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1 Polarons at weak coupling

Electrons in a conductance band of a semiconductor form a very dilute gas and as a result,
they are not “aware” of the presence of each other. As a result, their noninteracting
Green’s function is given by

G(p, E) =
1

E − p2

2m
+ i0

. (1.1)

However, the electrons interact with phonons, causing the distortion of the crystalline
lattice and a formation of a new particle, called polaron (an electron with a deformed
lattice around it).

The interaction between the electrons and the phonons is given by

Ĥint = g
∫
d3x ψ̂†(x)ψ̂(x)ρ̂(x) (1.2)

Here ρ̂(x) is the phonon field operator (it is a boson). The Green’s functions of the
phonons, defined by D = −i 〈T ρ̂(xf , tf )ρ̂(xi, ti)〉, is given by

D(k,E) =
c2k2

E2 − c2k2 + i0
θ(kD − k) (1.3)

Here c is the speed of sound, and θ is equal to 1 if its argument is positive and zero if it’s
negative. kD is the Debye frequency.

The simplest electronic self-energy diagram is shown on Fig. 1.
1. Write down the expression corresponding to Σ(p, E). Show that for E ≈ p2/(2m) and
for p� mc it takes the form

Σ(p, E) = ε0 − α1

(
E − p2

2m

)
− α2p

2/(2m). (1.4)
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ëÁË É ÏÄÎÏÞÁÓÔÉÞÎÙÅ ÆÕÎËÃÉÉ çÒÉÎÁ, Ä×ÕÈÞÁÓÔÉÞÎÁÑ ÁÍÐÌÉÔÕÄÁ ÒÁÓÓÅÑÎÉÑ ÍÏ-

ÖÅÔ ÉÍÅÔØ ÐÏÌÀÓÙ. üÔÉ ÐÏÌÀÓÙ ÓÏÏÔ×ÅÔÓÔ×ÕÀÔ Ó×ÑÚÁÎÎÙÍ ÓÏÓÔÏÑÎÉÑÍ ÐÁÒÙ ÞÁÓÔÉÃ
(ÓÍ. ÚÁÄÁÞÉ 18, 19, Á ÔÁËÖÅ ÇÌ. 3).
ìÉÔÅÒÁÔÕÒÁ: äÏËÁÚÁÔÅÌØÓÔ×Ï ÐÒÁ×ÉÌ ÐÏÓÔÒÏÅÎÉÑ ÄÉÁÇÒÁÍÍ ÐÒÉ×ÅÄÅÎÏ × [1], x 8, 9
É × [6], x 13. ï ÓÕÍÍÉÒÏ×ÁÎÉÉ ÄÉÇÒÁÍÍÎÏÇÏ ÒÑÄÁ ÄÌÑ ÆÕÎËÃÉÉ çÒÉÎÁ Ó ÐÏÍÏÝØÀ
ÓÏÂÓÔ×ÅÎÎÏ-ÜÎÅÒÇÅÔÉÞÅÓËÏÊ ÞÁÓÔÉ É ÕÒÁ×ÎÅÎÉÑ äÁÊÓÏÎÁ ÍÏÖÎÏ ÐÒÏÞÉÔÁÔØ × [1], x 10
É × [6], x 14. ä×ÕÈÞÁÓÔÉÞÎÁÑ ÆÕÎËÃÉÑ çÒÉÎÁ, Å£ Ó×ÑÚØ Ó ÁÍÐÌÉÔÕÄÏÊ ÒÁÓÓÅÑÎÉÑ, Á
ÔÁËÖÅ ÕÒÁ×ÎÅÎÉÅ âÅÔÅ{óÏÌÐÉÔÅÒÁ ÒÁÓÓÍÏÔÒÅÎÙ × [6], x 15, 16. èÏÒÏÛÅÅ ÉÚÌÏÖÅÎÉÅ
ÏÓÎÏ× ÔÅÏÒÉÉ ÐÏÌÑÒÏÎÁ, ×ËÌÀÞÁÑ ÐÒÉÍÅÎÅÎÉÅ ÆÕÎËÃÉÊ çÒÉÎÁ × ÓÌÕÞÁÅ ÓÌÁÂÏÊ Ó×ÑÚÉ

É ×ÁÒÉÁÃÉÏÎÎÏÇÏ ÐÒÉÎÃÉÐÁ × ÓÌÕÞÁÅ ÓÉÌØÎÏÊ Ó×ÑÚÉ ÍÏÖÎÏ ÎÁÊÔÉ × [3], ÇÌ. 8.

