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Mathematical Supplement D

Gauge Invariance

Gauge Symmetry

Let q = { qo, q1, q2, q3, . . . qn-1} be the set of observables of a system and take them to be

the coordinates of an n-dimensional vector q in q-space. Then a point in q-space,

designated by the vector q, represents a particular set of measurements on a system. The

generalized principle of covariance says that the laws of physics must be the same for any

origin or orientation of q, that is, any choice of coordinate system.

Let us generalize space-time covariance further so that it also applies in the abstract

space that contains our mathematical functions. We can define a vector !  in that space as

a set of functions of the observables of the system, !  = {! 1(q), ! 2(q), ! 3(q), . . .}. We

will call this ! -space. The state vectors of quantum mechanics are familiar examples of

such abstract space vectors residing in Hilbert space; but, in general, !  can represent any

set of functions of observables that appears in the equations of physics.

The functions ! 1(q), ! 2(q), ! 3(q), . . .  comprise the projections of !   on the coordinate

axes in ! -space. We assume that the following principle holds: the models of physics

cannot depend on the choice of coordinate system in ! -space. This principle is called

gauge invariance. Another way to think of this is that the vector !   is invariant under the

transformation of coordinate systems, so that

   
! = !

1
(q),!

2
(q),! 3(q),É{ } = "!

1
(q), "!

2
(q), "!

3
(q),É{ } (D1)
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where the first set of (unprimed) functions represents, say, the mathematical functions

one theorist uses to describe the system, while the second set of (primed) functions are

those of another theorist.

Gauge Transformations and their Generators

To begin, let ! (q) be a complex function, that is, a 2-dimensional vector in complex

space, as shown in fig. 4.3. Let us perform a unitary transformation on ! :

 !" = U" (D2)

where U  U = 1, so

  !"   !" = "  U  U" = "  " (D3)

This transformation does not change the magnitude of ! ,

 
!" = !"   !"( )

1

2 = "  "( )
1

2 = " (D4)

That is, |! | is invariant to the transformation, as required by gauge symmetry. We can

write the operator U

  U = exp(i! ) (D5)

where "    =  ", that is, "  is a hermitian operator (in this example, just a real number).

Then,

  !" = exp(i#)" (D6)

So, U  changes the complex phase of ! . It could be called a "phase transformation," or

simply a unitary transformation. However, with the amplifications of this idea that we

will be discussing, the designation gauge transformation has become conventional. When
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"  is a constant we have a global gauge transformation. When "   is a not a constant, but a

function of position and time, it is called a local gauge transformation.

Note also that the operation U corresponds to a rotation in the complex space of ! .

Later we will generalize these ideas to where !  is a vector in higher dimensions and

"   will be represented by a matrix. But this basic idea of a gauge transformation as

analogous to a rotation in an abstract function space will be maintained, and gauge

invariance will be viewed as an invariance under such rotations.

Let us write

 ! = " #G (D7)

where # is an infinitesimal number and G is another operator. Then

  U ! 1" i#G (D8)

where G   = G is hermitian. G is called the generator of the transformation. Then,

 !" # " $ i%G" (D9)

Suppose we have a transformation that translates the qµ -axis by an amount  #µ. That is, the

new coordinate qµ' = qµ Ð #µ. Then, to first order in #µ ,

  

!" ( !qµ ) = " (qµ # $µ )

%" (qµ ) # $µ

&
&qµ

" (qµ )
(D10)

It follows that the generator can be written

  

Gµ =
1

i

!
! qµ

(D11)

Define
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Pµ ! ! Gµ =

!
i

"
"qµ

(D12)

 where !  is an arbitrary constant introduced only if you want the units of Pµ to be

different from the reciprocal of the units of qµ. The transformation operator can then be

written

   
U = 1!

i


" µ Pµ (D13)

For example, suppose that q1

 
= x, the x-coordinate of a particle. Then

   
P1 ! Px =



i
"
" x

(D14)

which we recognize as the quantum mechanical operator for the x-component of

momentum. Note that this association was not assumed but derived, and that no

connection with the physical momentum has yet been made. This just happens to be the

mathematical form of the generator of a space translation. Similarly, we can take q2 = y,

q3 = z and obtain the generators Px and Py.

Of course, !  will turn out to be the familiar quantum of action of quantum mechanics,

!  = h/2!  where h is Planck's constant. Physicists often take !  = 1 in "natural units." We

will leave !  in our equations at this point to maintain familiarity; however, it should be

recognized that the Planck constant, when expressed in dimensioned units, will turn out

to be an arbitrary number defined only by that choice of units. No additional physical

assumption about the "quantization of action" need be made and Planck's constant should

not be viewed as a metric constant of nature. In particular, !  cannot be zero. Once we
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have made the connection of (Px, Py, Pz) with the 3-momentum, quantization of action

will already be in place.

We can also associate one of the variables, qo, with the time t. In order to provide a

connection with the fully relativistic treatment we will make later, let qo = ict, where c is,

like ! , another arbitrary conversion factor. Then,

  
Po =

!
i

!
! qo

= "
!
c

!
! t

(D15)

We can then define

  
H ! " iPoc = i!

#
#t

(D16)

which we recognize as the quantum mechanical Hamiltonian (energy) operator. Note

again that this familiar result was not assumed but derived from gauge transformations.

No connection with the physical quantity energy has yet been made. This just happens to

be the form of the generator of a time translation.

Quantum Mechanics from Gauge Transformations

Suppose we have a complex function ! (x, y, z, t) that describes, in some still unspecified

way, the state of a system. Let us make a gauge transformation of the time axis t«= t - dt

   

!" ( !t ) = U" (t) = exp #
i
!

Hdt
$

%&
'

()
" (t)

* 1#
i
!

