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Abstract

In this paper it is pointed out that a classification is always made taking into account all the available classes, i.e., by
means of a classification system. The approach presented in this paper generalizes the classical definition of fuzzy
partition as defined by Ruspini, which is now conceived as a quite often desirable objective that can be usually obtained
only after a long learning process. In addition, our model allows the evaluation of the resulting classification, according
to several indexes related to covering, relevance and overlapping.
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Keywords: Classification; Fuzzy sets; Fuzzy partition; Multicriteria analysis

1. Introduction

Since the beginning of the history of Fuzzy Sets
Theory [37], Classification Models and Control
Theory have been two central fields for their theo-
retical and practical developments (see, e.g.,
[7,38]). In fact, many problems within both fields
are naturally formalized by introducing fuzzy
concepts. In some cases, a fuzzy approach seems to
offer a useful simplification of a too complex re-
ality. This is mainly the case for control problems.
In other cases, the concepts users have in mind are
fuzzy in nature, in the sense that they allow degrees
of verification. This is the case in many classifica-
tion problems, where the introduction of crisp
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classes represent an unrealistic oversimplification
of reality, leading to obviously wrong interpreta-
tions, when compared to a direct observation.

In many fuzzy classification applications, a set
of classes ¥ is assumed. Such a set of classes can be
obtained in may different ways. The first objective,
once such a family of available classes has been
defined, is to determine the degree u,(x) to which
object x belongs to class ¢ € €, for every object x
under consideration, x € X. In this way, it is being
defined a membership function

pe s X — [0, 1]

for each class ¢ € € (see, e.g., [26]).

It can be thought that each membership func-
tion can be evaluated by itself, without taking into
account the remaining classes. But it is a fact that
most users will find serious difficulties in assigning
degrees of membership to one class without taking
into consideration the remaining possibilities for
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classification. Classification procedures usually
require a previous look at all available classes.
Hence, classification methods are in general highly
dependent on the family of classes the user is
forced to consider (even in a crisp context, users
frequently have a look at all possible choices be-
fore choosing a particular class for a given object).
Assigned degrees of membership do have influence
on other degrees of membership yet to be assigned.

Therefore, a key concept in classification is the
notion of partition, since it produces a structured
family of classes. Each class is strongly related to
each other, showing a specific structure (in a crisp
context, for example, decision maker is being
forced to choose one and only one class for each
object).

Fuzzy partitions were introduced by Ruspini
[28] in 1969 (see also [7,8,14,18]): given a discrete
family % of classes, it is assumed that for every
object under consideration

> nlx) =1

c€b

always holds (Vx € X). Each object x may belong
to several classes -to certain degrees-, and the total
degree of membership is distributed among all
classes. In this way, the classical crisp partition
concept was generalized. Indeed, whenever

U (x) € {0,1} Vx, Ve

holds, each object will be in one and only one
class: for all x € X there exist ¢ € ¥ such that
u.(x) =1 and hence p,(x) =0, for all k& # c.
From our point of view, Ruspini’s proposal
may in principle represent a desirable situation, in
the sense that it seems to model a typical situation
were every object seems to be explained, in some
way, with the minimum amount of information.
But again, it seems to be a too restrictive definition
within fuzzy modeling. In most cases, the fuzzy
classes under consideration do not verify the con-
ditions of such a Ruspini fuzzy partition (the de-
cision maker will not meet those requirement if not
artificially forced). Perhaps it is is only after a long
learning process that users are able to get a new
family of fuzzy classes, assuring that every object is
fully explained without superfluous information.
Classes are defined in advance to membership as-

signments, and therefore no condition can be
naturally imposed on them.

Moreover, such an ideal Ruspini’s classification
system may be not possible, or even not desirable,
when faced with some particular problems. Some
fruit classification problems, for example, require
(due to market restrictions) a large number of
classes, and each piece of fruit is allowed to be
simultaneously associated with several different
classes.

