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7 Feynman Diagrams

7.1 Interaction representation

To compute Green’s functions perturbatively, Feynman used the formalism of functional
integrals. Back in late 40s few people appreciated how useful it was (nowadays this is the
default method). Pretty soon however Dyson invented a way to construct perturbation
theory without functional integrals. The technique relies on the interaction representation
of the operators.

Suppose the Hamiltonian of a system is
H=Hy+V, (7.1)

where ]:IO is a free Hamiltonian and V is interaction (what is implied here is that ﬁo is
quadratic in creation and annihilation operators and thus exactly solvable).

We introduce the time dependence of the operators using
Ap(t) = eiHfot fg=iHlot, (7.2)

that is, it is a Heisenberg representation with H, instead of H as a Hamiltonian. This is
called the “interaction representation”.
To find the wave function dependence we write the average of some operator A over a

time dependent wave function e~ g
<ethAe—th> _ <eth6—iH0tA0(t)eiﬁote—iﬁt> (7.3)

Thus the wave function in the interaction representation looks like

Wy (t) = eiflote=iflty, (7.4)
In other words,
i 8t0 _ ezHot <_HO + H) e_lHt\I/ — GZHOtVG_ZHt\Ij — GZHotVG_ZHot\IJQ. (75)

The wave function in the interaction representation satisfies the Schrodinger equation,
where the role of the Hamiltonian is played by the interaction term only, modified by the

free term according to

i = Vy(6)Wo(t), Vo(t) = otV emiloty,, (7.6)



7.2 Examples of the interaction representation

To get a feel what the interaction representation means, consider this familiar Hamiltonian
(see Week 3, Eq. (3.16))

H =

1/d awaw

2m Oz / dadx’ 1 (2 (2 )U(z — o) (2))(2). (7.7)

In the momentum (Fourier) space this looks like

H Z ak+ - Z ap+qdp q / q)dp+q/&p_q/. (78)

P 4,4
(V' is the volume, not interactions). Then the interaction in the interaction representation
looks like

~ 1
Vo(t) = Y !

. By (o0 (Prd)?y (Ped)?
aPJrqa} U0 — @)apigap_qge 2m e fe™ am tem am T (7.9)

P,q,q

(compare with (5.8), Week 5).

7.3 Green’s functions via interaction representation

Suppose we would like to compute the Green’s function
Gz — ' t —t') = —i (U T (z, )t (2, ) | ) (7.10)

in a problem governed by the Hamiltonian (7.1). The first step is to rewrite (7.10) in terms
of the interaction representation.
We define an operator S(t,t;) such that the solution to (7.6) reads

Wo(ty) = Sty t;)Wo(t;). (7.11)

It is tempting to say that S(tﬁti) = =)t —4)  but of course this is incorrect. If V
was time independent, this would be correct, but with VO depending on time, it is easy to

see that this does not work. In fact, we know what does work, it is (7.4). So we can write
S(ty, t;) = eflolts—ti)gmiflts—t), (7.12)

Since Hy and H do not commute we cannot combine the exponentials in (7.4) in any

meaningful way and reduce the expressions in (7.12) to something like etV (ty—t),
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Next step is to rewrite (7.10) in terms of the operators in the interaction representation.
This is achieved by (let us for definiteness assume that ¢t > t' so we can omit the time

order expression for now)

G(:L‘ o $/7t N tl) - <\If’ eiﬁtqﬁ(x)efiflteiflt’@T(ml)e—iﬁlt’ |\I/> _
— <\IJ| ez’Hte—z‘HotQZ}O(x)eiHote—theth’e—iHot’lzg(z/)eiHote—th’ |\IJ>
—i (U] S(0, t)do(w, )S(t, )l (', )5 (¢, 0) | W) (7.13)

This equation assumes that ¢ > t/. If t < t/ we get the same expression, but with @
operators exchanged. Most importantly, S operators always go towards increasing time,
except the very last (leftmost) S operator. This equation also assumes that the initial
moment in time was 0. It is more common to assume that the initial moment in time was

at —oo. Thus we arrive at the following expression

~

Gla — 't —t') = =i (U] S(—o00, t)do(x,)S(t, ') («',#)S(t', —00) | W) , (7.14)
again assuming that ¢ > t’. For completeness, let us write down the expression if ¢t < t':
Gz — ' t —t') = —i (U] S(—o0, )i (x, ") St )z, £)S(t, —o0) |T), (7.15)

The next step is to find S in terms of Vj(t). This is done by solving (7.6) by the method

of successive approximations. We write

To(t) =0+ TD () + 0@ (1) 4 ... (7.16)
Then we find
t ~
-~ / dt' Vo (t') . (7.17)

The second order approximation reads
T@ (¢ / dt' Vo (t! / dt" Vo(t") o = ;/_too dtdt' TV, (t)Vo(t') 0. (7.18)
A general term reads
W (¢ —T / Hdt Voltn (7.19)
This is written in the following way

.rt o,
—i ftif dt Vo (t)

S(ty,t;) =Te (7.20)
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Finally, writing S(—o0,t) = S(—00,00)S(c0,t), we can write the following expression

corresponding to the Green’s function (valid at both ¢ > ¢ and ¢ < t/)

Gx —a/,t —t') = =i (U] §(—00,00)T [thy(x, ) (x', ') S(+00, —00)| [¥) . (7.21)

This expression is perfectly suitable for expansion in powers of Vo(t) which is the perturba-
tion. One little thing remains, what is W7 It should be the ground state of the interacting
system, which we do not know. So we employ a trick: we say suppose interactions were
zero in the infinite past and then slowly they turned on. Then W is the ground state of
the *noninteracting® system, which we know very well.