Hdt
$

%&
'

()
" (t) = " (t) # dt

+"
+t

(D17)

Then,

  
Hψ = i

∂
∂t
ψ (D18)
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This is the time-dependent Schršdinger equation of quantum mechanics, where !  is

interpreted as the wave function.

At this point, then, we have the makings of quantum mechanics. That is, we have a

mathematical model that looks like quantum mechanics, although we have not yet

identified the operators H and P with the physical quantities energy and momentum. We

have just noted that these are generators of time and space translations, respectively,

which are themselves gauge transformations. We also have not yet specified the nature of

the vector ! (q) except to say that it must be gauge invariant if it is to display point-of-

view invariance.

In conventional quantum mechanics, ! (q) is defined so as to represent the state of a

system and allow for the calculation of expected values of measurements. This idea is

most elegantly expressed in the bra and ket notation for linear vectors introduced by

Dirac. A vector in a linear vector space is written as either the ket 
  

� 

a or its dual, bra 
  

� 

a .

The scalar product of two vectors 
  

� 

a  and 
  

� 

b  is written 
  

� 

a b  and is, in general, a

complex number where
    

� 

b a = a b * .

In Dirac's formulation of quantum mechanics states are represented by linear vectors.

For convenience, we often define the state vectors as orthonormal, that is,

 
a b = ! ab (D19)

for all 
  

� 

a  and 
  

� 

b  that are state vectors.

The linearity postulate asserts that any state vector 

� 

!  can be written as the

superposition
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! = a

a
" a ! (D20)

This is also called the superposition principle and is responsible for much of the

difference between quantum and classical mechanics, in particular, interference effects

and so-called entangled states. As we saw in chapter 4, linearity and thus the

superposition principle are required to maintain point-of-view invariance. That is, point-

of-view invariance can be used as a motivation for the superposition principle, which, in

conventional developments, is simply a hypothesis that almost seems to be pulled out of a

hat.

The symbol 
  

� 

a a  can be viewed as an operator that projects 

� 

!  onto the 
  

� 

a  axis.

The vectors 
  

� 

a  form a complete set,

  
a

a
! a = 1 (D21)

so that
  

� 

! ! =1.

Consider a system with a single observable. When a measurement of that observable is

made and found to have a value a, the system is said to be in a state 
  

� 

a . More generally,

a will represent a set of measured observables {q}. We define an operator A such that

 
A a = a a (D22)

That is, A is the linear vector operator that, when it operates on 
  

� 

a , gives the same vector

scaled by the measurement value a. It is the operator representation of an observable. The

above is called the eigenvalue equation of A, where 
  

� 

a  is the eigenvector or eigenstate of

A corresponding to the eigenvalue a. The possible results of a measurement of the

observable represented by A are given by the solutions of the eigenvalue equation. When
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the state of a system is an eigenstate of an observable, the measurement of that

observable will always yield the eigenvalue corresponding to that state.

When the system is in an arbitrary state 

� 

ψ , then the expectation value of A, that is,

the average or "expectation value" of an ensemble of measurements of A, is

  

A = ! A! = ! a
a'
"

a
" a A #a #a !

= ! a
a
"

2
a

(D23)

Thus, 
    

� 

! a
2
is interpreted as the probability for 

� 

!  to be found in the state 
  

� 

a .

We can also express this in more familiar wave-function language, although it is to be

noted that Dirac disdained the use of the term. The wave function is defined as the scalar

product

  
! (q) = q ! (D24)

where 
  

� 

q  are the eigenstates of the r space-time coordinates of the particles of the

system. Momentum-space wave functions are also often used.

For example, the basis states are frequently chosen to be 
  

� 

x , 
  

� 

y , and 
  

� 

z , where the

observables are all the possible coordinates of a particle, that is, all the eigenstates of the

eigenvalue equation

 
X x = x x (D25)

with similar equations for Y and Z. The quantity 
    

� 

! (x) = x !  is, for historical reasons,

called the wave function, although it usually has nothing to do with waves. Since x is

conventionally regarded as a continuous variable, ! -space is infinite dimensional! That
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is, 
  

� 

x  is not one axis but an infinite number of axes, one for every real number x. Even if

we assume that x is discrete, say, in units of the Planck length, and space is finite, we still

have an awfully large number of dimensions.

More generally, the eigenstates 
  

� 

q  are the basis states of a particular, arbitrary

representation, like the unit vectors i, j , and k of the Cartesian coordinate axes x, y, z.

! (q) is the projection of 

� 

!  on 
  

� 

q .

We can also represent !  and q as 1-dimensional matrices. Then ! (q) is the matrix

scalar product

  
! (q) = ! i

 

i
" qi (D26)

where     

� 

! i
   is a row matrix.

In this representation, the observable A is a square matrix, and

  
A = ! i

 

i , j
" Aij! j

(D27)

or is simply given by the matrix equation,

  
A = !   A! (D28)

Thus, the gauge transformation can be written as a matrix equation

  !" = U" = exp(i#)" (D29)

where U and " , and the corresponding generators, are square matrices.

Let us return to bra and ket notation, where we write the gauge transformation

 
′ψ =U ψ (D30)

The expectation value of an operator A
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A = ! A ! = "! U   AU "! = "! "A "! (D31)

is gauge invariant, where the transformed operator is

  !A = U † AU (D32)

Let us look again at time evolution. There are two approaches. In the Schršdinger

picture, the state vector varies with time while the operators stay fixed.

  

A(t) = A(0)

! (t) = U ! (0)

A(0) = ! (0) A(0) ! (0)

A(t) = ! (t) A(0) ! (t)

= ! (0) U   A(0)U ! (0)

(D33)

In the Heisenberg picture, the state vectors remain fixed while the operators evolve with

time.