In a complex classification problem, as in Re-
mote Sensing for example (see [2] for a discussion
on a particular algorithm and its application), we
have to classify pixels in a picture representing
landscape that have been obtained from a satellite
(see also [17] for a general discussion). Each pixel
in a digital image represents several kilometers or
in the best case meters. If our classification system
is a crisp partition, we should decide one and only
one class for each pixel, something very difficult to
accept since it is obvious that many pixels may not
be homogeneous in their internal description. A
fuzzy approach may in principle show clear ad-
vantages, since it allows a natural representation
of mixtures and transition zones (most earth sur-
face classes do not present sharp boundaries). But
if a Ruspini partition is taken as our classification
system, we are forced to calibrate degrees of
membership in such a way their sum throughout
all classes is exactly one. This is also a strong re-
striction in practice, not only because of standard
measure difficulties, but because the available
family of classes should allow such a situation. The
standard procedure is to propose (perhaps on the
basis of personal experience) a particular family of
natural classes, and then check degrees of mem-
bership. Obviously, we cannot expect that the
classes we have proposed at a first stage are just
the perfect ones we were seeking for our particular
purposes. Most probably, we shall realize that a
better set of classes is needed. It is not trivial at all
to get a Ruspini’s partition as a first stage. Al-
though some practical difficulties of Ruspini’s
partitions can be partially overcome by a weaker
approach proposed by some other authors (see,
e.g., [31,32]), it is clear that Ruspini’s classification
system cannot always be used (see example in [1]
about a general computer security problem).
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In this paper we propose to analyze classifica-
tion systems by means of aggregative models (see,
e.g., [12,13,24]), which should present Ruspini’s
partition as a particular additive solution. Then we
shall take into account some results already ob-
tained in other formal contexts in order to propose
a more general classification structure (see [15,16,
24] but also [4,10]). In particular, we shall gener-
alize the approach presented in [14,18] and in
particular [1], based upon De Morgan triples.

2. Aggregation processes and fuzzy classification
systems

In a fuzzy classification process, one of the main
goals is to amalgamate the information we have
obtained about each object. If such information is
given by means of degrees of membership, we can
find in the literature that additive rules [28] and
some ¢-conorms (see, e.g., [29]) are useful for
forming conjunctive rules. Information is in this
way aggregated into one single index. Since we
usually do not know in advance the number of
chunks of information we should aggregate, clas-
sical approaches assume the existence of a basic
binary operator being associative, in such a way
that a sequential application of such an operator
will give us the aggregated information, no matter
the dimension of information. But we know that
not every operator is associative (OWA operators
[34], for example, where it is necessary to know in
advance the dimension of the data set). Otherwise
we may have problems in defining what a rule is
(see [34] for a possible solution for OWA opera-
tors).

In this paper we consider the recursive ap-
proach introduced in [10], which generalizes the
concept of associativity, and the particular repre-
sentation results obtained in [4].

Recursiveness is a property of a sequence of
operators {¢,},., allowing the aggregation of any
number of items: ¢, tells us how to aggregate two
items, ¢, tells how to aggregate three items and so
on, in such a way that being faced with n items we
shall aggregate them by means of ¢,. Recursive-
ness assures consistency of such a family of oper-
ators by assuming that such a rule is operational, in

the sense that it can be evaluated both from left
and right by means of a sequence of binary oper-
ators. In general, each new data implies a modifi-
cation of the binary operator, in such a way that
these binary operators evolve.

By definition, we assume that the aggregation of
only one item is always the identity.

Definition 2.1. A recursive rule ¢ is a family of
aggregation functions

{¢n : [Ov 1]71 - [07 1]}n>1

such that there exist an ordering rule = and two
sequences of binary operators

{L, 10,1 = [0,1]}

n>1

and
{Rn : [Oa 1}2 - [Ov 1]}n>l
such that

$u(n(1), .., 7))
= Loy (7(x1)s - 70 1), ()
= R(n(x1), b, (n(x2), .., 7(x,))).

In other words, a recursive rule is a family of
operators allowing a sequential reckoning by
means of a successive application of binary oper-
ators, once data have been properly ordered: the
ordering rule assures that new data do not intro-
duce modifications in the relative position of items
already ordered (see [4,10]). Of course, not every
sequence of binary operators will define a recursive
rule. Recursiveness is assuring a certain consis-
tency on that sequence of binary operators, in such
a way that consistency is in fact assured, and it can
be properly understood as a rule.

In this paper we shall assume, by definition,
that our recursive rules can be represented by
means of binary operators {L,},., and {R,},.,
being all these binary operators continuous and
nondecreasing functions such that

L,(0,0) =R,(0,0) =0 Vn
and
L,(1,1)=R,(1,1)=1 Vn.

A standard recursive rule will be one based
upon the identity ordering rule (i.e., the ordering
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rule that keeps the order of data as they are given
to us). A commutative recursive rule will appear
when the same results follows no matter the or-
dering rule we consider (see again [4,10]).

