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Abstract—An analysis of transients of semiconductor laser in-
jection locking is presented. The analysis is based on the
semiconductor rate equations and includes the effects of noise,
amplitude phase coupling, carrier dynamics, and gain satura-
tion. By adiabatically eliminating the carrier dynamics, a single
nonlinear stochastic differential equation is obtained for the
relative phase between the master and slave lasers. The validity
of the adiabatic approximation is verified by numerically inte-
grating the rate equations. The corresponding Fokker-Planck
equation is used to study the steady-state locked condition as
well as phase transients of the locking process. Noise causes the
steady-state relative phase between the master and the slave
lasers to be a random variable with a standard deviation of
approximately a few degrees for typical injection levels. The
standard deviation can be reduced by using a phase detector
with a limited bandwidth. The mean locking time in the pres-
ence of noise is slightly less than the deterministic prediction.
Noise also causes the locked lasers to have a finite probability
to momentarily unlock, equivalent to a particle escaping over
a potential barrier. The results of an experimental measure-
ment of the locking time is presented. As predicted by the anal-
ysis, the locking time is reduced by either increasing the locking
bandwidth or reducing the free running frequency difference.

I. INTRODUCTION

N high bandwidth applications utilizing injection

locked semiconductor lasers, it is vital to understand
the transient response of the locking process. Even if an
application uses ‘‘steady-state’’ injection locking, the rel-
ative phase between the locked lasers is a random variable
due to spontaneous emission noise. In this paper we in-
vestigate, analytically and experimentally, the transients
of injection locked semiconductor lasers in the presence
of noise.

The observation of injection locking of oscillators can
be traced back to 1665 when Huygens observed his wall
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clocks for several days. The original analysis of injection
locking was certainly not done by Huygens since New-
ton’s Principia Mathematica was not published until
1687. Probably the earliest theoretical development of
locking was present by Van der Pol in 1927 [1]. Van der
Pol described the frequency locking of electrical oscilla-
tors. Nearly two decades later, Adler published a paper
which provided a clear understanding of frequency lock-
ing phenomena [2]. The paper presented a nonlinear dif-
ferential equation for the phase of an electrical oscillator
relative to an injected signal. Adler showed that the lock-
ing bandwidth was inversely proportional to the square
root of the injected power. Also, Adler discussed that the
locked relative phase between the master and the slave
depends on the injected power. The analysis in his paper
described the transient of the relative phase as injection
locking occurs. To date, the study of transients in injec-
tion locked oscillators has been limited to the determin-
istic solution of Adler’s equation [2].

Apart from Adler, some other researchers investigated
the phase and frequency transients in electrical oscilla-
tors. White and Jones provided a description of the fre-
quency transients by differentiating Adler’s closed form
solution for the relative phase [3]. Earlier, Lisitsian [4]
discussed frequency transients in oscillators by using nu-
merical methods on a set of differential equations which
described an oscillator. Takayama [5] investigated lock-
ing properties in injection locked nonlinear power ampli-
fiers. He found the nonlinear admittance effects resulted
in phase transients that varied slightly from Adler’s the-
ory. Also, experimental work has been published [6] and
[7]. A good survey of the work done on electrical oscil-
lators was published by Kurokawa [8]. In addition to elec-
trical oscillators, the research of phase locked loops has
provided much insight into the field of locking phenom-
ena. The analytical results of phase locked loops are sim-
ilar to the results obtained in other areas of locking re-
search [9], [10].

It was not until 1966 that laser injection locking was
demonstrated by Stover and Steiner [11]. Buczek et al.
provided a review of the theory and applications of laser
injection locking [12]. In the late 1970’s, improvements
in semiconductor laser characteristics such as improved
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spectral purity and mode stability provided motivation for
injection locking these lasers. The first demonstration of
semiconductor laser injection locking was presented in a
paper by Kobayashi and Kimura in 1980 [13].

The first applications of injection locking semiconduc-
tor lasers were for optical communications. It was shown
that it was possible to modulate an injection locked semi-
conductor laser and maintain single-mode operation [14]-
[17]. It has been suggested to use injection locking to syn-
chronize local oscillators in coherent optical communi-
cation systems [18]. It has been shown that optical phase
modulation can be obtained by modulating the injection
locked slave [19]. Kikuchi er al. also utilized sideband
injection locking in a wavelength division multiplexed
coherent communication application.

Other research groups performed experiments to deter-
mine the effects of injection locking on modulation of
semiconductor lasers. Goldberg et al. experimentally in-
vestigated the effect of injection locking on the modula-
tion characteristics of laser array [20] as well as the con-
trol of spatial characteristics of the output of laser arrays
[21). Elze et al. [22] experimentally investigated the
modulation properties of lasers stabilized by external cav-
ities or injection locking.

In another related area, injection locked semiconductor
lasers were used to generate stable microwave signals for
various microwave applications [23], [24].

In parallel with the development of applications, the
theory of semiconductor laser locking has evolved. The
theoretical developments for semiconductor laser locking
began in the early 1980’s. Otsuka discussed injection
locking in 1981 [25]. Lang pointed out that including the
linewidth enhancement factor was necessary for the the-
oretical developments of injection locked semiconductor
lasers [26].

Lang, and others, also discussed the stability of an in-
jection locked semiconductor laser {27], [28]-[31]. The
linear stability analysis of the semiconductor rate equa-
tions shows that for certain operating conditions within
the locking bandwidth, the slave will be unstable. Differ-
ent research groups have measured the resulting asym-
metric stable locking bandwidth [32]-[34].

