Real Analysis Syllabus

The real analysis prelim will be based on the material related to the topics listed below. This list
is not meant to be exhaustive, but is intended to be a guide to subjects to be studied thoroughly.

1. Metric Spaces: Completeness, compactness, connectedness, Ascoli-Arzela Theorem,
Baire Category Theorem, Stone-Weierstrass Theorem.

2. Measure and Integration: Integration theory on general measure spaces including
Lebesgue integral and Lebesgue-Stiel jes integral on the line, Lusin’s Theorem, Egoroft’s
Theorem, Fatou’s Lemma, the Monotone and Dominated Convergence Theorems, conver-
gence in measure, dense subspaces of L', e.g., simple functions, continuous functions with
compact support..., Radon-Nikodym Theorem, Tonelli and Fubini Theorems.

3. LP spaces: Hoelder and Minkowski Inequalities, Riesz Representation Theorem for LP
spaces, completeness of LP , dense subsets of LP.

4. Differentiation: Differentiation of monotone functions, differentiation of an indefinite
integral, functions of bounded variation, absolute continuity, Fundamental Theorem of
Lebesgue Calculus, Lebesgue points.
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. Let (X, B, 1) be a measure space. Suppose f and g are non-negative integrable functions

such that A € B implies
/ fdp = / gdp.
A A

. Suppose T = {z € C: |z| = 1}. Suppose f € L'(T) = ”‘the absolutely Lebesgue integrable
functions on T.”” If

Prove that f = g a.e.

fon =5 [ e ntas,

prove that .
lim f(n)=0.

In|—o0

. Let A C [0,1] be a measurable set of positive measure. Prove that there exist z,y € A
such that z # y and x — y is rational.

. Let f, g be two nonnegative measurable functions on [0, 1] such that fol f(z)dz =1, fol g(z)dr =

2,fol(g(x))2dx =5. Let E = {z|g(z) > f(x)}. Show that m(E) > { where m is Lebesgue
measure.

. Set
hx) = /O (z+ )" f(y)dy

for f € L'(0,00). Show that h is C° away from the origin. Show as well that k' € L'[a, co)
for all a > 0.

. Let f:]0,1] — R be absolutely continuous and satisfy f(0) = 0 as well as

/1 | (z)dx < oo.
0

Show that

1
o
lim 272 f(2)

exists and find the limit.
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. Let {fn} be a sequence of positive Lebesgue measurable functions defined on [0, 1] such
that > o7, m({z € [0,1] : fo(xz) > 1}) < co. Show that

limsup fp(z) <1

n—oo

for almost all = € [0, 1]. Here m denotes Lebesgue measure on [0, 1].

. Let f € LP[0, 1], where 2 < p < co. Show that

/()]
d .
/[071] NG T < 00

If 1 <p < oo, let {fn,} be asequence of elements of LP[0, 1] such that there exists M > 0
with || fn||, < M for all n > 0. Suppose that the sequence { f,,} converges pointwise almost
everywhere to a function f defined on [0, 1].

(a) Prove that f € L0, 1].
(b) Let g be the conjugate exponenet to p. Prove that for each function g € L4[0, 1],

lim fo(z)g(z)de = f(z)g(z)dz.
o0 J10,1] [0,1]

[Hint: you might find Egoroff’s Theorem to be helpful.]
. Let [a,b] and [c, d] be two closed and bounded intervals in R.

(a) If f1 is defined on [c, d] and satisfies a Lipschitz condition there, and f2 is a function
that is absolutely continuous on [a,b] whose range is contained in [c,d], show that
the composite function f; o fy is absolutely continous on [a,b]. (Recall a function
f :]c,d] — R is said to satisfy a Lipschitz condition on [c,d] if there exists M > 0
such that |f(z) — f(y)| < M|x —y|,Vx,y € [c,d].)

(b) Let f: [a,b] — R be a function. For each of the following statements, either prove it
is correct, or show it is false by providing a counterexample.

i. If f is of bounded variation over [a, b], then f is absolutely continuous on [a, b].
ii. If f is absolutely continuous on [a, b], then f is of bounded variation over |[a, b].