Obviously, in case such a sequence of binary
operators is given by a unique binary operator
(L; = R;,Vi,j), we should be talking about a rule
based upon an associative binary operator. Hence,
recursiveness indeed allows the generalization of
associativity (an associative rule is a recursive rule
based upon a unique binary operator).

Since we are in principle assuming that the
family of classes & is not definitive, our classifica-
tion system should show a certain ability to detect
main classification problems, i.e., if classes overlap
and some of them are even redundant or if an extra
class is needed. Hence, our classification system
must contain not only the family of classes ¢ under
consideration at a certain stage, but some tools in
order to evaluate standard characteristics of a
classification, like covering, relevancy and redun-
dancy. Goodness of the resulting classification
should be analyzed taking into account measures
related to these concepts. The basic structure we
propose below will allow it, assuming arbitrary
recursive rules instead of associative rules in a
classical De Morgan’s triple (see [1] but also
[14,18]).

Definition 2.2. Let us assume a finite set of objects
X. A fuzzy classification system is a countable
family of fuzzy classes % (each ¢ € € with its as-
sociated membership function y, : X — [0, 1]), to-
gether with a recursive triplet (¢, ¢, N) where

e ¢ is a standard recursive rule such that
$,(0,1) = ¢,(1,0) =0,

e N:[0,1] — [0, 1]is astrict negation function (see
[33]), i.e., a bijective strictly decreasing function
such that N o N~'(x) = x for all x € [0, 1], and

e ¢ is another standard recursive rule such that

0, (x1,X%2, ..., X,)

=N"[$,(N(x1),N(x2),...,N(x,))] Vn>1.

A fuzzy classification system can be therefore
denoted by

(¢;¢,9,N).

First of all, notice that ¢ is a disjunctive recur-
sive rule, in the sense that ¢,(x;,x,...,x,) =1
whenever 3j/x; = 1. As a direct consequence, ¢ is
a conjunctive recursive rule, in the sense that
¢,(x1,x2,...,x,) = 0 whenever 3j/x; = 0.

Theorem 2.1. Let us consider a fuzzy classification
systems (€; ¢, @, N) defined as above. Then:

1. If x; = 1 for some j, then ¢,(x1,x2,...,%,)

L.
2. If x; = 0 for some j, then ¢,(x1,x2,...,x,) =0.

Proof. We shall prove only the first assertion, by
induction, and the second assertion has a similar
proof: in fact, if we consider n = 3 and there exists
xi=1 or xx=1 or x3=1, then either
@y(x1,x) =1 or @,(xz,x3) =1 holds, in such a
way that either
@3(x1,X2,X3) = L3(p5(x1,22),x3) = p3(1, 1,x3)

=1

= R3(1,95(1,x3)) = R3(1,1)
or

@3()(?17)62,)(3) :R3(x17q)2(x27x3)) = 903()617 17 1)
= Li(@,y(x1,1),1) =L3(1,1) = 1.

Now, if we assume as induction hypothesis that

®,(V1,--.,y) = 1 whenever 3j/y; = 1 for a fixed n,
then either @, (x1,...,x,) =1 or @,(x2,...,X,11) =
1, and hence either
Pt (15 Xi1) = Ly (@, (%15 -+, X0) s Xnt1)
= Rn+1(17 @n(l, ey 1,)(3))
:Rn+l(17 1) =1
or
(pn+1(X1, e ,X,,+1) = R,,+1(X17(pn()€2, e 7xn+1))
= L,,H((pn(xl, 1, ey 1), 1)
=L

n+l(171) =1
and in any case @, (x1,...,X%,41) = 1 holds. O

Moreover, it can be checked that ¢ being a
standard recursive rule, then ¢ is in fact assured to
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be a standard recursive rule also, as shown in the
following theorem.

Theorem 2.2. Let {¢$,},., be a standard recursive
connective rule and N : [0,1] — [0,1] a strict nega-
tion function. Then

{90,, : [07 1]" - [07 1]}n>1
such that

@, (x1,...,x,) =N
v(xla"'axn) € [

¢, (N(x1), ...
0,1]"

N (xn)))

is another standard recursive connective rule.