  

A(t) = U   A(0)U

! (t) = ! (0)

A(0) = ! (0) A(0) ! (0)

A(t) = ! (0) A(t) ! (0)

= ! (0) U   A(0)U ! (0)

(D34)

We can write <<<note fix 2nd line>>>

   

U = exp !
i
!

Hdt
"

#$
%

&'
( 1!

i
!

Hdt
"

#$
%

&'

A(t + dt) = U   A(t)U

= 1+
i
!

Hdt
"

#$
%

&'
A(t) 1!

i
!

Hdt
"

#$
%

&'

= A(t) !
i
!

A,H)* +, dt = A(t) + dt
- A
- t

.
- A
- t

= !
i
!

A,H)* +,

(D35)
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Notice the same result in either case. So, the time rate of change of an operator is

   

dA
dt

=
! A
! t

+
! A
! qjj " 0

#
dqj

dt

= $
i
!

A,H%& '( +
! A
! qjj =1

n

#
dqj

dt

(D36)

Next, let us move to gauge transformations involving the non-temporal variables of a

system. Consider the case where A = Pj. Then,

   

dPj

dt
= −

i
!

Pj ,H⎡⎣ ⎤⎦ +
∂Pj

∂qkk=1

n

∑ dqk

dt
(D37)

Consider the transformation of these nontemporal variables. Let qk« = qk Ð #k, which

corresponds to translating the qk-axis by an infinitesimal amount #k. As we saw in

equation (D13), the transformation operator is

   
U = 1Ð

i
!

Pk! k (D38)

Thus,

   

!" ( !qk ) = " (qk # $k

= " (qk ) #
i
!

Pk$k " (qk )
(D39)

So

   

!A = U   AU = 1+
i
!

Pk" k

#

$%
&

'(
A 1)

i
!

Pk" k

#

$%
&

'(

= 1)
i
!

" k A,Pk
*+ ,-

(D40)

and

   

! A
! qk

= "
i
!

A,Pk
#$ %& (D41)
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From the differential form of the operators Pk ,

  
Pj ,Pk

!
"

#
$= 0 (D42)

and so

  

! Pj

! qk

= 0 (D43)

Recall that

   

dPk

dt
= !

i
!

Pk ,H"# $%+
&Pk

&qjj
'

dqj

dt
(D44)

The summed terms are all zero, so

   

dPk

dt
= !

i
!

Pk ,H"# $% (D45)

We can also think of qk as an operator, so

   

! qk

! qk

= 1= "
i
!

qk ,Pk
#$ %& (D46)

or,

   
qk , Pk

!" #$= i (D47)

This can also be seen from

   

qk ,Pk
!" #$% = qk,



i
&

&qk

!

"
'

#

$
(%

=


i
qk

&%
&qk

)


i
&

&qk

qk% = i%

(D48)

For example,

   
x,Px

!" #$= i! (D49)

the familiar quantum mechanical commutation relation.
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Now we can also write

   

! H
! qk

=
i
!

H , Pk
"# $% (D50)

Thus,

 

dPk

dt
= !

"H
"qk

(D51)

which is the operator version of one of Hamilton's classical equations of motion and

another way of writing Newton's second law of motion. Here we see that we have

developed another profound concept from gauge invariance alone. When the Hamiltonian

of a system does not depend on a particular variable, then the observable corresponding

to the generator of the gauge transformation of that variable is conserved. This is a

generalized version of Noether's theorem for dimensions other than space and time. Note

that by including the space-time coordinates as part of our set of abstract coordinates we

unite all the conservation principles under the umbrella of gauge symmetry.

The Uncertainty Principle

As we found above, certain pairs of operators do not mutually commute. Consider two

such operators, where

  
A,B!" #$%0 (D52)

Let

 
ΔA≡ A− A (D53)

where 
  

� 

A  is the mean value of a set of measurements of A. The dispersion (or variance)

of A is defined as
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! A( )2

= A2( ) " 2A A + A
2

= A2 " A
2

(D54)

with a similar definition for   

� 

! B. In advanced quantum mechanics textbooks1 you will

find derivations of the Schwarz inequality:

 
! ! " " # ! "

2
(D55)

from which it can be shown that

  
! A( )2

! B( )2
"

1
4

A,B#$ %&
2

(D56)

which is the generalized Heisnberg uncertainty principle. For example, as we saw above,

   
x,Px

!" #$= i! (D57)

from which it follows that

   
! x! Px "

!
2

(D58)

Rotation and Angular Momentum

The variables (q1, q2, q3) can be identified with the coordinates (x, y, z) of a particle, and

the corresponding momentum components are the generators of translations of these

coordinates. (In this formulation, nothing prevents other particles from being included

with their space-time variables associated with other sets of four q's; note that by having

each particle carry its own time coordinate we can maintain a fully relativistic scheme.)

These coordinates may also be angular variables and their conjugate momenta may be the

corresponding angular momenta. These angular momenta will be conserved when the

Hamiltonian is invariant to the gauge transformations that correspond to rotations by the
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corresponding angles about the spatial axes. For example, if we take (q1, q2, q3) = ($x, $y,

$z), where $x is the angle of rotation about the x-axis, and so on, then the generators of the

rotations about these axes will be the angular momentum components (Lx, Ly, Lz).

Rotational invariance about any of these axes will lead to conservation of angular

momentum about that axis.