. Let f:]0,1] x [0,1] — R be a bounded function, and suppose that for each fixed ¢ € [0, 1]

the function f(-,t) is a Lebesgue measurable function of z. For each (z,t) € [0,1] x [0, 1]

suppose the partial derivative % exists. Suppose also that %{ is bounded over [0, 1] x [0, 1].

Prove that for all ¢y € [0, 1]
d 1
dt[/o [z, t)dx]i=, = 7 —(z,tp)dx.

. Let f be a non-negative Lebesgue integrable function defined on R, and let mo denote
two-dimensional Lebesgue measure on R2.

(a) Prove that the sets {(x,y) : 0 <y < f(x)} and {(z,y) : 0 <y < f(z)} are measurable
with respect to the Lebesgue product measure on R?, and establish the equalities

ma({(z,) : 0 <y < F@)}) = ma({(z.9) 0 < y < fla /f



(b) Define ¢ : [0,00) — [0,00] by ¢(t) = m({z € R : f(x) > t}). Prove that ¢ is a

decreasing function of ¢t and that

/[0 R /R F@)da.
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1. For 1 < p < oo, write LP for the classical Banach space of all Lebesgue-integrable functions
on R that satisfy [ |f|P < oo, and where the norm is defined by

171l = ( / |f|pdx)”.

(a) Suppose a sequence {f,} of elements of LP converges to an element f of LP, i.e.,
limy, o0 || f = fullp = 0. Prove that lim, e || fullp = | f]lp-

(b) Suppose p and g are numbers strictly between 1 and oo, and assume that % + % =1.
Suppose a sequence {f,} of elements of LP converges to an element f of LP, and
that a sequence {g,} of elements of LY converges to an element g of L?. Prove that
limy,— 00 f_oooo fngndz converges to ffooo fgdx.

2. For each t € R and f € L', where L! is as defined in Question 1, define

Ul(f)(z)=f(x—t),z € R.
Fix f € L'. Prove that the map t — U;(f) is uniformly continuous as a map from R to
L.

3. Prove that

You may use the Gamma function evaluation fooo e tthdt = k.

4. If f is a real-valued function on R, write S} for the set of all  such that f is differentiable
at x. Call a set S a differentiation set if there exists a function f for which S = S}.

(a) Show that S}, contains SN S¢. Show by example that it can happen that S}, =R
but 5% N .Sy =10.

(b) Show that every open interval I is a differentiation set.

(c) Let E be a Lebesgue-measurable subset of R with m(E) < co. Show that, for each

e > 0, there exists a differentiation set S for which m(EAS) < €, where m denotes
Lebesgue measure, and EAS is the symmetric difference of the sets E and S.

5. Let f and g be real-valued Lebesgue measurable functions on [0, 1], not assumed to be
integrable. Let £ = {(z,y) € [0,1] x [0,1] : f(z) = g(y)}.
(a) Prove that E is measurable with respect to the Lebesgue product measure m x m
defined on [0, 1] x [0, 1].
(b) Suppose in addition that m x m(E) = 1. Prove that there is a real constant ¢ such

that f =g =c¢, m a.e. on [0,1].

6. A sequence of functions {f,} € L'[0,1] is said to be uniformly integrable if

lim sup

i sup | fal@)ldz = 0.
70 n J{ael0, 1) fn(x)|<c}

Show that for such a sequence, if f, — f almost everywhere for some f, then f, — f in
L0, 1].



Step 1: First show that sup,, [ig 1y | fnldz < oc.

Step 2: Next show that the (almost-everywhere) limit f is indeed in L'[0, 1].
Step 3: Last, estimate f[o 1 |f — fnldz, employing Egorov’s Theorem to finish the job.
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All problems are worth the same number of points.
Clearly explain the reasoning necessary to achieve your answers.

1.

Let {f,} be a sequence of real-valued measurable functions defined on the real line. Let
E = {z :lim,_ fo(x) exists}. Show E is a measurable set.

. Suppose (X, S, u) is a measure space. Let g and h be real-valued measurable functions

defined on X. Let {f,} be a sequence of real-valued measurable functions defined on X.
Suppose that for all n, g < f,, < h, p-almost everywhere.