Proof. From definition of {¢,},., we know that
there exist a sequence of binary operators

{L" : [O? 1]2 - [07 1]}n>l7

{Rn : [07 1]2 - [07 1]}n>l’

such that for all (xi,...,x,) €[0,1]", Vn =3 we
have

¢n(x1a o 7xﬂ) = L"(d)n—l(xlv cee 7)6,,,1),)6,,)

=R,(x1,¢,_1(x2,...,x,)).

Therefore, for all n > 3,
@n(X1, . xﬂ)

=N~ (¢ ( (xl) 7N(xn))>

=N (Lo(p, s (N1, -+ N(x1)), N (x)))

=N (Ry(N(x1), §, 1 (N(x2), - -, N(x4))))-
Then, just defining
I,(a,b) = N"'(L,(N(a),N(b)))

for all n, we can check that ¢, is left recursive:

©, (X1, .., x,)
N7 (@, (N(x1), -, N(x,)))
=N (Lu(dp s (N1, N (x01)), N (%))
N YL, (NoNY (¢, (N(x1),...,

N(x,-1)),N(x4))))
= N’I(LW(N(q),,_l(xl, ceyXam1))s N (x,)))
=L@, 1 (x1, . Xn1), %)

Analogously, right recursiveness follows taking
D,(a,b) = N"Y(R,(N(a),N(b))), in such a way that

q)n(alv"'aan) :Dn(alvwn—l(ala"'aan))
for all (ay,...,a,) €[0,1]". O

3. Covering

Then, from the degree to which an object x € X
belongs to each class ¢ € ¥ we can obtain an ag-
gregated value (depending on the particular dis-
Junctive recursive rule we have chosen)

ty(x) = @{u.(x)/c € €}

which can be understood as the degree to which
such an object x € X is explained by such a family
of classes €. The higher all these values yu,(x), the
better. In case p,(x) =1 for all x € X, it can be
understood that the whole family of objects is fully
covered by our family of fuzzy classes %, being a
trivial generalization of classical approaches, in-
cluding [18]. The lower such an aggregated cov-
ering value u,(x), the stronger claim for a new
class.

But it is obvious that such a numerical analysis
may lead to trivial paradoxes, for example by
replicating several times a given class. The family
% of classes should of course explain as much as
possible variation in all the objects (such a family
of classes must represent a nice covering of ob-
jects), but it should be also as compact as possible,
taking into account not only relevant classes, but
also reducing possible overlapping information
(redundancy). Let us discuss these two extra no-
tions (relevancy and redundancy) in the next sec-
tions.

4. Relevancy

As already pointed out, in order to assure we
are in principle capturing all the information we
need for classification, we are in principle inter-
ested in families of classes % fully covering our set
of objects, in the sense that

o{u.(x)/ce€} =1 YxeX

or at least close enough to 1 for each object. The
value

o{u.(x)/c € €}
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can indeed be considered a measure of how close
we are to the desired full covering (with respect to
object x € X).

But it has been already made clear that repli-
cated classes (i.e., ¢,d €%, c¢c#d, such that
U (x) = py(x),¥x € X) should be avoided in our
model. The same applies to any void class ¢ (i.e., a
class ¢ € € such that u.(x) = 0,Vx € X). These two
extreme situations can be easily solved, by just
deleting some classes after a trivial comparison.
The difficulty will appear when we find out that we
are close to some of those two extreme cases. In
both cases, a class is almost useless when it barely
helps to explain anything (at least when applied to
our particular fixed set of objects). These two
problems can be in principle addressed by pure
statistical techniques, but it should be pointed out
that it may happen that a certain class is showing
statistical nonsignificance but still that information
may be the only hint we have about how to classify
some pixels.

In Thiele [31,32], for example, void classes are
excluded axiomatically. Certainly, we should take
into account in our model only those classes ¢ € ¥
being relevant in the sense that u (x) > 0 for some
object x € X. But being relevant is also a matter of
degree, and it is also relative to the other classes in
%.

A first proposal for measuring relevancy of class
¢ € € is to evaluate

p{u.(x)/x € X}

in such a way that class ¢ can in principle be as-
sumed less important as far as such a value is low.
But such an approach may be misleading:

e 4 .(x) may be low, but still the only information
we have about object x. This is the case when
U (x) > 0 and p,(x) =0,Vd # c.

e 1.(x) may be high, but still that object x is much
better described by other classes. For example,
if pty(x) > p.(x) and p,(v) = p.(v), vy # x.

e u.(x) may be high, but still may not give us any
discriminant information about object x. For
example, if p.(x) = (), vy # x.

