1
+C

\ﬁz n' (2n+1)

For the radius of convergence, R = oco. We know this because the radius of the
Maclaurin series of e” is infinite, and none of the transformations- multiplication by
a constant, squaring and taking negative z, and integrating- change the radius of
convergence.
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(c) This is evaluated with

n 2n+1

Z 1/4 1/4>2n+1
\ﬁ n' (2n+1)|,

] =1l

WZ n' (2n+1) Ozm;n!(2n+1)4%

4. (20 pts) Consider the following parametric equations:
Lo
x = —In(t) y:—it +1 t>0
(a) Find the equation of the line tangent to the curve at the point (0, 3).

(b) Eliminate the parameter ¢ to find an equation for y in terms of x.

Solution:

(a) First, we find the ¢ value that produces the point.
0=-In(t) = t=1

There is only one possible ¢ value, so we must evaluate the slope of the tangent at

t=1.
dy
==t
dt
dr _ 1
dt  t
dy _ —t
dx %t
dy
dx

Then the slope of the tangent for t = 1 is 1. Finally, using point/slope form:

1

or

b To eliminate the arameter, we recognize:
p ) g
xr = —1[|(t) = t==¢e T
Then,

y = _§(e—x)2+1 — —76_2904—1
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2

5. (36 points) Consider the polar equation r? = cos? 6.

(a) Sketch the polar curve.
(b) Evaluate an integral to find the total area inside the curve.

(c) Evaluate an integral to find the length of the curve.

Solution:

(a) This polar curve produces two circles with radius 1/2, centered at (1/2,0) and

(—1/2,0) :

(b) The area inside a polar curve is:

512

We are already given r2. Additionally, though we could evaluate this from 6 = 0 to
0 = 27, we note that there is symmetry: there are four half-circles, the first of which
is drawn for 0 < 6 < 7. So a valid way to take advantage of this is:

w/2 1
A= 4/ — cos?(6)d6
0o 2
Evaluating the integral:

w/2 1 /2 1
4/’ mﬁwmo:4/ LA 4 cos(20))d0
o 2 o 4

us
2

=0+ %sin(%)

0

2
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Note that this makes sense, because there are two circles with radius 1/2, and geo-
metrically, A =2-7(1/2)? = 27/4 = 7/2.

6. Polar arclength is computed with the following integral:

:/ /2 ¥ (drjd0)%do

We are given r2. We must find dr/dé.

% [7’2 = cos?® 0] = 27"% = 2cosO(—sin6)
d7“ _ —cosfsinf
=—
dr —cosfsinf
() - (oo
dr\ 2 COSQOSIH 0
(@) = (=)
dr\? 008295111 0
<d€) < cos? 6 )
2
<32> — sin? 6

Then the integral is:
w/2

/2
L:4/ vV cos? 0 + sin? 6df = 46
0 0

=2

This makes sense, because geometrically the circumference of the two circles is

C=2-(2r(1/2)) =
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Trigonometric Identities

cos?(z) = %(14‘(308(2:6)) sin?(x) = %(1—COS(21’)) sin(2x) = 2sin(z) cos(z)  cos(2x) = cos?(z)—sin?(x)

Inverse Trigonometric Integral Identities

du . (u 2 2
/m—slﬂ <a>+c7u <a
d 1
/2u2—tan_1 <u>+c
a“+u a a

du 1 4, /u 9 9
/Wm—asec <a> C,u >a

Common Maclaurin Series

1 oo
1_£:Zx”:1+m+x2+m3+--' =1
n=0
> .n 2 3
I W T =
e —Zn!—1+x+2l+3!+ R =00
n=0
00 2n+1 3 5 7
U N Ty -
Smx_;( Vangmg —* ate ot =0
o0 2n 2 4 6
L N Y I T AT =
cos:r—Z( 1) (2n)!_1 2!+4! 6!+ R =00
n=0
o0 2n+1 3 5 7
T
t 1, _ _1\n — e 4 2 R=1
=D ()" g 575 7"
n=0
o0 T 2 .3 4
— n— — —
In(1+z)=> (-1) —=r- ot ot R=1
n=1
oo
(k—1)2?  k(k—1)(k—2)23
(1+x)kzz<)x":1+km+ 51 ai + R=1