Let us look at rotations in familiar 3-dimensional space. Suppose we have a vector V

= (Vx, Vy) in the x-y plane. Let is rotate it counterclockwise about the z-axis by an angle

$. We can write the transformation as a matrix equation

  

!Vx

!Vy

"

#
$

%

&
' =

cos( ) sin(

sin( cos(

"

#$
%

&'
Vx

Vy

"

#
$

%

&
' (D59)

Specifically, let us consider an infinitesimal rotation of the position vector r  = (x, y) by

d$ about the z-axis. From above,

  

!x

!y

"

#$
%

&'
=

1 ( d)

d) 1

"

#$
%

&'
x

y

"

#$
%

&'
=

x ( yd)

y + xd)

"

#$
%

&'
(D60)

And so,

 dx = ! yd" (D61)

and

 dy = xd! (D62)

For any function f (x, y),

  
f (x + dx, y + dy) = f (x, y) + dx

∂f
∂x

+ dy
∂f
∂y

(D63)

to first order. Or, we can write (reusing the function symbol f )
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f (! + d! ) = f (! ) " yd!

#f
#x

+ xd!
#f
#y

(D64)

from which we determine that the generator of a rotation about z is

 
G = −i x

∂
∂y

− y
∂
∂x

⎛
⎝⎜

⎞
⎠⎟
= xPy − yPx = Lz

(D65)

which is also the angular momentum about z. Similarly,

 
Lx = yPz ! zPy (D66)

and

 
Ly = zPx ! xPz (D67)

This result can be generalized as follows. If you have a function that depends on a spatial

position vector r  = (x, y, z), and you rotate that position vector by an angle "  about an

arbitrary axis, then that function transforms as

   !f (r ) = exp(iL ¥") f (r ) (D68)

where the direction of the axial vector "  is the direction of the axis of rotation. Once

again this has the form of a gauge transformation, or phase transformation of f, where the

transformation operator is

   U = exp(iL ¥!) (D69)

From the previous commutation rules one can show that the generators Lx, Ly, and Lz do

not mutually commute. Rather,

   
Lx,Ly

!
"

#
$= iLz

(D70)

and cyclic permutations of x, y, and z. Thus the order of successive rotations is important.

Note that, from  (D56),
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! Lx! Ly =

1
2

Lx,Ly
"
#

$
% =

!
2

Lz (D71)

Most quantum mechanics textbooks contain the proof of the following result,

although it is not always stated so generally: fo any vector operator J whose components

obey the angular momentum commutation rules,

   
Jx,Jy

!
"

#
$= iJz

(D72)

and cyclic permutations will have the following eigenvalue equations

   
J2 j,m = j ( j +1)! 2 j ,m (D73)

where     

� 

J 2 = Jx
2 + Jy

2 + Jz
2 is the square of the magnitude of J, and

   
Jz j ,m = m! j ,m (D74)

where m goes from -j to + j in steps of one: m = -j, -j+1, . . . , j-1, j and 2j is an integer.

This implies that j is an integer (including zero) or a half-integer. In particular, note that

the half-integer nature of the spins of fermions is a consequence of angular momentum

being the generator of rotations.

Rotation and Gauge Transformations

We have already noted that the gauge transformation is like a rotation in the complex

space of a vector 

� 

! , which in quantum mechanics represents the state of the system.

The basis states in ! -space are the eigenstates of the observables of the system. For

example, those basis states may be
  

� 

x , the eigenstates of the position of a particle along

the x-axisÑmeaning one axis for every possible value of x. If the particle is an electron,

then ! -space must also include the basis states 
  

� 

+ 1
2

 and 
  

� 

! 1
2

 that are the eigenstates of
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the z-component of the spin of the electron. Even though spatial coordinates are more

familiar than spins, 2-dimensional spin subspace is a lot easier to visualize than the

infinite-dimensional subspace of spatial coordinate eigenstates.

In the 2-dimensional subspace spanned by the spin state vector of an electron, the

basis states
  

� 

+ 1
2

 and 
  

� 

! 1
2

 can be thought of as analogous to the unit vectors i and j  in the

more familiar 2-dimensional subspace (x, y). The spin state 

� 

!  is in general a 2-

dimensional vector oriented at some arbitrary angle. The basis vectors define two

possible orientations of the spin angular momentum vector S in familiar 3-dimensional

space, one along the z-axis and the other along the opposite. (The choice of z-axis here is

an arbitrary convention. ) Thus, for example, if S points originally along the z-axis, a

rotation of 180o will take it to point along -z. However, note that a rotation in ! -space of

only 90o takes the spin state from 

� 

+ 1
2

 to 

� 

! 1
2

, as illustrated in Fig. D4.1. This implies

that the unitary transformation matrix in this case is

  
U = exp i

!
2

"

#$
%

&'
I (D75)

where I is the unit 2x2 matrix.

More generally,

  
U = exp i

! ¥"
2

#

$%
&

'(
(D76)
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where the unit matrix I is understood, the axial vector "  points in the direction around

which we rotate, and % is the Pauli spin vector (that is, a vector in coordinate-space and a

matrix in spin space), whose components are conventionally written

  
! x =

0 1

1 0

"

#$
%

&'
! y =

0 ( i

i 0

"

#$
%

&'
! z =

1 0

0 ( 1

"

#$
%

&'
(D77)

We see that U again has the form of a gauge transformation. The generator of the gauge

transformation in the spin vector subspace of a spin 1/2 particle is the spin angular

momentum operator (in units of ! ), S = % /2. We could also have obtained this result

from our previous proof that the gauge transformation for a rotation in 3-space is, as

given by (D69),

   U = exp(iL ¥θ) (D78)

where L is the angular momentum. Here L = S = % /2.

Special Relativity

Now we are ready to inject some familiar physics into the mix. It turns out to be easiest to

do this within the framework of special relativity. But note that, as was the case for

quantum mechanics, the usual starting axioms will not be asserted. Rather they will be

derived from the assumptions of space-time covariance and gauge invariance.