The above examples give a hint of some diffi-
culties an alternative pure statistical analysis may

present, although it is clear that statistical support
is a must in order to clarify how relevant a class is.

Anyhow, relevancy should always be evaluated
not for each isolated class ¢ being a candidate to be
deleted, but for a selected set of classes .o7.

In order to analyze relevancy, we propose to
compare behaviour of each nonempty class .o/
with behaviour of the remaining % — .o/ classes
being kept in the model, taking into account

(1) o{p.(x)/c € E},
(2) o{w(x)/k € o},
3) o{w(x)/k € € — o/},

for every object x € X, being .«/ a fixed nonempty
family of classes, .« C . For example, when (1) is
significantly higher than (3), then we can in prin-
ciple suggest that .7 is a relevant family of classes,
even if (2) is not high. And whenever (1) is non-
significantly different than (3), we can in principle
suggest that .o/ is a nonrelevant family of classes,
even when (2) is not low.

A complete track of relevancy may therefore
imply a large number of aggregations, but evalu-
ating relevancy of isolated classes may be enough
for most practical purposes. Additional relevancy
indexes will most probably be taken into account
in a second stage, only if we are willing a more
accurate classification, in case results show some
deficiency to the decision maker. Notice that it
may happen that a relevant family of classes con-
tains no relevant class.

Anyhow, our approach represents the basis for
a formal analysis of relevancy, searching for the
smallest set of classes which maintains the user’s
desired explanatory properties.

The relevancy issue can be therefore addressed
as a dimensionality reduction problem, in such a
way that other statistical and nonstatistical repre-
sentation models can be introduced (see, e.g.,
[25,36]). Obviously, a class which gives no addi-
tional information at all about how to classify our
objects does not deserve to be kept in the model.
Again, the key problem is to decide how many and
which ones of those classes can be deleted while
still keeping enough explanatory power. In prac-
tice we shall always look for an appropriate num-
ber of classes (the lower the number of classes, the
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better) to maximize classification accuracy. But
this is a decision that should be left in the hands of
the decision maker.

Notice that the user may be willing to accept
that objects belong to several classes, even a clear
crisp overlapping (i.e., u.(x) = w,(x) = 1 for some
¢ # k), if such a situation is considered by the user
as relevant for the particular classification prob-
lem. Such a relevancy issue should not be confused
with the redundancy issue, to be discussed in the
next section. In fact, the goals are different,
mathematical treatments are different, and both
problems are addressed at different stages.

5. Redundancy

Once the initial set of classes has been analyzed
and nonrelevant classes have been suppressed from
the model, we can assume that every class is giving
us some amount of useful information. But classes
may still overlap.

From a pure representation point of view, the
less overlapping, the better. This redundancy
property refers to a certain orthogonality of the
family of classes, which is then viewed as a
particular representation system of the set of
objects. Redundancy suggests the possible exis-
tence of an alternative representation, to be
found by means of an appropriate redefinition of
our family of classes. This is indeed a key issue,
related to that path of constructivism claimed by
Roy [27] in a multicriteria decision making con-
text (see also [6,30]). It must be taken into ac-
count how difficult is to redefine previous classes
(combining already known observable character-
istics) and how difficult is to define extra classes
(by means perhaps of some characteristic not
previously taken into account). Moreover, it is
very important that classes have some real
meaning for users (otherwise it may be extremely
difficult to assign degrees of membership and
allow decision maker the possibility of checking
the whole procedure).

Once relevancy has been studied at a first stage
(on the basis of our ¢ disjunction rule), class
overlapping will be studied by means our con-
junction rule ¢. In fact, the value

(]5{/10()6), :ud(x)}

can be understood as the degree of overlapping
between classes ¢,d € ¥ with respect to object
x e X.

In particular, when dealing with crisp partitions
(u.(x) € {0,1},Vx,Ve), for each object x it is as-
sumed the existence of a unique class ¢ each object
x belongs to, in such a way that p (x) = 1 for some
¢ and p,(x) =0 for all d # ¢. So,

o p{u(x)/ce€} =1 VxeX,and
o P{u(x),py(x)} =0 Vx€X, Ve#d.

