Quantum tunneling and review

Announcements:

2"d exam is tomorrow, April 7 in MUEN 0046 from 7:30 —
9:00 pm and will be similar to last exam.

— 9 questions but 21 total parts (1 less than last time)
— 4/9 questions are multiple choice like

— Don’t have to show work on multiple choice but if you do it will
be considered (for better or worse)

— Need to show work on other problems
— Bring writing utensil and calculator
Problem solving sessions on M 3-5 and T 3-5.

The quantum tunneling tutorial is posted on the calendar and
homework page. It is worth 9 homework points.

Homework due Wednesday is extra credit but | highly
recommend understanding these problems before the exam.
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Clicker question 1 Set frequency to DA

How useful did you find the quantum tunneling tutorial on Friday?

A.Very useful

B. Somewhat useful
C. Not very useful
D. Not at all useful

E. Can’t say since | was not in class Friday
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Some observations from the tutorial

From photoelectric effect we found that it takes energy to remove an
electron from a metal. The amount of energy is the work function.

This energy to overcome the work function goes into the
potential energy of the electron (like overcoming a gravity well).

Energy is conservedsoE=K + U

If potential energy increases, kinetic energy must decrease.

D® _ h2k?
2m  2m

Kinetic energy determines the wavelength K =

For E>V, solutions have the form (e** + e-*) which, by
Euler's theorem (e!®=cosB+isinB), means they are sinusoidal.

For E<V, solutions have the form (e** + e**) which leads to
exponential decay (after requiring y(x)—0 as x—x)
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Quantum tunneling through potential barrier

Consider two very long wires separated by a small gap:

wire wire

E —_

electron

This is an example of a potential barrier.

Quantum tunneling occurs when a particle which does
not have enough energy to go over the potential barrier
somehow gets to the other side of the barrier.

This is due to the particle being able to penetrate into the classically

(2l IERIEN [EFe If it can penetrate far enough (the barrier is

thin enough) it can come out the other side.
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End of Chapter 4

The last exam finished with the photoelectric effect

We started thinking about X-rays which are electromagnetic
waves with very short (< 1 nm) wavelengths

Crystals are used as diffraction gratings — Bragg diffraction

The Compton effect showed that X-rays have momentum

X-rays photons hit an atomic electron imparting momentum
to the electron; the scattered photon has less energy and

momentum
- 7
End result: particle-wave duality of light £ w
Light is both a particle and wave! Eq .\ Py 0

E=hf p=hl] ANNN\> @-----ommoee
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Ch. 5: Atomic energy levels and Bohr model

Atomic discharge lamps showed us that
atoms only emit certain wavelengths of light fa

Hydrogen TH
yareeen N s

Hellm 3He

Cathode

Moving electrons
Colliding with atoms

Uranium U

Each wavelength corresponds to a given energy (E = hc/A).

By conservation of energy, the atom must change energy
by the same amount as the emitted photon.

This implies atoms can only have certain energy levels!
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Clicker question 2

Set frequency to DA

What energy levels
for electrons are
consistent with this
spectrum?

S5ev
3ev
2ev

Photon energy

Electron Energy levels:

A B
--------- OevVv - 0eV
— =2eV
— -3eV
-5evV — -5eV
-7 eV
-8 eV
-10 eV
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C D E
----- 0eV — 10 eV
T eV
— 5eV | — 5evV — 5eV
— =7 eV 3V
— 2eV
—10eV | - OeV - 0eV
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Clicker question 3 Set frequency to DA

—_— n=4 -2 eV
n=3— -3 eV

E:Q é 3‘/ n=2 v -6 eV
()

n=1 —rovr + -10eV
Consider atoms at three points in an atomic discharge lamp with
the energy levels shown. What would we see from each position?
A. All three positions will emit the same colors

B. 1 will emit more colors than 2 which will emit more than 3

C. 3 will emit more colors than 2 which will emit more than 1

D. 3 will emit more colors than 2 while 1 will emit no light
E. Impossible to tell

Electrons at 1 have K = 2 eV so cannot excite atoms

Electrons at 2 have K= 5 eV so can only excite ton = 2 (1 color)

Electrons at 3 have K= 9 eV so can excite to n = 2,3,4 (6 colors)
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Ch. 5: Atomic energy levels and Bohr model