Let us consider the first four variables (qo, q1 , q2 ,q3
 
) of our set {q} that we have

arbitrarily set to (xo, x1 , x2 ,x3) = (ict, x, y, z), where t is the time and where (x, y, z) are the

spatial coordinates of an event. The constant c is simply a factor that converts units of

time into units of distance. It will turn out to be the invariant speed of light in a vacuum,
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but that is not being assumed at this point. Also, the assumption that qo is an imaginary

number is not necessary; it just makes things easier to work out.

Let x' = (x'o, x'1, x'2, x'3) be the position of the event in a reference frame moving at a

speed v = &c along the z-axis with respect to the reference frame x, where

 
!xµ = Lµ

" x" (D79)

and the convention is used in which repeated Greek indices are summed from 0 to 3. As

is shown in many textbooks, the proper distance will be invariant if   

� 

Lµ
ν  is the Lorentz

transformation operator

  

Lµ
! =

1 0 0 0

0 1 0 0

0 0 cos" sin"

0 0 #sin" cos"

$

%

&
&
&
&

'

(

)
)
)
)

(D80)

where cos!  = ' , sin!  = i&' , and ' = (1 - &2)1/2. By writing it this way, we see that the

Lorentz transformation between reference frames moving at constant velocity with

respect to one another along their respective z-axes is equivalent to a rotation by an angle

!  in the (x1`, x2)-plane. That is, Lorentz invariance is analogous to rotational invariance in

3-space.

The complex angle !  is a mathematical artifact,  taking the zeroth component of the 4-

vector to be an imaginary number and time a real number. We could make !   real by

using a non-Euclidean metric.

We have seen that the generators of space-time translation form a 4-component set:

  
P = P0,P1,P2,P3( ) = i

H
c

,Px,Py,Pz

⎛
⎝⎜

⎞
⎠⎟

(D81)
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where we recall that c is just a unit-conversion constant.Quantum mechanically,

 
P

k
p

k
= p

k
p

k (D82)

where pk is the eigenvalue of
 
Pk when the system is in a state given by the eigenvector

  

� 

pk . Similarly,

 
H E = E E (D83)

Let us work with these eigenvaluesÑwhich have still not been identified with familiar

physical energy and momentum! But that's coming up fast now. Write

  
p = p0, p1, p2, p3( ) = i

E
c

, px, py, pz

!

"#
$

%&
(D84)

The squared length of the 4-vector

  
pµ pµ = !pµ !p µ " #m2c2 (D85)

is invariant to rotations in 4-space. The invariant quantity m is called the mass of the

particle. Note that the length of the 4-momentum vector is (in the metric I have chosen to

use)

  
pµ pµ( )1/2

= imc (D86)

Defining 4-momentum in this way guarantees the invariance in the important result of an

earlier section, namely, the classical Hamilton equation of motion

 

dPk

dt
= !

"H
"qk

(D87)

This definition allows us to connect the operator Pk with the operationally defined

momentum pk
 
and the operator H with the operationally defined energy E.
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Working with the operationally defined quantities, we can write (using boldface type

for familiar 3-dimensional spatial vectors)

  dp • dr = −dEdt (D88)

Or, in terms of 4-vectors,

  
dpµdxµ = 0 (D89)

which is Lorentz invariant.

Suppose we have a particle of mass m. Let (x', y', z') be the coordinate axes in the

reference frame in which the particle is at rest, |p' | = 0. Then its energy in that reference

frame is

  !E = mc2 (D90)

which is the rest energy.

Next, let us look at the particle in another reference frame (x, y, z) in which the particle

is moving along the z-axis at a constant speed v. Then, from the Lorentz transformation,

the 3-momentum of the particle in that reference frame will be

  
pz = ! "pz +

#
c

"E
$

%&
'

()
= ! 0 + #mc( ) (D91)

We can write this in vector form as

  p = ! mv (D92)

We note that p (  mv when v << c. So, we have (finally) derived the well-known

relationship between momentum and velocity. Nowhere previously was it assumed that p

= mv.

 The energy of the particle in the same reference frame is

  
E = ! "E + # "pz( ) = ! mc2 (D93)
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Note that, in general, the velocity of a particle is

   
v =

pc2

E
!

p
m

(D94)

when v << c since, in that case, E = mc
2
. We can also show that, for all v,

   
E = pc

2
+ m2c4( )1/2

(D95)

This is a "free particle" since

   
F =

dp
dt

= ! " E = 0 (D96)

More generally we can write

   E = mc2 + T +V(r ) (D97)

where mc2 is the rest energy. The quantity

   
T = pc

2
+ m2c4( )1/2

! mc2 (D98)

is the kinetic energy, or energy of motion, where

  
T →

1
2

mv2 (D99)

when v << c . V(r ) is the potential energy. The force on the particle is then

  F = ! " V (D100)

We are now in a position to interpret the meaning of c, which was introduced originally

as a simple conversion factor. Suppose we have a particle of zero mass and 3-momentum

of magnitude |p|. Then, the energy of that particle will be

  
E = p c (D101)

and the speed will be
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v =

pc2

E
→

pc2

pc
= c (D102)

Thus c is the speed of a zero-mass particle, sometimes called "the speed of light." Since c

is the same constant in all references frames, the invariance of the speed of light, one of

the axioms of special relativity, is thus seen to follow from 4-space rotational symmetry.

So we have now shown that the generators of translations along the four axes of space-

time are the components of the 4-momentum, which includes energy in the zeroth

component and 3-momentum in the other components. These have their familiar

connections with the quantities of classical physics. Mass is introduced as a Lorentz-

invariant quantity that is proportional to the length of the 4-momentum vector. The

conversion factor c is shown to be, as expected, the Lorentz-invariant speed of light in a

vacuum.

Classical Mechanics

Except for specific laws of force for gravity and electromagnetism, all of classical

mechanics can now be inferred from the above discussion. Conservation of energy, linear

momentum, and angular momentum follow from global gauge invariance in space-time.