Analogously, when dealing with Ruspini parti-
tions [28], since

Z,uc(x)zl VxeX

ceb

we have that choosing the Luckasievich’s z-conorm
S and ¢t-norm T as our disjunctive rule and con-
junctive rule, respectively, we can assure that (see
[8,14,18])

o S{n()/ceC) = minfY o pn (). 1) =1

Vx € X,
o T{u(x), puy(x)} =max{0, u(x) + p(x) = 1} = 0
Vx € X, Ve #d.

Overlapping can of course be evaluated not
only for pairs of classes, but for every subset of
classes .o/ C % with at least two elements, allowing
the possibility of a better insight into the structure
and relationships among those classes:

{u.(x)/c € o}

Again, we expect that redundancy for pairs of
classes will be enough in most practical problems,
at least at a first stage. Additional redundancy
indexes will be evaluated only in case results sug-
gest decision maker to trie a more accurate clas-
sification system.

6. Fuzzy partition systems

A fuzzy classification system (€; ¢, ¢, N) will be
meaningless in some cases, whenever it does not
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allow any discrimination among objects. This
may happen either because no explanation is at-
tained, or because all classes fully overlap. Clas-
sification systems should be able to explain
something about each object, and no classes
should fully overlap.

Definition 6.1. A fuzzy classification system
(€; ¢, @, N) will be meaningful if and only if

o plu(x)/ce b} >0, v,
e Forevery o/ C % with at least two classes there
exists x € X such that ¢{u.(x)/c € o} < 1.

Whenever ¢{u.(x)/c € €} =0 holds for some
X € X, then our classification system is claiming for
a new class (at least one object cannot be included
in any of the classes).

Whenever ¢{p.(x),u,(x)} =1 holds for all
x € X and for some ¢ # d, these two classes ¢ and
d are fully redundant (either ¢ or d must be de-
leted).

As a general criteria, the higher value ¢{u,(x)/
¢ € €} and the lower values ¢{p.(x)/c € </} the
better. The closer we are to such an extreme situ-
ation, taking the above indexes values 1 and 0
respectively, the closer we are to a fuzzy parti-
tion.

Definition 6.2. A fuzzy partition system is a fuzzy
classification system (€; ¢, p,N) such that the as-
sociated membership functions verify the follow-
ing two conditions:

1. o{u.(x)/c € €} =1, Vx,
2. ¢{p.(x)/c € o/} =0, Vx and every o/ C % con-
taining at least two classes.

7. About the learning process

It is clear that a nice set of classes will in general
be a result of a sometimes long learning process,
with a sequence of arguments suggesting to delete
some classes, to substitute classes by means of
mixtures of previous classes, or to introduce extra
classes. The above indices can give us useful hints
about the behaviour of our classification system,

and in turn lead to successive improvements. From
this point of view, a fuzzy partition is just a fully
explanatory and nonredundant fuzzy classification
system that may be the final objective for many
decision makers (but not necessarily a declared
objective). Anyway, a natural learning processes
will search for a better classification system (in a
sense to be fixed by each user), taking into account
at least the above covering, relevancy and redun-
dancy arguments: try always to explain as much as
you can, avoiding as much as possible irrelevant
and redundant classes.

Of course each one of those three key argu-
ments (covering, relevancy and redundancy) allow
degrees of verification, and decision makers should
make their mind up about the right levels they are
willing to accept. For example, if there are objects
x € X such that ¢{u.(x),c € €} =0, it suggests a
search for some one extra class in order to capture
information about those pixels. These pixels
therefore deserve a more careful look in order to
find out some missing class or some missing
characteristic. Obviously, we shall be searching for
new extra classes whenever we are close to this
situation.  Analogously, if @{u.(x),u,(x)} =
1,Vx € X, for two classes ¢ # d, then we should be
deleting one of those two classes. The closer to this
situation, the stronger the need for a redefinition
of the classes under consideration. In general, once
covering has been checked, if

pipg(x)/d # c}

is low, we should think if ¢ as a relevant class.
Analogously, if

P{pe(x), q(x) }

is high, we should be thinking of redefining those
classes ¢ or d.

8. An application to a digital image classification

We shall consider here the same picture (127
pixels) analyzed by some of the authors in [3] (a
LANDSAT 5 satellite image of southern Spain,
Worldwide Reference System 202-34-4). Numerical
analysis of the intensity bands of the three basic
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colors (red, green and blue) has been done with
MATLAB packages.