If the interactions were turning on very slowly, then the ground state evolves adi-
abatically. Assuming the interactions also turn off in the infinite future, we find that
(U] S(—o00,00) = (¥] e, where ¢ is some phase. This allows us to write

Gla — 't —t) = —i (U] §(—00,00) |U) (W| T [¢ho(, ) (2, ) S (+00, —00)| [¥) . (7.22)

The most common way of writing this expression is

Glx -2 t—t)=—i

<\I/|T[¢0(907 )li/; b, )5S (o0, _OO)} "I’> (7.23)

(P]5(00, —00) [W)

This expression, together with

~

(00, —00) = Te " [ @Vo®) (7.24)

forms the basis of the perturbative expansion scheme. The idea is to expand the exponen-

tial in (7.24) to compute the Green’s function perturbatively in powers of the interactions.

7.4 Wick’s theorem and Feynman diagrams

Once one expands the exponential, one starts getting high order “correlation functions”,

such as
<TH150($iati)H1/;$($jatj)> (7.25)

The Wick’s theorem states that this is equal to

<TH1$0(37¢J¢) HQ/AJ(T)(SUj,tj)> = Z H <T1ﬁ0(3:1, )"@ (T, mj)>a (7.26)

permutations of mj ,j
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Figure 1: The simplest electronic self energy diagram. The interactions are represented
by a wavy line, while the particles are represented by straight lines.

where m; are various permutations. Finally,

Go = (to(z, )i, 1)) (7.27)

is nothing but the Green’s function of the noninteracting particles, found earlier.
Using Wick’s theorem, we can construct terms in the perturbative expansion. For

example, suppose we expand (7.23) once in powers of %(t). Suppose we work with our
usual Hamiltonian (7.7). We find

5G = —i(Thy(e, 030 ) (—5) x
[ dudy'dt"de" Gy "}tV g = )" ¢y £ )oly' 1) ) (7.28)

The equation is written in somewhat unconventional way [with the potential being U(y —
y)o(t" — t") to emphasize symmetry between space and time]. In principle one can also
talk about potential which is not delta-function in time. We can use Wick’s theorem now
in many different ways. One way is to connect ' to y, y to x, while to connect 3 to itself.

Taking care of the factors of i, we can write

G = —i/dydy’dt"dt"’Gg(x, t;y, ") Goly, t"; 2/, YU (y — y)o(t" — t")Go(y', "5y, t").
(7.29)
The factor of 1/2 disappeared because of the symmetry between y and y'. This expression
is represented by the diagram shown on Fig 1. We call this §G to emphasize that this is

the correction to G in the first order of perturbation theory.
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Figure 2: A Green’s function contains an arbitrary number of self-energy diagrams

7.5 Feynman rules

A diagram is a pictorial way to write expressions corresponding to terms of the perturbation
series. Once the diagram is drawn, we write its expression following these rules.

1. Each vertex implies a factor of —i. Each vertex sits at a point in space and time,
and its coordinates are integrated over

2. Each line is a free Green’s function iGy.

3. Each diagram has an overall numerical factor corresponding to the number of ways
one can connect its lines and get the same diagram.

4. If the particles are fermions, each closed loop contributes a factor of —1.

5. Wavy lines represent the interaction (or sometimes particles of a different kind)

It is often easier to do calculations in momentum space. Then instead of integrating
over coordinates of each vertex, we introduce momentum and energy propagating along

each line. Momentum and energy flowing though closed loops need to be integrated over.

7.6 Self energy diagrams

All diagrams which cannot be cut into two halves by cutting just one line are called
one particle irreducible (1PI) diagrams. An arbitrary Green’s function consists of lines
connecting these 1IP diagrams, as shown on Fig. 2. The sum of all such diagrams is
denoted by —iX. The factor —i is of course a convention so that the self-energy diagrams
would look like an effective ”vertex”.

In the momentum space the diagram such as the one depicted on Fig 2 corresponds
to iGo(—i2)iGo(—iX)iGy, where these are just literal products (no integrals involved). It

follows that the sum of all such expressions with arbitrary number of ¥ is

. 1

This expression is exact. In other words, it is enough to know X to calculate the full

(interacting) Green’s function G.



In the literature, the formula (7.30) is sometimes written in the form
G = Gy + GG, (7.31)

and in this form it is called the Dyson equation.