Newton's first and third laws of motion follow from momentum conservation. Newton's

second law basically defines the force on a body as the time rate of change of

momentum,

  
F =

dp
dt

(D103)

Above we saw that, for the operators P and H,
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dP

dt
= −∇H (D104)

The classical observables will correspond to the eigenvalues of these and so

  

dp
dt

= ! " E (D105)

If  E = T + V and T does not depend explicitly on spatial position,

  
F =

dp
dt

= −∇V (D106)

as in the previous section. The more generalized and advanced formulations of classical

mechanics, such as Lagrange's and Hamilton's equations of motion, can be developed in

the usual way.

Electromagnetism

In the following sections we will switch to the conventions used in elementary particle

physics so that the resulting equations agree with the textbooks at that level. We have

already seen that !  and c are arbitrary conversion factors, so we will work in units where

!  = c = 1. Furthermore, we will use a non-Euclidean (but still geometrically flat) metric

in defining our 4-vectors:

 

! µ
" =

1 0 0 0

0 #1 0 0

0 0 #1 0

0 0 0 #1

$

%

&
&
&
&

'

(

)
)
)
)

(D107)

where the position 4-vector is x = (t, x, y, z), and where we reuse x; the momentum 4-

vector is p = (E, px, py, pz
 
), and

   
pµ! "

µ p" = E2 # p
2

= m2 (D108)
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This choice of metric has the advantages of enabling us to directly identify the mass with

the invariant length of the 4-momentum vector and eliminating the need for an imaginary

zeroth component.

In quantum mechanics, the state of a free particle is an eigenstate of energy and

momentum. Consider the 4-momentum eigenvalue equation for a spinless particle (spin

can be included, but this is sufficient for present purposes)

 
i! µ" = pµ" (D109)

where we now use the convention 
  

� 

! µ" #
! "
! xµ

. The quantity $ is the

eigenfunction
    

� 

! ( x) = x pµ  and can be thought of as having two abstract dimensions, its

real and imaginary parts. If we rotate the axis in this space by an angle " , we have the

gauge transformation,

  
!" = exp i#( )" (D110)

The eigenvalue equation is unchanged, provided that "  is independent of the space-time

position x. This is the type of gauge invariance we have already considered, what we call

global gauge invariance. The generator of the transformation, " , is conserved. Below we

will identify "  with the negative of the charge of the particle.

Now suppose that "  depends on the space-time position x. In this case, we do a local

gauge transformation so that

  
! µ "# = exp i$(x)( )! µ# + exp i$(x)( )#i ! µ$(x)( ) (D111)

That is, the eigenvalue equation is not invariant to this operation. Let us define a new

operator, the covariant derivative
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D µ = ! µ + iqAµ (D112)

where q is a constant and Aµ transforms as

  
!Aµ = Aµ + " µ#(x) (D113)

where
  ! (x) = " q#(x) (D114)

Then,

   

!D µ !" = #µ + iq !Aµ( )"
= #µ + iqAµ + iq #µ$( )%

&
'
( exp(i) )"

= exp(i) ) #µ + iqAµ + iq #µ$( )%
&

'
(" * exp(i) )" iq #µ$( )%

&
'
(

= exp(i) ) #µ + iqAµ( )"
= exp(i) )D µ"

(D115)

Recall that the operator Pµ
 
associated with the relativistic 4-momentum is

 
Pµ = −i∂µ (D116)

Let us define, analogously,

 
Pµ = -iD µ (D117)

Writing

  
Pµ = Pµ + qAµ (D118)

we see that this operator Pµ

 
is precisely the canonical 4-momentum in classical

mechanics for a particle of charge q interacting with an electromagnetic field described

by the 4-vector potential Aµ = (Ao, A), where Ao
 
 = V/c in terms of the scalar potential V

and A is the 3-vector potential. We will justify this connection further below. Since " (x)
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= -q) (x), q is conserved when ) (x) is a constant. Also, note that for neutral particles, q =

0 and no new fields need to be introduced to preserve gauge invariance in that case.

Also note that q is the generator of a rotation in a two-dimensional space, which is

mathematically an angular momentum. Thus global gauge invariance in this space will

result in q being quantized. That is, charge quantization is yet another consequence of

point-of-view invariance.

In quantum mechanics, the canonical momentum must be quantized in place of the

mechanical momentum in the presence of an electromagnetic field. For example, the

Schršdinger equation for a nonrelativistic particle of mass m and charge q in an

electromagnetic field described by the 3-vector potential A and the  scalar potential V is

     

P - qA
2
+ qV)( )ψ = −i∇ - qA

2
+ qV)( )ψ

= i
∂ψ
∂t

(D119)

In quantum field theory, the basic quantity from which calculations proceed is the

Lagrangian density, L. The Klein-Gordon Lagrangian density for the field of a spinless

particle of mass m is

   
L = - 1

2
! µ! µ" + 1

2
m2" 2 (D120)

Just as we can obtain the equation of motion of a particle from the Lagrangian by using

LagrangeÕs equation, we can obtain the equation of motion of a field from the Lagrangian

density and LagrangeÕs density equation

  

! µ ! L
! ! µ"

#

$
%

&

'
( )

! L
! "

= 0 (D121)

In this case the equation of motion is the Klein-Gordon equation,
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! µ! µ" + m2" = 0 (D122)

Now, the Klein-Gordon Lagrangian density is not locally gauge invariant. However, it

becomes so if we write it

   
L = - 1

2
D   µD µ! + 1

2
m2! 2 (D123)

The corresponding Klein-Gordon equation, the relativistic analogue of the Schršdinger

equation for spinless particles, becomes

   
D   µD µ! + m2! = 0 (D124)

Spin-1/2 particles of mass m are described by the Dirac-Lagrangian density, which

similarly can be made gauge invariant by writing it, using conventional notation,

  
L = iψγ µD µψ − mψψ (D125)

where the ' µ are a set of 4x4 matrices (see any textbook on relativistic quantum

mechanics). The corresponding Dirac equation

   
i! µD µ" # m" = 0 (D126)

also is gauge invariant.