First of all, we fixed our recursive triple
(¢, ,N). Taking into account the axiomatic jus-
tification of some particular recursive rules shown
in [4], we consider a recursive triple such that

3. szlak

° (f)n(al,...mn) :m,

(M1 - @)
14210 (1—a)

* ¢(a,...,a)
e Nx)=1-ux

Notice that, in this case,

o{ug(x)/d #c} <1 Ve
= p{u(x)/ce A} <1 VA

and

d{ue(x), ta(x)} >0 Ve #d
= ¢p{p.(x)/c € 4} >0 VA.

The above recursive triple is a very particular
case of the more general model studied in [4].

The image in [3] was analyzed applying the al-
gorithm initially proposed in [2]. Three fuzzy
classes were obtained. Centers for each class were
automatically defined by means of a crisp k-means
algorithm (see [5]), and fuzzy membership func-
tions for each class were then obtained from those
centers, following [2]. In this way a formal defini-
tion of a set of three classes, € = {c, ¢z, ¢35}, was
given in [3]. From this previous result we can now
learn about the quality of such a classification, by
considering some of the above indexes.

In particular, we show here the following
graphics:

e Fig. 1(a) shows the pixel by pixel disjunctive ag-
gregation of degrees of membership (relevancy
of the three classes together, i.e., covering)

oL, (%), e (%), ey (%) }-

e Fig. 1(b) shows the pixel by pixel conjunctive
aggregation of degrees of membership (i.e., re-
dundancy of the three classes together)

A, (%), e, (%), phey (%) }-

Relevancy

(a) Relevancy (all three classes)

B (lasses 1&2&3

Redundancy

T
iy u
18 15 22 29 36 43 50 57 64 71 78 85 92 99 106 113 120 127
(b) Redundancy (all three classes)

oL WRTI >~

Fig. 1. Analysis for joint three classes.

e Fig. 2(a), (b) and (c) show the disjunctive aggre-
gation (relevancy) values for each pair of
classes, i.e.,

P, (), 1, (X)) Vi)

for each pixel x.

e Fig. 3(a), (b) and (c) show the conjunctive ag-
gregation (redundancy) values for each pair of
classes, i.e.,

e, (%), e, (x)) Vi j

for each pixel x.

Notice that there are a number of pixels with
low degree of explanation in terms of those three
classes, even unclassified pixels (pixels with
o{u,, (x), 1, (x), ., (x)} = 0). A deeper analysis of
these pixels should allow hints about a possible
new class or some missing characteristic. Some
pixels seem to be quite well classified taking into
account only two of those three classes (pixels with
o{bte, (%), e, (¥)}, of{pe, (%), 1, (x)} and o{p,, (x),
tt.,(x)} around 0.8 and 0.9); but some pixels (see,
e.g., pixel 95) get a better classification in terms of
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B Classes 1 &2

Redundancy

B Classes 1&2

Relevancy

85 92 99 106 113 120 127

64 71 78
(a) Classes 1 and 2

43 50 57

36

89 97 105 113 121

41 49 57 65 73 81

33

25

B Classes 1&3

Redundancy

(a) Classes 1 and 2

B Classes 1& 3

Relevancy

85 92 99 106 113 120 127

8

7
(b) Classes 1 and 3

43 50 57 64 71

15 22 29 36

8

B Classes 2 & 3

Redundancy

20 127

1

78 85 92 99 106 113

(c) Classes 2 and 3

43 50 57 64 71

15 22 29 36

8

1

Fig. 3. Redundancy for pairs of classes.
including of course some statistical analysis). In

practice, this stage needs an active participation of
the decision maker, and this situation will be re-
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peated each time we analyze a new family of
classes. Nobody should expect a wonderful clas-

Fig. 2. Relevancy for pairs of classes.

sification of a complex problem just in one itera-

tion, but at least we have been able here to
evaluate classification results according to several

standard arguments.

classes 1 and 2 rather than classes 1 and 3 or 2 and

3. Moreover, high redundancy between classes
appears for some pixels (even for pairs of classes),

suggesting that classes can be redefined.

taking into account 9. Final comments

A careful look at each pixel,
relevancy and redundancy behaviour, should give

This paper describes some desirable properties

hints about how our family of classes can be im-

These

linked to fuzzy classification systems.
properties are linked to a certain degrees of cov-

proved (most probably with a manual search and

not by means of any pure automatic procedure,
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ering, relevancy and redundancy. In principle,
relevancy and redundancy can be considered for
any subset of classes, but in practice perhaps they
can be applied to few cases, checking relevancy
just for isolated classes and checking redundancy
to every pair of classes, at least at a first stage
(similar situation appears in probability, where
independence of a family of events refers to every
finite subfamily of those events). In fact, we do not
expect this situation: depending on results we shall
be considering additional indexes (again, statistical
independence of random variables use to be ap-
proached in practice just by evaluating the matrix
of linear correlation indexes).

