
Problem Set 2
Phys 7240

Due: Feb 3

1 Free Particle

The Hamiltonian of a free particle in 1D is given by

H = − 1

2m

∂2

∂x2
. (1.1)

1. Compute its Green’s function by using the formula

G(x, x0; t) =
∑
n

e−iEntψn(x)ψ∗n(x0) (1.2)

2. Check that

i
∂G

∂t
= − 1

2m

∂2G

∂x2
, t > 0, (1.3)

that
G(x, x0; 0) = δ(x− x0), (1.4)

and that
G(x, x0, t1 + t2) =

∫ ∞

−∞
dy G(x, y, t1)G(y, x0, t2). (1.5)

3. Check that

G(x, x0, Nε) =
(

m

2πiε

)N
2

∫ ∞

−∞

N−1∏

l=1

dxl ei
∑N−1

i=0
m

(xi+1−xi)
2

2ε ≡
∫
Dx(t)eiS. (1.6)

2 Harmonic Oscillator

The action for a harmonic oscillator is given by

S =
1

2

∫ T

0
dt

[
mẋ2 − ω2

0x
2
]

=
1

2

∫ T

0
dt

{
x

[
−m

d2

dt2
− ω2

0

]
x

}
. (2.1)

In this problem you will calculate the Green’s function of the harmonic oscillator between
the points x(0) = 0 and x(T ) = 0, G(0, 0; T ), using the approach of operator determinants.

G(0, 0; T ) ∝ 1√
det

(
−m d2

dt2
− ω2

0

) . (2.2)



1. Find the eigenvalues λn of the operator −m d2

dt2
− ω2

0 by solving

[
−m

d2

dt2
− ω2

0

]
ψn(t) = λnψn(t) (2.3)

with the boundary conditions ψ(0) = 0, ψ(T ) = 0.

The product
∏

n λn is divergent. The reason for that is that the factor
(

m
2πiε

)N
2 from the

path integral definition is also divergent in the ε → 0, N → ∞ limit in such a way as to
compensate the divergence of the determinant. Although it is difficult to take this factor
into account, it is possible to avoid dealing with it altogether by introducing G0(0, 0; T ),
the Green’s function of a free particle from Problem 1, and writing

G(0, 0; T )

G0(0, 0; T )
=

√√√√√
det

(
−m d2

dt2

)

det
(
−m d2

dt2
− ω2

0

) =

√√√√∏
n

λ0
n

λn

, (2.4)

λ0
n are the eigenvalues of the operator −m d2

dt2
, or in other words, they are λn if ω0 = 0.

The product in Eq. (2.4) is now convergent.
2. Evaluate the product in Eq. (2.4). Use your knowledge of the Green’s function of a free
particle from Problem 1 to find G(0, 0; T ).
3. Compare the answer with the formula

G(x, x0; t) =
∑
n

e−iEntψn(x)ψ∗n(x0). (2.5)

What does it tell you about the energy levels En of the harmonic oscillator?

3 1D Ising model in a magnetic field

The 1D Ising model in a magnetic field is defined by its energy

E = −J
N−1∑

k=0

σkσk+1 − h
N∑

k=0

σk (3.1)

The connected correlation function and the correlation length ξ of the Ising model is
defined as

〈σlσn 〉 − 〈 σl 〉 〈 σn 〉 ∝ e−
|l−n|

ξ , (3.2)

where

〈σl 〉 =

∑
{σ}=±1 σle

−E
T

∑
{σ}=±1 e−

E
T

, 〈σlσn 〉 =

∑
{σ}=±1 σlσne

−E
T

∑
{σ}=±1 e−

E
T

. (3.3)

Find the correlation length ξ using the transfer matrix/Hamiltonian formalism.
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