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Solutions to Shankar 1.8.10 and 1.10.4

By
Michael Allman
1.8.10
1 01 2 1 1
Q=10 0 0 A=l 0 -1
1 01 1 -1 2
First compute the commutator
1 0 12 1 1 2 1 1Y1 01
QA-AQ=0 0 0)} O -14-(1 O -1{0 O O
1ol -1 2/ -1 2{\1 01
3 0 3y /(3 0 3
=0 0 0|-10 O O .1
3 0 3)13 03
(0 0 0)
=10 0 0O
0 0 0)

Since Ais non-degenerate, theorem 13 says that any eigenvector of Ais also an
eigenvector of £2. Thus we just need to find the eigenvectors of Ato simuitaneously
diagonalize both operators.

(2-2) 1 1
defA—Afl=det| 1 -1 -1
1 -1 (2-4
(2-4) 12
=(2-4)(#*-24-3)
=(2-2)(A-3)(1+1)
=0
Thus the eigenvalues are
A=-123 (r.3)

Now find the corresponding eigenvectors



2 1 1Yk (K
Ay=-)=>1 0 1|k [=|-k,
1 -1 2)ik) K

= 2k +k, +k, =k

k=5
k,=2s
k., =5

(1.4)

Choose s such that the eigenvector is normalized (we don’t have to, its just good practice
to always work with orthonormal bases and since these are eigenvectors of a Hermitian
operator corresponding to non-degenerate eigenvalues, the eigenvectors are automatically

orthogonal). Thus,
-1

=72

1

Following the same procedure for 4 =2,3, I get

-1 1
1 1
|v)2=—- -1 a"dlv)zz_“ 0
V3 1

7

1

Now the unitary matrix that diagonaizes both operators is given by

(-1 -1 1)
J6 3 2
2 -1

U=l% == o
V6 3

LY S
Jo B 2

Finally check to make sure this is correct

(1.5}

(1.6)

a.n



U'QU =

UTAU =} —=

{m|¥(0)

(-1 2 1) (-1 = 1)
N B | 1 2 -1
fﬁﬁﬁuﬁﬁ°
1 i 1 1 1
N A 1 % B &
(0 0 0
0 0 0
\0 0 2
(-1 2 1) (-l -t L
B Jo Fl, | 16 B2
-1 -1 1 2 -1
3$$hijﬁ$° -9
1 1 1 1 1
z ° %) % B B
(-1 0 0O
=10 2 0
L0 0 3
‘I’(xt) Z —sm( ]cosw r(ml‘I’(O))
1o 2 e
(1.9

Thus we have

J’{Jzzh . (m;rxj %%(L_x)sin[mfod{t

ij’; "{ 'n[m—zxj—sin(m:r)}




¥(x,t)= i 2 sin(m) coswmtz—‘lz_lif-[Z sin(%ir-)—sin(mzr)]

m YL L (mx
- . ( mirx ah . (mxy . (19
= Z;sm (TJcosw"tfm—ﬂj;[z sin [T] —sin (m:r)J
And now take note that
sinfmr)=0 VYme{l,2,.} (1.11)

Thus we are left with

P(x,1)= isin(m—m]coswmts—hz-sin [ﬁ] (1.12)
m=1 L (mf)