Balmer-Rydberg formula describes 1 _ (1 1) ~ ]
the hydrogen energy levels: 7 = Rtz——3) R=00110nm™

Bohr was able to derive this formula with his model of the atom:
Anything in orbit has K=-%2Uand E =K + U = %U

Combined with Bohr's assumption of angular momentum
guantization, this gives quantized radii and quantized energy.

distance from proton Angular momentum quantization:

L=myr=nh  h=hl2x

0
potentia

energu |
Radius o, o2
quantization: '» =" %p 5= mke? 0.053nm

ro_ke 1 __LEp_ 1366V
2

Energy ¢ 2a, n>  n? n
quantization: > mlke?)?
E,=hcR=Xe MY _ 1366y
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Hydrogen like ions

Atoms which have only one electron can be analyzed much
like the hydrogen atom.

An atom with atomic number Z with Z-1 electrons removed is
a hydrogen like ion

_kaq, _ kZe?

2 2

The (Coulomb) force on the electron is Fc

The increase in the force results in tighter orbits and a
deeper potential well, reducing the energy (more negative).

LM 7 —_z2E_ 521366V
n Z n n2 n2
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Summary and implications of Bohr model

Electrons orbit the nucleus at particular radii corresponding to
particular energies. These energies are called energy levels or

states.  The only allowed electron energy transitions
are between these energy levels.

There always exists one lowest energy state called the ground
state to which the electron will always return.

Free electrons with enough kinetic energy can excite atomic
electrons. From conservation of energy, the free electron loses
the same amount of kinetic energy as the atomic electron gains.

Photons are emitted and absorbed only with energies
corresponding to transitions between energy levels.

Franck-Hertz experiment gave more proof of atomic energy levels
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Franck-Hertz experiment

Mercury atoms need 4.9 ey ©3ihode G”d Anode
to go from ground state to O
the next higher energy level. &

Electrons with K< 4.9 eV
elastically scatter off Hg, _ Aﬂ+
A
(A

with no energy loss. L
V +1 5 Vv

Electrons with K > 4.9 eV can inelastically collide with a Hg atom,
transferring 4.9 eV and losing 4.9 eV of kinetic energy in the process.

After the collision, the electron may not gain enough
Kinetic energy to reach the anode so the current will drop.

As voltage increases, electron can excite multiple mercury atoms.

This experiment gives more proof for the existence of atomic
energy levels. Performed in 1914; Nobel prize in 1925.
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Ch. 6: Matter waves

Louis de Broglie postulated that electrons have wave properties.

All matter has wave properties with the particle & | p=h/A ="k
wave quantities related by de Broglie relations: E=hf =hw .

Davisson-Germer scattered electrons of varying energies off a
nickel crystal (similar to X-ray diffraction) and found diffraction
like X-ray diffraction showing electrons behave like a wave.

The function describing how light waves propagate is the

electromagnetic wave function E(x,7) = E__ SiN(ax — bt)
with Intensity o< EZ o< EZ,

Particles also have a wave function y(x). In this case, |y(x)|? is
the probability density which indicates how likely the particle is to
be found at x (or what fraction of the particles will be found at x).
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Properties of wave functions

Wave functions are complex valued and are not directly observable.

Probability density is observable: ‘w(x)\z =y (x) W(x) = Yiu (x) + ¥, (x)

The probability of finding the particle at some y(X)
infinitesimal distance dx around X is: ;y(x)|2&c

Probability of particle being ? 2 v
between a and b is L ‘W(x) dx L

The particle must be somewhere - ‘W(x)‘z
with a probability of 100%. This j w(x) dx =1

is the normalization condition:

In 1D, |w(x)|? has dimension of 1/Length -L PPL X

y(X) is just the spatial part of the wave function.

Y(x,t) is the full wave function
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Review of waves

Waves in time: »(¢) = Acos(wt) = Acos(2rft) = Acos(2m/T)

A __T = period = time of one cycle
AT\ alVANYANYA NN
V v/ vV vV VvV

f=1/T = w/2n = frequency = number of cycles per second
o = 2rnf = angular frequency = number of radians per second

Waves in space: V(x) = 4 cos(2m/A) = A cos(kx)

A = wavelength = length of one cycle

RAAAAAA

k = 2n/A = wave number = number of radians per meter
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Clicker question 4 Set frequency to DA

yray T RAVAVAVAVAVAVA
Y(x,t) = Atk —ax)

Wave packet:
W(x, )= 4,6 kx = D) VY
n=0

For which type of wave is the momentum and position most well
defined?