. Let f € Li(R). Show limp o [ f(z) sin(nz)dz = 0.

. Let f be a real-valued measurable function defined on [a,b]. Then given ¢ > 0 show there

exists a continuous function g on [a,b] such that pu{z : f(z) # g(x)} < e. Here u is
Lebesgue measure.

. Let f and g be real-valued absolutely continuous functions defined on [0, 1].

(a) Show that the product fg is also absolutely continous on [0, 1].

(b) If g(0) = f(1) = 0 then show fol f(z)g(x)dx = — f01 f(z)g' (x)dz. Also, explain why
these integrals exist.

(c) Suppose f and h arein Lq(R). Suppose furthur that fol h(z)g(x)dx = — fol f(x)d (z)dx
for all absolutely continous functions g with ¢’ € Ly[0,1] and g(0) = 0. Show f is
absolutely continous and h = f’, y-almost everywhere.

Here pu is Lebesgue measure.

. Prove the following. Let (X, S, 1) and (Y, Tv) be o-finite measure spaces. Suppose K (z,y)

is a real-valued measurable function with respect to p x v. Suppose there exists a C' > 0
such that

/ |K(z,y)|dv < C, for all z € X
Y

/ |K(x,y)|du < C, forally €Y.
X

For all f € L,(Y,T,v), 1 < p < oo the function T'(f) defined on X by T(f)(z) =
[y K(x,y)dv exists p-almost everywhere. Show ||T(f)||, < C||f|l, where ||f||, is the
L,(Y,T,v) norm of f.



1.

4.
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Show that, if f € L'(R), then
1im/ |f(z+0)— f(x)|de = 0.
0—0 Jr

You may use the fact that the space Cco(R) of continuous, complactly supported functions
on R is dense in L'(R), with respect to the norm ||g||1 = [, |g(z)|dz.

. For this problem, you may take it as given that, if f and g are measurable functions on R,

then F(z,y) = f(z —y)g(y) defines a measurable function on R2. The convolution f * g
of measurable functions f, g on R is the function [ f * g, of a real variable z, defined by

fgla) - /R £ - 1)g(y)dy.

The domain of f % g is the set of all & such that f * g(z) is defined (that is, such that
F(z,y) = f(z — y)g(y) defines a Lebesgue integrable function of y).

(a) Show that, if f, g are continuous on R and vanish outside R* = (0, c0) then

£ a(z) = /0 " — w)g(y)dy,

and then use this to show that f * g is continuous and vanishes outside R*. Hint for
continuity: Note that

frg(@) — fglao) = /0 P f e —y) — floo - y)gly)dy + / " @ — y)g(y)dy.

(b) Show that, if f,g € L*(R), then f * g € L*(R) (in particular, f * g(x) is defined for
almost all z € R. , and ||f *g|| — 1 <||fl1]lg]]1-

. For this problem, you may assume that for any function f on R to R the set of all points

of discontinuity is an F), set.
For the following three questions, if your answer is yes, explicitly construct such an exam-
ple. If your answer is no, give an argument that no such function exists.

(a) Does there exist a function from R to R that is continuous at exactly one point?

(b) Does there exist a function from R to R that is continuous at every irrational point
and discontinuous at every rational point?

(c) Does there exist a function from R to R that is continuous at every rational point,
and discontinuous at every irrational point?

(a) Prove Tchebyschev’s inequality, which says the, if f is nonnegative and integrable on
[0,1] and p is Lebesgue measure on [0, 1], then

C

w({z € 0,1]: fz) > c}) < - /[0 @



(b) We define an ultraCauchy sequence in a metric space (X, d) to be a sequence a1, ag, ...
in X such that, for some ¢ > 0,
c

d(ak, ap+1) < 73

for all k € ZT.
Let hy, ha, ... be an ultraCauchy sequence in L2(0, 1), the space of square-integrable
functions on [0, 1], with metric

d(f,9) = If —glla = \//[0 ; |f(x) — g(x)Pdz.

