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[1] An effective physics-based rule for the evolution of
bedrock channel cross sections is required for quantitative
modeling of the roles of climate, tectonics, and sediment
supply in setting bedrock longitudinal profiles and landscape
form. Here we propose a modeling strategy in which the
spatial pattern of erosion rates in a channel cross section is
calculated, allowing exploration of the origin of the channel
cross-sectional profile, and of the dependence of channel
width on flow discharge and channel slope. Our approach
reproduces many of the scaling relationships observed in
natural systems, including power-law width-discharge
(W�Q0.4) and width-slope (W�S�0.2) relationships.
Models of channel cross-sections linked in series and
subject to varying rock uplift (baselevel lowering) rates
produce concave-up longitudinal profiles with power-law
slope-uplift (S�B1.31) and width-uplift (W�B�0.24)
relationships. Our modeling strategy can easily be adapted
to handle i) better representations of erosional processes,
ii) better approximations of the flow structure, and iii) the
role of non-uniform sediment mantling of the bed.
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1. Introduction

[2] Models of mountain landscape response to changes in
climate or rock uplift require a description of bedrock channel
erosion, since bedrock-incising channels set the boundary
condition for the rest of the landscape. In turn, a description
of bedrock channels requires understanding how the erosion
pattern depends on water and sediment discharge, local
channel gradient, and bed roughness. While we have made
considerable progress in modeling the evolution of longitu-
dinal profiles of bedrock channels using simplified fluid
mechanics and empirically-based scaling laws [e.g.,Howard,
1994; Whipple, 2004], we have yet to develop a physics-
based description of what sets bedrock channel geometry –
the cross-sectional form and width-to-depth ratio of bedrock
channels – or how this geometry responds to changes in
climate, baselevel, or channel-bed lithology. Such a descrip-
tion is crucial to our understanding of landscape evolution,
since channel cross-sectional geometry strongly influences
fluid stresses and rates of erosion in natural systems.

[3] Here we describe a model for the evolution of the
bedrock channel cross section based on the assumption that
the incision rate at each point along the wetted perimeter of
a channel scales with the local shear stress. By explicitly
modeling the distribution of stresses along the channel
perimeter, our model allows the bedrock channel to evolve
to a steady-state geometry, without prescribing either chan-
nel shape or aspect ratio. The model reproduces many
features observed in natural bedrock channels, including a
positive power-law relationship between channel width and
water discharge and an inverse power-law relationship
between channel width and local gradient.

2. Background

[4] Most of the constraints for the hydraulic geometry of
natural channels have come from alluvial rivers. These data
suggest a nearly universal scaling for channel width, W, as
a power-law function of water discharge, Q, with an
exponent between 0.3–0.5 [e.g., Leopold and Maddock,
1953; Parker, 1979; Whipple, 2004]. In comparison to
alluvial rivers, studies of hydraulic geometry of bedrock
channels are relatively scarce. However, available data
suggest that the width-discharge scaling for bedrock chan-
nels is similar to that for alluvial rivers [Duvall et al., 2004;
Whipple, 2004].
[5] Two recent models have sought to describe controls

on the characteristic width of bedrock channels. In the first,
Finnegan et al. [2005] combine the Manning equation and
conservation of water to describe the relationships among
width, discharge and channel gradient. The authors derive a
width-discharge scaling of W�Q3/8, and a width-gradient
scaling of W�S�3/16, both of which compare favorably with
empirical data from field sites with both uniform and
spatially variable uplift rates. However, this model requires
an assumption of a constant width-to-depth ratio in order to
obtain closure of the system of equations employed. While
this assumption appears to be consistent with observations
from natural rivers, we are left with no explanation of how
or why a channel evolves to an equilibrium hydraulic
geometry.
[6] In a second recent contribution, Stark [2006] models

bedrock channels by dividing the cross-sectional geometry
into four segments: two on the channel floor divided at the
channel midpoint, and one on each channel wall, with a
fixed angle between the floor and wall. The average shear
stress is modeled for each segment of the channel cross-
section by balancing the integrated shear on the bed with the
downstream component of the weight of the water. This
model also describes the evolution of channel geometry in
response to changes in external forcing, and includes
probability distribution functions (PDFs) of discharges,
which our model does not yet do. However, in order to
link channels to hillslopes, the Stark [2006] model assumes
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a fixed bank slope and therefore does not allow the channel
cross-section to freely form its own shape.