4.3. úÁÄÁÞÉ 16 { 21

úÁÄÁÞÁ 16. (ðÏÌÑÒÏÎ × ÐÒÉÂÌÉÖÅÎÉÉ ÓÌÁÂÏÊ Ó×ÑÚÉ.) üÌÅËÔÒÏÎÙ × ÚÏÎÅ ÐÒÏ×ÏÄÉÍÏ-

ÓÔÉ ÐÏÌÕÐÒÏ×ÏÄÎÉËÁ ÏÂÒÁÚÕÀÔ ÓÉÌØÎÏ ÒÁÚÒÅÖÅÎÎÙÊ ÇÁÚ. ðÒÉ ÍÁÌÏÊ ËÏÎÃÅÎÔÒÁÃÉÉ
ÜÌÅËÔÒÏÎÏ× ÉÈ ×ÚÁÉÍÏÄÅÊÓÔ×ÉÅÍ ÄÒÕÇ Ó ÄÒÕÇÏÍ ÍÏÖÎÏ ÐÒÅÎÅÂÒÅÞØ. ÷ ÔÏ ÖÅ ×ÒÅÍÑ,

ËÁÖÄÙÊ ÏÔÄÅÌØÎÙÊ ÜÌÅËÔÒÏÎ, Ä×ÉÇÁÑÓØ × ËÒÉÓÔÁÌÌÉÞÅÓËÏÊ ÒÅÛÅÔËÅ, ÐÏÌÑÒÉÚÕÅÔ ÓÒÅ-
ÄÕ ×ÏËÒÕÇ ÓÅÂÑ É ×ÙÚÙ×ÁÅÔ ÓÏÐÕÔÓÔ×ÕÀÝÕÀ ÅÍÕ ÄÅÆÏÒÍÁÃÉÀ. ôÁËÏÊ ÏËÒÕÖÅÎÎÙÊ
ÆÏÎÏÎÁÍÉ ÜÌÅËÔÒÏÎ ÎÁÚÙ×ÁÅÔÓÑ ÐÏÌÑÒÏÎÏÍ.

úÁËÏÎ ÄÉÓÐÅÒÓÉÉ ÐÏÌÑÒÏÎÁ "(p) | ÎÅ ÔÁËÏÊ, ËÁË Õ ÜÌÅËÔÒÏÎÁ. ðÒÉ ÓËÏÒÏÓÔÉ Ä×É-
ÖÅÎÉÑ, ÍÁÌÏÊ ÐÏ ÓÒÁ×ÎÅÎÉÀ ÓÏ ÓËÏÒÏÓÔØÀ Ú×ÕËÁ, ÐÏÌÑÒÏÎ ÈÁÒÁËÔÅÒÉÚÕÅÔÓÑ ÜÎÅÒÇÉÅÊ

Ó×ÑÚÉ "0 É ÜÆÆÅËÔÉ×ÎÏÊ ÍÁÓÓÏÊ m�: "(p) = "0 + p2=2m�.
îÁÊÄÉÔÅ ÓÏÂÓÔ×ÅÎÎÏ-ÜÎÅÒÇÅÔÉÞÅÓËÕÀ ÞÁÓÔØ �(";p) × ÎÉÚÛÅÍ ÐÏÒÑÄËÅ ÐÏ ÜÌÅËÔÒÏÎ-

ÆÏÎÏÎÎÏÍÕ ×ÚÁÉÍÏÄÅÊÓÔ×ÉÀ (4.6),(4.7). óÏÏÔ×ÅÔÓÔ×ÕÀÝÉÊ ÇÒÁÆÉË ÉÚÏÂÒÁÖÅÎ ÎÁ

ÒÉÓ. 4.10.
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òÉÓ. 4.10

Figure 1: The simplest electronic self energy diagram. The phonons are represented by a
wavy line, while the electrons are represented by straight lines.



Figure 2: The diagram with crossed interaction lines.

Show that ε0 is the binding energy of this composite particle, while α2 gives the effective
mass of a polaron m∗. Find m∗.
2. Show that if p > mc, Σ(p, E) is not a real function, but rather a complex function.
Calculate Im Σ(p, E) and figure out the polaron lifetime.

2 Time dependent interactions

Consider particles which interact via a potential which depends not only on particle sep-
aration in space, but also in time (lags in time). For example,

U = U(x1 − x2)
e−
|t1−t2|

2τ

τ
. (2.1)

Suppose two particles in vacuum scatter in this potential (suppose these particles are
distinguishable, for example, two fermions with opposite spin, while the interaction U is
only between those opposite spin fermions).

Show that the diagrams which contribute to the scattering of these two particles include
diagrams with crossed interaction lines, neglected in class, such as the one shown on Fig. 2.
Consider an irreducible diagram (the one which cannot be split in two by cutting two
particle lines) with N interaction lines, and estimate its dependence on τ as τ is taken to
zero. This is easiest to do in the time domain, not in the frequency domain.

3 Heavy particle in a Fermi gas

Suppose a particle of mass M moves in the non-interacting Fermi gas of spin 1/2 fermions
of mass m�M . The fermions do not interact among themselves, but they interact with
the heavy particle via a potential λδ(x1 − x2) (instantaneous in time). In the spirit of
the Born-Oppenheimer approximation, we can think of light fermions creating an effective
potential for the heavy particle.
1. Show that the effects of light fermions on the heavy particle can be thought of, in the
second order of perturbation theory, as the effective interaction of heavy particle with itself
(which is retarded in time).
2. Calculate that effective potential.
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