Show that the hy’s converge pointwise almost everywhere: that is, show that limg_, hy(2)
exists for almost all = € [0, 1].
Hint: For each k > 1, define G, = {z € [0,1] : |hp(x) — hiy1(2)|* > 75}. Use part

(a) to show that, given € > 0, there is an N € ZT such that Hy = U2 \ G, has a
measure less than e. Then show that, if © ¢ Ny Hy, {hi(z)} is a Cauchy sequence.
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1. Let X\ be Lebesgue measure on [0, 1] and let ¢ : [0,1] — [a,b] be measurable. Define a set
function p on the Borel sets of [a,b] by pu(A) = A(¢~1(A)).
(a) Prove that p is a measure on the Borel sets of [a, b].

(b) If f: [a,b] — R is a bounded measurable function, probe that

f(¢(x))dA(x) = f(@)dp(z).

[0,1] [a,b]

2. Let f:R — [0,00) be an integrable function such that

/R|x|f(x)dx < 0.

Prove that 4 [, cos(tz)f(z)dz = — [, sin(tz)z f(z)dz.

3. Let f and g be bounded continuous functions on [0, c0). Define

f*g(t) :/0 f(t—z)g(x)dz,t > 0.

If ¢ is a measurable function on [0, c0) define

L($)(s) = /0 " e )dn

for all s > 0 for which [} e **|¢(z)|dx < co.
Prove that for all s > 0, L(f x g)(s) = L(f)(s)L(g)(s).

4. Let f : R — R be a Lebesgue measurable function that is an element of L'(R). For n > 0
set

A, ={z eR:|f(x)] >n}.

(a) Prove that
lim A\(A,) =0,

n—oo
where ) is Lebesgue measure on R.

(b) Prove that
lim nA(4,) = 0.

n—oo

5. (a) Suppose f is an integrable function on R. Suppose further that f is absolutely
continuous on each closed and bounded interval [a, b], and that its derivative f’ also
is integrable over R. Prove that lim, . f(x) = 0.

(b) Give an example of an integrable, absolutely continuous function f € L'(R) for which
lim,_,~ f(x) does not exist.

10



Real Analysis Prelim August 2004

. Let (X, B, 1) be a measure space. Suppose f and g are non-negative integrable functions

such that A € B implies
/ fdp = / gdp.
A A

. Suppose T= {z € C: |z| = 1}. Suppose f € L'(T)="The absolutely Lebesgue integrable
functions on T.” If

Prove that f = g a.e.

fon =5 [ s

prove that
lim f(n)=0.

[n|—o0

. Let A C [0,1] be a measurable set of positive measure. Prove that there exist z,y € A
such that z # y and x — y is rational.

. Let f,¢g be two nonnegative measurable functions on [0,1] such that fol flz)dz = 1,
[l g(z)de = 2, [)(g(x))?dz = 5. Let E = {z[g(z) > f(z)}. Show that m(E) > 1
where m is Lebesgue measure.

. Set
h(x) = /0 (x4 )" f(y)dy

for f € L1(0,00). Show that h is C°° away from the origin. Show as well that k' € L![a, co)
for all @ > 0.

. Let f:]0,1] — R be absolutely continuous and satisfy f(0) = 0 as well as

1
/ I (2)2dz < oo.
0

Show that )
R
lim 2~ f(z)

exists and find the limit.

11
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. Let (X, p) be a separable metric space. Suppose S C X. Show that there exists a countable
set I' C S such that F is dense in S, i.e., S C F = closure of F.

. Let (X, S, i) be a measurable space for which pu(X) < co and E € S implies u(E) > 0. Let
f: X — R be S-measurable. Suppose g: R — R" = {z € R: x > 0} is Borel measurable.
For a Borel set E C R, define v(E) = u(f~1(E).

(a) Show that v is a measure.
(b) Show that

/gdy:/gofdu.
R X

. Suppose that f : R — R has a derivative at every point of R. Is it always true that f’ is
bounded on [—1,1]7 It it is, give a proof. If not, give a counterexample.

. Let f:[0,00) — R be a bounded measurable function such that lim, . 22 f(z) = 1. Find

an integral expression for
. fo (1 —cos(x))f(5)dx

A—0t A2

Justify your answer.

. Let {f»} and f be measurable functions on [0, 1] with Lebesgue measure. Suppose that
fn converges in measure to f, and that for some p > 1, sup,, || fa||p < oo.