A spin 1 particle of mass mA is described by the Proca-Lagrangian density

   
L = !

1
16"

F µ# Fµ# +
1

8"
mA

2 Aµ Aµ (D127)

where

 
Fµ! = " µ A! # " ! Aµ (D128)

Standard international units are used here. Some more advanced texts work in Heaviside-

Lorentz units in which the above expression for L is multiplied by 4!. The first term in L

is gauge invariant while the second term is not unless we set mA = 0. This leads to the
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deeply important result that particles with spin-1 whose Lagrangians are locally gauge

invariant are necessarily massless. The photon is one such particle. However, other spin 1

fundamental particles exist with nonzero masses. These masses result from spontaneous

broken symmetry.

In any case, the existence of a vector field Aµ associated with a massless spin-1

particle is implied by the assumption of local gauge invariance. It is a field introduced to

maintain local gauge invariance. That field can be identified with the classical

electromagnetic fields E and B, and the particle with the photon. That is, the photon is the

quantum of the field Aµ, which itself is associated with the classical 4-vector

electromagnetic potential.

To see the classical connection, note that, from (D113),

  !Ak = Ak + " k#(x) (D129)

where k = 1, 2, 3, or, in familiar 3-vector notation

 !A = A + " # (D130)

This requires that the 3-vector

 

!B = " # !A = " # A + " # " $

= " # A = B
(D131)

is locally gauge invariant. Furthermore,

  
∇ •B = ∇ • ∇ × A( ) = 0 (D132)

Thus, B may be interpreted as the familiar classical magnetic field 3-vector; the above

equation is GaussÕs law of magnetism, one of MaxwellÕs equations.

The zeroth component of the 4-vector potential,
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!Ao = Ao +

"#
"xo

(D133)

can be written

 
!V = V +

"#
" t

(D134)

which implies that the 3-vector

  

!E = " # !V "
$ !A
$t

= " # V " #
$%
$t

"
$A
$t

+
$# %
$t

= " # V "
$A
$t

= E

(D135)

is also locally gauge invariant. Furthermore,

   
! " E +

#B
#t

$

%&
'

()
= * ! " ! V = 0 (D136)

so

   
! " E = #

$(! " A)
$t

= #
$B
$t

(D137)

which is FaradayÕs law of induction, another of MaxwellÕs equations, with E interpreted

as the classical electric field. These are, of course, the equations for a free

electromagnetic field, that is, one in which the charge and current densities are zero at the

point in space where E and B are being calculated.

Summarizing, we have found that the equations that describe the motion of a charged

free particle are not invariant under a local gauge transformation. However, we can make

them invariant by adding a term to the canonical momentum that corresponds to the 4-

vector potential of the electromagnetic field. Thus the electromagnetic force is introduced
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to preserve local gauge symmetry. Conservation and quantization of charge follow from

global gauge symmetry.

The Electroweak Force

The gauge transformation just described corresponds to a rotation in the abstract space of

the 4-momentum eigenstate, which is the state of any particle of constant momentum.

Here the transformation operator (D5)

  U = exp(i! ) (D138)

can be trivially thought of as a 1 *  1 matrix. The set of all such unitary matrices

comprises the transformation group U(1). The generators of the transformation, " , form a

set of 1 *  1 matrices that, clearly, mutually commute. Whenever the generators of a

transformation group commute, that group is termed abelian. Electromagnetism is thus

an abelian gauge theory.

Recall from our discussion of angular momentum that the unitary operator (D76)

  
U = exp

1
2

i! ¥"
#

$%
&

'(
(D139)

operates in the Hilbert space of spin state vectors. In this case U is represented by a 2 *  2

matrix. The set of all such matrices comprises the transformation group SU(2), where the

prefix S specifies that the matrices of the group are unimodular, that is, have unit

determinant. This follows from the fact that, for any unitary matrix U,

  U = exp(iA) (D140)

we have

  detU = exp(TrA) (D141)
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Since the Pauli matrices are traceless, detU = 1.

Following a procedure similar to what was done above for U(1), let us write

  
U = exp !

1
2

ig" # $
%

&
'

(

)
* (D142)

where the three components of + form a set of matrices identical to the Pauli spin

matrices (D77) and we use a different symbol just to avoid confusion with spin. While

the spin S = %/2 is a vector in familiar 3-dimensional space, + is a 3-vector in some more

abstract space we will call isospin space. The 3-vector T = +/2 is called the isospin or

isotopic spin, analogous to spin angular momentum. It obeys angular momentum

commutation rules (D72) and so has the eigenvalue equations,

  

T2 t,t3 = t(t +1) t,t3

T3 t,t3 = t3 t,t3

(D143)

where t is an integer or half-integer and t3 goes from -t to +t in steps of 1. Thus, t and t3

are quantum numbers analogous to the spin quantum numbers.

Global gauge invariance under SU(2) implies conservation of isospin. The quarks and

leptons of the standard model have t = 1/2. The quantity g is a constant analogous to the

electric charge, which measures the strength of the interaction.

It is important not to confuse isospin space with the 2-dimensional subspace of the

state vectors on which U operates. When the isospin space 3-vector ) (x) depends on the

space-time (yet another space) position 4-vector x we again have a local gauge

transformation. The generators, being like angular momenta, do not mutually commute,
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so the group is non-abelian. This type of non-abelian gauge theory is called a Yang-Mills

theory.

