APPM 1360 Exam 1 Spring 2025

1. (37 pts) Evaluate the following integrals and simplify your answers.

x
@ /x2+4x+3dx

2 _
(b) /”xxgd:n

1 dx
© /0 (14 (Inx)?)

Solution:

(a) Using partial fractions, we have

x B x A N B
w2 +4r+3  (x+3)(z+1) x+3 x+1
Solving
Alx+1)+B(z+3) ==z
gives
A+B=1
A+3B=0

which has the solution A = = —=. Thus

3
3 B
T 1 3 1
dz =| 21 3 — =1 1+ C
/a:2+4a:+3 T < 2(z + 3) 21‘—|—1)> v=|glz+3l-gje+ 1+

(b) Use a trig substitution with z = 3sec @ and dx = 3secftanf df. Then Va2 — 9 = v/9sec2 — 9 =

/9 (sec20 — 1) = 3tan 6. Therefore

Va? tan 0
/ daz—/g 07 (3secftan ) do
3sech

= /3tan29d0

:/3(86029—1)d9

=3(tanf —6) +C

=V — 3sec H(2/3) +




(c) This is an improper integral.

/1 dx — lim /1 dz
o 2(1+(nxz)?) 50+ ), z(1+ (Inxz)?)
Letu = Inz, du = dx/x.

. 0 du
= lim —
t—0+ Jine 1 +u

= lim [tanfl u]o

t—0T Int
= lim (tan"'0 — tan"!(Int
t—0+t ( ( ))
=0—(-n/2) = /2]
Note: lim Int = —coand lim tan™tu = —7/2.
t—0t+ U——00
] $3
2. (10 pts) Determine whether / e dz is convergent or divergent. Fully explain your reasoning.
106 ViU +m
Solution: For z > 0, we have
3 3 3

x x

T
0< < R ——
Va0t Vzl0 25 a2

0 1 106
Because / — dx is a convergent p-integral (p = 2 > 1) and / —5 dx has finite area, the integral
1 z 1 xT

[e.e]
/ —5 dx also is convergent.
106

Therefore the given integral is by the Comparison Theorem.

3. (38 pts) Consider the integral [ = / x cos(z/2) du.
0
(a) Estimate the value of I using the trapezoidal approximation 75. Fully simplify your answer.
(b) Estimate the error for the approximation 73. Express your answer in terms of 7 and simplify.
(c) Find the exact value of the integral I = / xcos(z/2) dx.
0

(d) Consider the region bounded by the curve y = x cos(x/2) and the z-axis on [0, 7]. Suppose the region
is rotated about the line y = 2 (which lies above the region). Set up (but do not evaluate) an integral to
find the volume of the generated solid.

Solution:

— _ _b—a _=w
(a) Let f(x) = zcos(x/2),n = 3,and Az = > ¢ = %.

&
!

(Az) [f(0) +2f (7 /3) +2f(27/3) + f(7)]
27

3

cos(m/3) 4 mcos(m/2)
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g O+2-gcos(7r/6)+2'



T or V3 4r 1
=T 2ty gty

T \/§ 2 2 9 V3 o1
= — | — — = | — 2 — ~ _
6(37”3”) 1 (\/§+) i (1 +9>

(b) First find an upper bound for | f"|.
Fla) = —%xsin(x/Q) + cos(z/2)
F(z) = —i:c cos(x/2) — %sin(m/2) - %sin(x/2)
- —ixcos(a}/Q) — sin(z/2)
()| = iwcos(w/Q) + sin(z/2)
< 1l eos(x/2)| + [sin(a/2)|

< -m+1

NNQ—

On the interval [0, 7],
mum values of 1, so

x| attains a maximum value of 7. Both |cos(x/2)| and |sin(x/2)| attain maxi-
f"| <m/4+ 1. Let K = /4 + 1. Then an error estimate for T is

Kb-a)?® Kr® K3 - 73 (m/4 4 1) 7t + 4n3
1202 12-32 108 — 108 432 |

|Er| <

(© i
I:/ x cos(z/2) dx
0

/udv:uv/vdu,

u=uc dv = cos(z/2) dx

Use the Integration by Parts formula

with

du = dx v = 2sin(z/2).

Then

I:/O xcos(z/2) dr = [2xsin(x/2)]g—/ 2sin(z/2) dz

0
= [2zsin(z/2) + 4 cos(x/2)];

= (27 +0) — (0+4) =[27 — 4]



(d) Using the Washer Method, the volume is

V= /Oﬁw (22 —(2- :ccos(x/2))2> dz |

- Ve

2
4. (15 pts) Consider the region R bounded by the curves 2 = y? — 2 and y = In z, between the lines y = —1
and y = 1.

(a) Sketch and shade the region R. Clearly label each function and all intercepts. (Hint: The functions
intersect below the line y = —1.)

(b) Evaluate an integral to find the area of region R. (Hint: Integrate with respect to ¥.)

Solution:
(a)
y
A
X = y2 -2
\/E /
m
1

(b) Note that y = In z implies x = €Y, so the area is

a= [ @2

1

3
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