(a) Prove that f,, converges to f in L.
(b) Find a counterexample to the statement in part (a) if p = 1.
. Let (X, S, 1) be a measure space such that p(X) > 0. Recall that L>°(X, S, ) is a metric

space under the L-infinity norm. An element E of S is called an atom if p(E) > 0 and
whenever F' € S satisfies F' C E, then either u(F) =0 or u(E\ F) = 0.

(a) Suppose there is a sequence Ei, Es,... in S such that m # n implies E,, N E, =
and p(E,) is always strictly positive. Show that L (X, S, ) is not separable.
(b) Show that if L>°(X, S, u) is separable, there there are finitely many atoms, Ei, ..., By,
in S, such that
p(X\UZ,) =0.

12
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1. (16 pts) Let (X, d) be a metric space, and let A C X. Recall that a point x € X is said to
be an accumulation point of the set A if every neighborhood of z contains a point a € A
with a # z.

(a) Let € X. Prove that the set {z} is nowhere dense in X if and only if z is an
accumulation point of X.
(b) State, but do not prove, the Baire Category Theorem.

(c) Prove that if (X, d) is complete and each x € X is an accumulation point of X, then
X is uncountable.

(d) Using part (iii), deduce that R is uncountable.
2. (17 pts)

(

(

a) Define simple functions, taking their domain to be a bounded interval [a, b] in R.

(c) Define step functions, taking their domain to be a bounded interval [a, b] in R.

(d) Let f be a bounded measurable function on a bounded interval [a,b]. Define the
Lebesgue integral of f on [a, b].

)

b) Show that sums and products of simple functions are simple.
)
)

(e) Let f be a bounded measurable function on a bounded interval [a, b], which is Riemann
integrable. Show that the Riemann and Lebesgue integrals of f on [a,b] coincide.

3. (16 pts) Let E be a Lebesgue-measurable subset of R, and assume that the measure of F
is 0. Let Ap be the subset of R? consisting of the points (x,%) for which 2% +y € E.

(a) Assuming that Ag is a measurable subset of R%, compute its measure.

(b) Prove that Ag is a Lebesgue-measurable subset of R.

4. (17 pts) Let f € L'([0,1]), and suppose that fi, fa, ... is a sequence of absolutely continuous
functions on [0, 1] such that f(z) = lim, . fn(z) for every x € [0, 1].

(a) Suppose the sequence fi, f5,... converges in L' to a function g. Prove that f is
absolutely continuous.

(b) Suppose that there exists an L' function g for which | f! (z)| < g(x) for every = € [0,1]
and for every n € N. Prove that f is absolutely continuous.

(c) Show by giving an example, that the L' norms of the functions f/ can be uniformly
bounded, and yet f is not absolutely continuous.

5. (9 pts) Prove that it is impossible to find bounded sequences of numbers, a1, as, ... and
b1,ba, ... such that lim,_..c[a, cos(nz) + b, sin(nzx)] = la.e. on [0, 27].

6. (16 pts) Prove Egoroff’s Theorem, as stated here (m denotes Lebesgue measure): Let
fi, f2,... be a sequence of measurable functions from [0,27] to R that converges a.e. to a
real-valued measurable function f. Then for every € > 0, there is a subset A C [0,27] with
m(Ae) < €, such that f1, fa,... converges uniformly to f on [0, 27]\ A.

7. (9 pts) Prove the following form of the Riemann-Lebesgue Lemma. If f € Li(R), then

lim [ f(z)cos(nx)dz =0

n—oo R

13



and
lim [ f(z)sin(nz)dr = 0.

n—oo R

Hint: As a first step, prove the statements for the case in which f is the characteristic function
of a finite interval.

14
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. Let m be Lebesgue measure on [0,1] and let {f,} be a sequence of measurable functions
on [0,1]. Either prove or give a counter-example to each of the following statements:
a) If f,, converges to f a.e. (m) then f, converges to f in measure (m).

b) If f, converges to f in measure (m) then f, converges to f a.e. (m).

. Let a € R and set f(x) = wsin(-%) if # > 0 and f(0) = 0. For which «a is f of bounded

T
total variation on [0,1]? Prove that your answer is correct.