Let us attempt to make this clearer by rewriting U with indices rather than boldface

vector notion:

  
U = exp !

1
2

ig" k#
k
(x)

$

%
&

'

(
) (D144)

where the repeated Latin index k is understood as summed from 1 to 3.

Encouraged by our success in obtaining the electromagnetic force from local U(1)

gauge symmetry, let us see what we can get from local SU(2) symmetry. Following the

U(1) lead, we define a covariant derivative

   
D µ = ! µ +

1
2

ig" kWµ
k (D145)

where  

� 

Wµ
k are three 4-vector potentials analogous to the electromagnetic 4-vector

potential Aµ. As before, the introduction of the fields  

� 

Wµ
k maintains local gauge

invariance. Or, we can say that local gauge invariance implies the presence of three 4-

vector potentials   

� 

Wµ
k. In the standard model, these are interpreted as the fundamental

fields of the weak interaction. Note that the interaction will include charge exchange, as

observed experimentally.

In quantum field theory, a particle is associated with every field, the so-called

quantum of the field. The spin and parity of the particle, usually written JP, are

determined by the transformation properties of the field. The quantum of a scalar field

has JP = 0+ ; a vector field has JP = 1-. For the electromagnetic field described by the
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potential Aµ, the quantum is the photon. Since Aµ is a vector field, the photon has spin-1.

It is a vector gauge boson.

Similarly, the weak fields  

� 

Wµ
k will have three spin-1 particles as their quantaÑthree

vector gauge bosons W-, Wo, and W+; where the superscripts specify the electric charges

of the particles. These can also be viewed as the three eigenstates of a particle with

isospin quantum number t = 1.

If the U(1) symmetry of electromagnetism and the SU(2) symmetry of the weak

interaction were perfect, we would see the photon and three W-bosons above. However,

these symmetries are broken at the "low" energies where most physical observations are

made, including those at the current highest-energy particle accelerators. This symmetry

breaking leads to a mixing of the electromagnetic and weak forces. Here, briefly, is how

this comes about in what is called unified electroweak theory.

The covariant derivative for electroweak theory is written

   
D µ = ! µ + ig1

Y
2

Bµ + ig2

" k

2
Wµ

k (D146)

where the U(1) field is called Bµ and the "coupling constant" g1 replaces the electric

charge in that term. The quantity Y is a constant called the hypercharge generator that can

take on different values in different applications, a detail that need not concern us here.

The SU(2) term includes a constant g2, the vector  T=+/2, or isospin, and the vector field

  

� 

Wµ
k, k = 1, 2, 3. We also write these fields   

� 

Wµ
! ,     

� 

Wµ
o, and   

� 

Wµ
+ to indicate the electric

charges of the corresponding quanta.
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Neither the B nor Wo vector bosons, the quanta of the fields Bµ and   

� 

Wµ
o, appear in

experiments at current accelerator energies. Instead, the particles that do appear are the

photon, ' , and Z, whose respective fields Aµ and Zµ are mixtures of Bµ and   

� 

Wµ
o. These,

together with the W+ and W-, the quanta of the fields   

� 

Wµ
k, k = 1, 2,3, constitute the vector

gauge bosons of the electroweak sector of the standard model. Their mixing is also like a

rotation,

  

Aµ

Zµ

!

"
#

$

%
&=

cos' w sin' w

( sin' w cos' w

!

"
#

$

%
&

Bµ

Wµ
o

!

"
#

$

%
& (D147)

where the rotation angle " w
 is called the Weinberg (or weak) mixing angle. This

parameter is not determined by the standard model and must be found from experiment.

The current value of sin2" ,
 = 0.23115. The coupling constants that determine the

strengths of the two interactions are

  
g1 =

e
cos! w

g2 =
e

sin! w

(D148)

where e is the unit electric charge.

Note that the rotation in the subspace of neutral boson states is a gauge transformation

and gauge symmetry would imply that any value of " w is possible. The fact that a specific

value is evident in the data implies that gauge symmetry is broken in the electroweak

interaction.

As we have seen, gauge symmetry requires that the masses of spin-1 bosons be exactly

zero. While the photon is massless, the W± and Z bosons have large masses. In the

standard model, these masses are understood to arise from a symmetry-breaking process
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called the Higgs mechanism. The symmetry breaking is apparently spontaneous, that is,

not determined by any known deeper physical principle. Spontaneous symmetry breaking

describes a situation, like the ferromagnet, where the fundamental laws are symmetric

and obeyed at higher energy, but the lowest-energy state of the system breaks the

symmetry. We will discuss spontaneous symmetry breaking and the Higgs mechanism in

the following supplement.

The Strong Force

Moving beyond the weak interactions and SU(2), we have the strong interactions and

SU(3). In general, for SU(n) there are n2Ð 1 dimensions in the Hilbert subspace. Thus, for

n = 3, we have eight dimensions. Let us add the new term to the covariant derivative:

   
Dµ = ∂µ + ig1

Y
2

Bµ + ig2

τ k

2
Wµ

k + ig3

λa

2
Gµ

a  (D149)

where µ = 0, 1, 2, 3 for the four dimensions of space-time, the repeated index k is

summed from 1 to 3 in the SU(2) term, and the repeated index a is summed from 1 to 8 in

the SU(3) term. The - a are eight traceless 3* 3 matrices analogous to the three Pauli 2* 2

isospin matrices +k, and the   

� 

Gµ
a  are eight spin 1 fields analogous to the singlet field Bµ

and the triplet field  

� 

Wµ
k of the electroweak interaction. The gauge bosons in this case are

eight gluons. The symmetry is not broken, so the gluons are massless. Global gauge

invariance under SU(3) implies the conservation of another quantity called color charge.

Notes
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1 See, for example, Sakurai 1985, 34-36.


