Problem Set 4
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Due: Apr 2

1 Plasma oscilations

Consider an electron gas with density n and chemical potential ¢ which interacts via
Coulomb potential V (r) = e*/r where r is the distance between the electrons. Its Fourier
transform is given by V(q) = 4me?/¢*. An important parameter for this gas is the ratio of
its typical Coulomb and kinetic energies, denoted ry = e2ns /. In what follows, we assume
that ro < 1 so that the interactions can be considered weak and perturbation theory in
powers of interaction can be used. As discussed, the interaction potential is modified by
the RPA diagrams as shown on Fig. 1. The basic building block of these diagrams is the
polarization operator which plays the role of the “self-energy” correction to the Coulomb
interactions.

The sum of these diagrams represents an approximation to the vertex function, as
is emphasized by the four external lines on each of the diagrams shown on Fig. 1. In
turn, that function can be thought of as describing the electron-hole excitations in the gas
(plasmons), and the poles in that function give their dispersion relation.

1. Use the explicit form of the polarization operator II(E,p) found in Problem 3 of the
Problem Set 3 to sum all the diagrams shown on Fig. 1.

2. By analyzing the behavior of the polarization operator at p < pp, F < u, find the
spectrum of the plasmons €(p) at low momentum. Hint: Assume that F > ppp/m.

3. There exists such pna.x that the plasmon spectrum cannot be extended for larger p >
Pmax, at least if ' is real. Find this ppay.
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Figure 1: The RPA diagrams which describe the screening of the Coulomb potential by
the electron gas.



2 Interaction screening

Summing the diagrams in the previous problem, one finds the renormalized interaction
Vien(E,p). By calculating the Fourier transform of V., (0,p) with respect to p, find the
effective (screened) interaction between the electrons in the gas. Hint: In doing the Fourier
transform, simplify the problem by assuming that only small p < pg contribute and thus
the polarization operator can be simplified as in the part 1 of the previous problem.

3 Composite bosons

In the experiments done in JILA, Bose-Einstein condensation of composite bosons is stud-
ied. These bosons can decay into fermions of opposite spin, but otherwise do not interact.
The Green’s function of the fermions is given by
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and the Green’s function of the bosons is given by
1
Dy(E,p) = ) 3.2
ol £ ) E—ec— 2 42140 (32)

Here € < 0 is the binding energy (the energy released when fermions combine together to
form bosons). 2u in the Green’s function signifies the fact that it is two fermions which
combine together to form a boson. The interaction term is given by
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We will try to solve this problem assuming ¢ is small in the perturbative expansion in
powers of g. Notice that the interaction term, as well as D, do not have anything to do
with the corresponding expressions in Problem 1 of the Problem Set 3 (a common mistake
is to confuse them).
1. Identify the lowest order bosonic self energy diagram (proportional to g?). There is only
normal self energy at this order in g, and no anomalous self energy. This diagram corrects
Dy. Calculate its value at zero energy and momentum, assuming that the momentum to
be integrated over cannot exceed a maximum momentum pp., (just like we did in the
problem 1 of the problem set 3). Show that this value, which we denote Eﬁ)(o, 0), gets

added to e. In what follows, we assume that 2(111)(0, 0)+e<0.

2. Identify the next self energy diagrams, proportional to g, which we can denote by
2521) and 2622). These diagrams, both normal and anomalous, are also proportional to ny,
the condensate density. Compute the value of these diagrams at zero external energy and
momentum.

3. Find p in terms of ny using the Pines-Hughenholtz relation.

4. We expect that ng is different from n by terms small if g is small. Replacing ng by
n = N/V, find the ground state energy Ej of the gas (remember, dEy/dN = p).