. Let m be Lebesgue measure on R, and let {f,,} be a sequence of functions in L?(m) with
| fnll2 < 1 for all n.

a) If f, converges to f in measure (m) prove that f € L?(m) and that ||f||2 < 1.

b) If in addition || f,||2 — ||f||2 prove that f, — f in L?(m).

. Let (X, B, 1) be a finite measure space and f : X — [0,00) be a B measurable function.
Let A be a sub o-algebra of B and define v : A — R by v(E) = [}, fdp.
a) Prove that v is a measure on A.

b) Prove that there is an A measurable function g on X such that for all F € A

v(E) = /E gdpu.

. Let X =Y = [0, 1] and let B be the Borel sets in [0,1]. Let (X, B, i) be Lebesgue measure
on B and let (Y, B,v) be counting measure on B. Let D = {(z,y) € X XY : z = y}.
Prove that [([ xpdp)dv, [([ xpdv)du, and [ xpd(p x v) are all unequal. Here xp is
the indicator (characteristic) function of the set D.

a) Give an example of a measure space (Xo, By, 1) for which 1 < p < ¢ < oo implies that
LP(u) C Li(p). (No proof required)

b) Give an example of a measure space (X, By, v) for which 1 < p < ¢ < co implies that
Li(v) C LP(v). (No proof required)

c¢) Give an example of a measure space (X2, Ba, \) for which for any 1 < p < ¢ < oo both
LP(N\) & Li(\) and LY(\) € LP(N). (No proof required)

d) Choose one of your examples in a), b), or ¢) and prove that it is an example having
the claimed property.

15
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. Let fi, fa,... be a sequence of continuous real-valued functions on a metric space (X, d)
and suppose that the sequence converges uniformly to a function f on X. Prove that f is
continuous. Is this result still true if the sequence is only assumed to converge pointwise
to f? If so give a proof; if not give a counter-example and explain it.

. Let (X, d) be a metric space and let x1,x9, ... be a Cauchy sequence in X. Prove that if
the sequence has a cluster point, x, then it converges to x.

. A function f : [0,1] — R is said to be Holder continuous of order 1/2 provided there exists

a constant C' such that |f(z) — f(y)] < |z — y\% for all x and y in [0,1]. Let fi, fo,... be
a sequence of Holder continuous functions of order 1/2, taking [0,1] to [0,1], such that the
same constant C' suffices for all of them. Show that there is a subsequence of fi, fo, ... that
converges uniformly on [0,1] to a continuous function f.

. A function f : [0, 1] — R is said to satisfy a Lipschitz condition provided there is a constant
M such that |f(z) — f(y)| < M|z —y| for all z,y in [0,1].

(a) Show that a function f satisfying a Lipschitz condition on [0,1] is absolutely contin-
uous.
(b) Show that an absolutely continuous function f satisfies a Lipschitz condition iff | f/|

is bounded.

. Let f:R — R be continuous and of period 2w, i.e. f(z + 27) = f(x) for all z. Show that
for every € > 0, there is a finite Fourier series

N
o(x) = ap + Z(an cos(nz) + by sin(nx))

n=1
such that |¢(z) — f(z)| < € for all z.

. Let f € L*(R) and suppose that g : R — R has compact support and is infinitely differen-
tiable. Define h: R — R by

h@%=4f@dw—w%

for x € R. Show that this makes sense and that the resulting function is everywhere
differentiable, with

hh»—/f@ww—wﬁ
for z € R.

. Let f,g : R — R be Borel measurable functions such that f(z) = g(y) for almost all
pairs (z,y) relative to Lebesgue measure in the plane. Prove that f and g agree almost
everywhere with constant functions.

16
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. Suppose f € L[0,1].

(a) Show that f € L,[0,1] for all 1 < p < oo.
(b) Show that Timy, oo [ flp = [|fllec-

. Suppose f is a measurable real-valued function defined on R. Suppose for all pairs of real
numbers a < b, 0 < ff f(z)dz < b—a. Show that 0 < f(z) <1 for almost all z.