The classification model proposed in this paper
shows a promising behaviour. On one hand, cov-
ering and relevancy are analyzed by means of a
disjunctive rule, leading to deletion of classes or a
search for extra classes. On the other hand, re-
dundancy is analyzed by means of a conjunctive
rule, leading to a search for new mixtures of clas-
ses.

Together with the above indexes for covering,
relevancy and redundancy, we can also take into
account some global indexes in order to get an
evaluation of the quality of a classification in those
terms. For example, the value

P(p{u(x)/c € €}, x € X)

can be considered a measure of how explanatory
our classification system is (about the set of objects
X). Analogously, the value

P(p{u.(x), py(x)},x € X)

can be considered a measure of how redundant
those two classes ¢ # d are (about the set of ob-
jects X). In general, we can fix certain levels of
goodness for both global indexes, and repeat the
whole process again and again till we get a good
enough classification. Of course, decision maker
should evaluate effort in searching for a new set of
classes, and almost for sure there will be a maxi-
mum number of classes decision maker is willing
to deal with.

Since in our example there are pixels showing
zero degree of membership for all three classes
under consideration, the above two global indexes
will give a trivial information: on one hand,

P(o{ne, (x), s, (%), e, (x) },x € X) =0
and on the other hand,
P(p{ue, (x), e, ()}, x €X) =0 (i # ).

In this way, those three classes obtained in [3]
should not be considered good enough: we should
carefully analyze those unclassified pixels and
search for an extra class in order to get some ex-
planation for them (at a second stage we should
have a look to those pixels showing high over-
lapping between classes).

Obviously, this example suggests that alterna-
tive aggregation operators should be tried. An
appropriate OWA operator [34], for example, will
allow to keep very low values for a fixed number of
pixels (we should not pursue to explain all pixels,
but only most of them, perhaps a certain percent-
age).

Much more research through real examples is
indeed needed, in order to fix membership func-
tions and aggregation rules. Any learning proce-
dure in a complex context represents an extremely
difficult issue. It will for sure require some creative
abilities [6,27,30] (arguments discussed in [9] must
be also taken into account). Of course, behaviour
of surrounding pixels should also be taken into
account. Moreover, as pointed out in [22,23], the
operation rules within objects may be not the same
as the operation rules within classes. Several dis-
junction operators may co-exist in our model in
order to evaluate the set of classes every time it has
been redefined.

Covering, relevancy and redundancy as intro-
duced in this paper allow a quite general theoreti-
cal framework based upon aggregation rules. All
previous already known results from aggregation
functions can be taken into account, not only
relative to z-conorms but to more general ap-
proaches based upon a unique associative binary
operator [11-13,20,21,35]. On the contrary, our
recursive rules needs not to be based upon a uni-
que binary operator, but it may evolve in time
(with consistent changes depending on the number
of item being amalgamated till that moment).
Notice the deep relation of our approach with the
structure of fuzzy preferences, as developed in [24]
(see also [15,16]).
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Anyhow, final decision about our classification
system and its possible improvements has to be
made by at least considering covering, relevancy
and redundancy, always keeping in mind that our
main objective should be a better comprehension
of the problem (sometimes we forget that complex
information may be not manageable by the deci-
sion maker). In this sense, we do not expect that an
optimal number of classes exist, because it will
depend on each particular decision maker (al-
though we can guess a general proposal after some
experience in a particular context). As it is well
known, imposing more homogeneous classes im-
proves accuracy of the model, but at the same time
the model becomes more complex (the number of
classes use to increase).

Finally, it is important to point out again that a
fuzzy partition (including classical Ruspini’s defi-
nition) may be not a good classification system for
some decision makers. In fact, some classification
problems do require a family of classes with clear
overlapping, even allowing objects fully belonging
to several classes. As pointed out in [19], eval-
uation of the quality of a fuzzy partition is an
intricate problem that still requires many devel-
opments. The approach proposed in this paper will
hopefully help. Future applications will be devel-
oped in a remote sensing context, taking into ac-
count previous results obtained by some of the
authors in [3].
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