3. Model Setup

[7] While our formulation is similar in principle to the
work of Finnegan et al. [2005] and Stark [2006], we take
two important steps beyond these and other previous studies
by 1) explicitly modeling the erosion rate at each point along
the wetted perimeter of a channel (Figure 1), and 2) allowing
the channel cross section to evolve from any arbitrary
geometry. The model channels are therefore ‘‘self-formed’’
in that the cross-sectional shape co-evolves with the erosion
rate distribution until a stable form is achieved.
[8] We begin by prescribing the water discharge, local

gradient, median grain size (D50), and an initial (arbitrary)
channel geometry. These prescribed parameters allow us to
calculate a Chezy smoothness coefficient using a 1D loga-
rithmic approximation for bed roughness [Julien, 1998,
table 6.1], and a mean velocity (equation (1)), and discharge
(equation (2)) for any value of water depth:

uh ¼ Ch

ffiffiffiffiffiffiffiffi
RhS

p
ð1Þ

Qh ¼ uhAh ð2Þ

Here Ch is the Chezy coefficient describing bed smoothness,
R is the hydraulic radius (cross sectional area divided by the
wetted perimeter), S is the local energy gradient (here
assumed equal to the water surface gradient), u is the mean
water velocity, Q is the water discharge, A is the cross-
sectional area, and the subscript h denotes dependence of a
parameter on water depth. By minimizing the misfit
between calculated values of Qh and the prescribed
discharge for any estimated water depth, we obtain a best-
fit hydraulic radius and corresponding mean velocity.
[9] The maximum velocity, Umax, is taken to lie at the

water surface in the channel center, and is obtained from the

mean velocity found in equation (2) using the law of the
wall. The mean velocity gradient at any point l(x,z) along
the channel perimeter is then Umax/r(l), where r(l) is the
radial distance from the channel centerline to the channel
bed at position l (Figure 1). We can then calculate the bed-
normal component of the velocity gradient at a characteris-
tic roughness height zo:

du

dr lð Þ

����
zo

¼ u�
�zo

� sin �� �ð Þ ¼ Umax

zo
� 1

ln r lð Þ
�
zo

� � � sin �� �ð Þ

ð3Þ

where zo is a roughness height (= 6.8D50), � is von Kármán’s
constant, u is the shear velocity, and all other variables are as
defined previously. Following Prandtl, we then scale the
shear stress at each point on the bed with the square of this
bed-normal velocity gradient [e.g., Furbish, 1997]:

� lð Þ ¼ ’�Ah

du

dr lð Þ

����
zo

 !2

ð4Þ

Here � is the density of water, and ’ is a dimensionless scale
factor that ensures a force balance by dictating that the
average shear stress along the perimeter is equal to the
downstream component of the weight of water [e.g., Parker,
1979; Stark, 2006]:

’ ¼ gS

XN
i¼1

du

dr lð Þ

����
z¼zo

 !2

dl ið Þ

ð5Þ

where g is the acceleration due to gravity, the summation is
over i = 1 to N points along the channel perimeter, and dl(i) is
the length of a channel perimeter element at position i. The
system of equations (1) –(5) is solved numerically by
discretizing the channel perimeter into a set of (x,z) points,
and calculating the shear stress at each point using equations
(4) and (5). We then make the assumption that the bed-
normal incision rate at each point scales linearly with the
shear stress at that point:

en lð Þ ¼ K� lð Þ ¼ K’�A
du

dr lð Þ

����
zo

 !2

ð6Þ

This assumption, which represents the simplest form of wear
law one might reasonably adopt, is frequently used in
erosion models [e.g., Howard and Kerby, 1983]. It is most
applicable to fine-grained cohesive materials that respond to
fluid stresses by detachment of small, easily suspended
grains or aggregates. Equation (6) is used to calculate the x-
and z- components of the erosion rate from the slope of the
channel bed, and iteratively update channel shape, velocity,
and wall shear using a simple forward-difference scheme.

4. Results

4.1. Channel Geometry

[10] Beginning with either a flat-floored ‘‘GS-type’’
channel [e.g., Parker, 1979], or a simple ‘‘V’’ shaped

Figure 1. Schematic showing model setup. Shear stress
(�b) is a function of the maximum velocity Umax and the
distance from the high velocity core, r, where the maximum
velocity is assumed to be at the center-top of the flow. Bed-
normal erosion rate (en) is assumed to be linearly related to
shear stress, and is decomposed into lateral (ex) and vertical
(ez) components using the horizontal bed inclination, �,
and the angle between the centerline vector and the
horizontal, �. Centerline depth, Hc and channel width, W
evolve through the model run.
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