. Suppose f and g are positive measurable on [0,1] such that f(z)g(z) > 1 for all z. Prove

that 1 < (fol f(x) d:1;> <f01 g(x) dx).

. Let f be a continuous function on [0,00). Suppose lim;_.o f(x) exists (and is finite).
Prove that f is uniformly continuous on [0, c0).

. A function f is continuously differentiable on (0,1). Let f,,(z) = n[f(z+2)— f(z)] and let
0 < a < b< 1. Show that f,(z) converges uniformly on (a,b). Find out the limit function.

. Suppose fy,gn are non-negative finite functions on [0,1] related to each other by the (non-
linear) integral equation

1
fulz) + /0 ke, ) f2(y) dy = gu(2).0 < @ < 1,

where k(x,y) is a non-negative continuous function on [0, 1] x [0, 1]. Suppose f,, are mono-
tone decreasing in n (and so are g,,). Put f = lim, . fn, ¢ = limy, o gn. Prove that

1
f(@) + /0 k() 12(y) dy = g(2).
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Real Analysis Prelim January 6, 1999
Each problem is worth 14 points.

1. If f(z) is differentiable on R, prove that f’(z) is Borel measurable.
2. Let X be a set equipped with a o-algebra A. If m; is a measure on (X,.A) for each 4, such
o0
1
that m;(X) < 1. Define m : A — [0,400) by m(E) = Z ?mZ(E) for all E € A. Prove
i=1
that m is a measure on (X, A).
3. Compute
! 1
lim —dt.
n=eoJo (14 Lyngn

Justify your answer

4. If f(x) is a Lipschitz function on R, i.e. there exists M such that |f(x) — f(y)| < M|x —y|
for all z,y € R, prove that f'(x) exists almost everywhere.

5. Let I = [0,1]. Prove that the set of all polynomials with rational coefficients is dense in
LP(I), 1 <p< 0.

6. Suppose that I =1[0,1], 0 <p < 1, %—l—% =1. [|f(z)[Pdx < oo, g(z) # 0 for all z € I and

[ lo(@)ltds < s0. Prove [ [7(2)g(o)lde > ( / \f(fc)!”dwf ( / |g<x>|qu)‘ll.

7. Assume that f is Lebesgue integrable on [0, 27]. Prove that

lim — wa(:n)lsin(nx)\dx = ” f(z)dz.

n—oo 2 Jo 0

18
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1. If1<p<ooand1<q<oosuchthat%—k%:1andfn—>fian,gn—>ginLq,then
show that f,g, — fgin L.

2. Assume f is continuous on R. Put

n—1

fule) =2 3 flet o)

1
n
k=0

Prove that f,,(x) converges uniformly on every closed finite interval [a, b]. Find the limiting
function.

3. If A C R? is measurable and every vertical line meets A in a countable set, what is the
Lebesgue measure of A?

4. (a) Give an example of a sequence of integrable functions f, on R that are continuous
and converge pointwise to an integrable function f and are such that

[tar |1

(b) Let f,, be a sequence of nonnegative measurable functions on [0, 1] that converge to
f. If f is integrable and f,, < f + 1 Vn show that

Aﬁﬁmfm

5. Let f be a positive continuous function such that ffooo f(z)dz is finite. Assume that, for
some T' > 0, f is decreasing on [T, c0) and it is increasing on (—oo,T’|. Show that

Flz)= Y flz+k)

k=—o00

is a continuous periodic function with the period 1.
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6. Let ¢, n = 1,2,... be a complete orthonormal system in the space L?(R,\), where A
stands for Lebesgue measure.

(a) Show that, for every Borel set B C R of strictly positive Lebesgue measure, one has

1< /B Z (60 () P

Hint: Assuming A\(B) < oo, apply the Parceval identity to 15. Then use Schwartz’s
inequality.

(b) Show that >°7° [¢n(z)]* = oo a.e.

7. Every real number x € [0,1) has the unique binary representation
(o]
x = Z Sp(x)27"
n=1
where s, (x) =0 or 1 and s,(x) = 0 for infinitely many 7n.

(a) Show that s,(z) are Borel measurable functions.
(b) Evaluate

1 1
/ (s1+ -+ sp)drand / (514 +s,)% dr.
0 0
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