APPM 1345 Exam 3 Spring 2025

1. (17 pts) A population of animals is increasing according to an exponential growth model. The initial population is
100 animals, and the population at £ = 10 years is 300 animals.

(a) What was the animal population at ¢ = 5 years? For full credit, express your answer without using any
logarithmic or exponential terms.

Solution:

Let P(t) represent the population size at time ¢ years. Since the population is increasing according to an
exponential growth model, we have P(t) = Pye*t, where Py = P(0) and k is the relative growth rate.

Py = P(0) = 100, so that P(t) = 100",

P(10) = 100e'% = 300

o0k _ 3
In (emk) =1n3
10k =1n3
In3
=70

So, the exponential growth model for this population is P(t) = 100 ¢™3/10)t,

P(5) _ 1006(1n3/10)-5
— 100 0513
=100 3"

=100 - 395

= 100\/§ animals




(b) How long will it take the population to increase from its initial size to a population of 2500 animals? Provide
an exact expression for your answer and include the correct unit of measurement.

Solution:

100 e3/10)t — 9500
6(1n3/10)t =925

In [e(lng’/m) t} = In(25)

(In3/10) t = In(25)

101n(25)
t =| ————= years
In 3

(c) What was the instantaneous population growth rate (animals per year) at ¢ = 10? Simplify your answer.

Solution:

/ dP
The instantaneous population growth rate is given by P (t) = e kEP(t).

/ 1 1
Therefore, P (10) = <11103> - P(10) = <;l§)> (300) ={301n 3 | animals per year.



2. (22 pts) Parts (a) and (b) are not related.
2$

Consider the functi = .
(a) Consider the function f(x) T

i. Explain why f is invertible, based on its derivative.

Solution:

(5+27)(2°In2) — 27(2° In 2)

5-(2%1In2)
== W >O for all x

So, fis ‘ monotone increasing ‘ on (—o0, 00), which implies that f is invertible on (—o0, 00).




xT

+ 20

ii. Find the inverse function of f(x) = and express it in the form f~1(z).

Solution:
9T
Y= 5120
9
T hta
x(b+2Y)=2Y

Sbx+x-2Y=2Y
2Y(x—1) = —bx

29(1 —z) =bx

y=f""(z) =|log, <15_x$>




(b) Consider the function g(z) = 4¢*~! — 3¢5~*", which is invertible on [0, 0c). Find an equation of the line that
is tangent to the curve y = g~!(x) at the point (e, 2).

Hint: Do not attempt to explicitly identify the function g~*(z).

Solution:

The formula provided on the exam’s cover page indicates that (g~ ')’ (e) = o8
g

g (x) =4e ! — 3577 (—2x)
=4 4 Gaed

g(2) = 4> 4 (6)(2)e>

=4e + 12e = 16e¢

11
g(2)  16e’

So, (g71)'(e) =

Therefore, the line that is tangent to the curve y = g~!(z) at the point (e, 2) can be expressed as




3. (25 pts) Parts (a) and (b) are not related.

5 oo
(a) Use properties of logarithms to find A/(z) for the function h(x) = In < ( 2;2 n ?)C;)Sf %) 5) .

You do not need to fully simplify your answer.

Solution:

hlz) =In <(2x§5+\/3?9)3)

=1In(2°) +In ((cos x)l/Q) —1In ((22° + 32 4+ 9)°)
1 2
=5lnz + 3 In(cosx) — 3In(22* + 3x +9)

h/(:c):5-l—|—1 —sinx 4z + 3
x

2 cosz 22243249

5 sinz 3(4x + 3)

r 2cosz 2024+3x+9




(b) Find the value of 3/(1) for the function y = (1 4 2x)'/*.

Solution:

Logarithmic differentiation is applied. Note that 1 + 22 > 0 on the interval (—1/2,00) and ¥/’ is to be

evaluated at = 1, which lies on (—1/2, 00). Therefore, there is no need to take the absolute value of each
side prior to taking the natural logarithm of each side.

y = (14 2z)l/2

Iny =1In ((1 + Qx)l/w>

1
Iny = —1In(1 4 22)
x

oyl = —

dci [m(l + 295)}

X

Y :E~H_i2$—ln(l+2a:)

y a2
y 2 In(l+22)
y  x(l42z) x?
2 In(1 + 22)
/: 1 2 l/m _
y =420 x(1+ 2x) x?
Therefore,
2 In(142-1)
"M=@1+2-1)/ -
vy =0+2-0 a5 12

=3 (5 -m3) =[2-3m3]



4. (36 pts) Parts (a), (b), and (c) are not related.

6x + 12

Evaluat — dx.
(a) Vauae/x2+4x+1 T

Solution:
Apply u-substitution with u = 2 4 4z + 1.
uw=az+4r +1

du

— =2 4
dzx T

du = 2(z + 2)dx

Therefore,

/ 6x + 12 p 3/ 2(x + 2)dx
— €Tr = A —
244 +1 2 +4r+1

[
u
=3ln|u|l+C

=|3In|z? +4z+ 1|+ C




e

d
\/Ew

(b) Evaluate /

Solution:

Apply u-substitution with u = /x.

u=z"?
dz 2"

1
du=—=d
U NG T

Therefore,




w/3
(c) Evaluate / tan 6 df. Simplify your answer to include only one logarithmic term.
/6

Solution:

/3 /3 o
/ tan 6 do = / sinb
/6 x/6 cost

Apply u-substitution with u = cos 6.

u = cos
Z—Z = —sinf
du = —sinf df
Also,
0=n/6 = u=cos(r/6)=3/2
0=n/3 = wu=cos(n/3)=1/2
Therefore,

/3 o 1/2
/ sin 6 J0 — _/ du
x/6 cosf V32 U
1/2
= —1In|u

V3/2

V32

= In |u|

1/2

1 (f) n(l)
(%)
1/2

=|In(V/3)

= 1n(3%%) =| ==

10