A. p is well defined for plane wave, x is well defined for wave packet
B. pis well defined for wave packet, x is well defined for plane wave
C. pis well defined for one but x is equally well defined for both
D
E

. p is equally well defined for both but x is well defined for one
. Both p and x are well defined for both
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Plane Waves vs. Wave Packets

Y(x,t) = Al — )
This wave represents a single k and w. Therefore energy,

momentum, and wavelength are well defined.

The amplitude is the same over all space and time so
position and time are undefined.

Wave packet:
(0= 4, ik, x—a,)
n=0

This wave is composed of many different k and w waves.
Thus, it is composed of many different energies, momenta,
and wavelengths and so these quantities are not well defined.

The amplitude is non-zero in a small region of space and time
so the position and time is constrained to be in that region.

http://www.colorado.edu/physics/phys2170/  Physics 2170 — Spring 2009 17




Heisenberg Uncertainty Principle: AxAp=>#h/2

\VAVAVAVAVAVAVAVAVAVA

< AX >
small Ap — only one wavelength

-‘“"’V\/\/\/\/\/\N\/\N"““

< AX >
medium Ap — wave packet made of several waves

,\]\

<+« AX—+>
large Ap — wave packet made of lots of waves
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Heisenberg Uncertainty Principle: At AE>h/2

\VAVAVAVAVAVAVAVAVAVA

< At >
small AE — only one period

-‘“"’V\/\/\/\/\/\N\/\N"““

< At >
medium AE — wave packet made of several waves

,\]\

<« /At >
large AE — wave packet made of lots of waves
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Ch. 7: 1D Schrodinger equation

The wave equation for electromagnetic waves is

0°E 1 0°FE

W2 2 o

Only works for massless particles with v=c.

For massive particles, need the time dependent Schrodinger

equation (TDSE):| 2 02¥(x,?)

+ V(x,0)¥(x,t) = ih

oV (x,1)

2m  Ox? ot
Kinetic Potential Total
energy energy — energy
For time independent potentials, V(x): W (x,¢) = w(x)@(¢)
—iEtIh

In this case, the time part of the wave function is: ¢(¢) =e

The spatial part y(x) can be found from the time independent

12 AV |y () = Ep(x)

Schrodinger equation (TISE):
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Free particle

When E>V (everywhere) you have a free particle. We deal with
the case of V=0 but it can be applied to other cases as well.

Free particles have oscillating solutions
w(x) = Acos(kx) + Bsin(kx)  or  y(x) = CelkX 4 pe—ikx

To get the full wave function we multiply by the time dependence:

W (x,1) = p(x)e i = collkr—at) | p—ilkxc+ )

This is the sum of two waves with momentum hk and energy ho.

The C wave is moving right and the D wave is moving left.
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Infinite square well

Like the free particle, E>V but only in region 0<x<a.

Functional form of solution is also oscillating: T

w(x) = Acos(kx) + Bsin(ky) | = I

But this time have boundary conditions 0o a
Putting in x = 0 gives ¢ (0)=4 soA=0
Putting in x = a gives y(a) = Bsin(ka) == V.
To get sin(ka) =0 requires ka=nrx =1
Get the condition & = % or A= %
Find that energies are quantized: £ = 1-Z°1°

" 2ma®
After applying normalization condition we get i, (x) = \/75”1 nﬂx)
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Particle in finite square well can be found in classically

1.0eV

forbidden regions

Pr(x)

/\ /; o,

E, = 0.949 eV
I'he wave function
>xtends into the
“lassically forbidden
egion. o

E, = 0.585 eV

/

‘{

VARV
ANva

E, = 0.068 eV - = ——
0eV
T T T —x (nm)
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cC

Pr(x)

A

o0

K

The wave

function is zero

at the edge of
.the box.

\J

N

0 1 2

Note that energy level n has n antinodes

Penetration depth A=1/o0 measures how far particle

can be found in the classically forbidden region.
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