In a semiclassical analysis of a laser, that is treating the
electric field classically and the gain medium quantum
mechanically, the noise due to spontaneous emission, car-
rier generation and recombination is included in the rate
equations by adding appropriate Langevin driving terms
[35]. Some work on the effects of noise for injection
locked semiconductor lasers has appeared in the literature
[36]-[41]. In these papers, the effects of injection locking
on the linewidth or the frequency spectral noise density
of the slave laser was determined. Haus and Yamamoto
also investigated noise properties of an injection locked
laser oscillator [42]. Their analysis utilized the Fokker-
Planck equation and the Langevin rate equation to de-
scribe phase fluctuations in the slave laser.

Most of the theoretical results were obtained assuming
that the injected signal was weak. However, care must be
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used when extending the analysis to strong injection.
There has been some recent work on the effects of strong
injection [43], [44]. Both these papers used a propagation
based theory, whereas most of the earlier papers use a rate
equation approach. However, as Tromborg et al. pointed
out in the introduction of their paper [43] the rate equation
approach adequately predicts experimental observations
of injection locking properties for weak injection [27],
[28].

None of the experimental or theoretical studies men-
tioned above have dealt with transients of the locking pro-
cess. Besides the work of Spano er al. [45], we are not
aware of any work on transients in injection locked semi-
conductor lasers. Spano et al. [45] have published a paper
discussing the numerical results of integrating the rate
equations to obtain phase transients in injection locked
semiconductor lasers. For applications of optical fre-
quency shift keying (FSK), they found that the main lim-
itation was due to the time duration of the phase transient
(10 ns for some anomalous cases). The rise time and fall
time of the injected signal was set to zero, and in this limit
they stated that the turn-off transient of the slave is equiv-
alent to the damping of relaxation oscillations. It was the
damping of the relaxation oscillations which limited the
bandwidth of the FSK communication system.

In this paper we investigate the phase (frequency) tran-
sients of the slave as locking occurs. As discussed above,
there has been some theoretical and experimental work on
transients done in the past for electrical oscillators, where
the transient response was described fairly well by Ad-
ler’s theory, with some deviations. It is clear that one can-
not assume beforehand that Adler’s locking analysis will
describe transients in semiconductor laser locking.

Our analysis is slightly different from these previously
reported analyses since we are primarily concerned with
injection locking transients. The difference between our
noise analysis and the papers just mentioned is that a
Langevin noise source is derived for the phase difference
between the master and the slave. This allows us to write
a stochastic differential equation for the relative phase be-
tween the master and the slave. This equation will let us
investigate the effects of noise on the steady-state locking
condition and transients of the locking process.

The next section presents the theory of semiconductor
laser injection locking. The analysis is based on the rate
equations and includes the effects of gain saturation, am-
plitude-phase coupling, and carrier dynamics. The anal-
ysis includes Langevin noise terms in the rate equations.
It is also shown in this section, that one can obtain Adler’s
equation from the rate equations if the carrier dynamics
are neglected. The important deterministic features of
semiconductor laser locking is presented in Section III.
These features include locking bandwidth and phase tran-
sients. Various effects due to the presence of noise are
discussed in Section IV. Section V is a presentation of
experimental results which show the time necessary to
lock to semiconductor lasers. The dependence of the lock-
ing time on frequency detuning and locking bandwidth is
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also shown. Section VI concludes the paper with a dis-
cussion of the importance of the results presented.

II. THEORY OF SEMICONDUCTOR LASER LOCKING

The interaction of the optical field with a lasing me-
dium can be described by a coupled set of differential
equations for electric field, the carrier density, and the
polarizability [46]. However, the very short scattering
times in the semiconductor cause the induced dipole mo-
ment to decay quickly. This allows one to adiabatically
eliminate the polarizability from the set of equations.
Therefore, one is left with three quantities, the amplitude
and phase of the electric field, and the carrier density.
Injection locking phenomena can be described using these
three physical quantities if we include an additional elec-
tric field inside the cavity corresponding to the injected
signal.

We can write the differential equations for the electric
field and the carrier density of a semiconductor laser with
injection as, [40], [26],

a8,

E=<jws+%((‘}—7)>8s+~/771fdf3m+ff O

oN 7 N
at Ts
where G is the complex intensity gain per unit time, G is
the real part of the gain, v is the loss, 7, is the spontaneous
lifetime, & is a Langevin noise term, N is the carrier den-
sity, J is the pump term, and w;, is the slave free running
steady-state frequency. The electrical field of the slave
laser & and the master laser &, can be expressed as

85 Es ej(wst + ¢s(1) (3)

&, = E,,,ej(w"’t+¢"'m)~ 4)

Gl&,’ )

The field amplitude, E, has been normalized such that | E,|?
is equal to the photon number S. The 7 parameter is used
to correct the ratio of E,, / E,. This correction factor is the
product of n,, and 5,, where »,, represents the field overlap
of the injected field and the laser mode field, and 7, is a
correction due to the facet reflectivity. Assuming E,, and
E; are the field strengths outside the laser cavities, an
expression can be derived for 7, in terms of the facet re-
flectivity,

_da — Ry

, R S)

The factor f; in the electric field equation is the inverse of
the round-trip time of the slave laser cavity. This corre-
sponds to the longitudinal mode spacing and has a typical
value of 125 GHz.

The Langevin noise term is assumed to be Markoffian
[47] meaning that the random forces have no memory.
This can be represented mathematically as

(FOF (¢ + An) = 2DS(AD ©)

where D is the diffusion coefficient. The assumption that
the system has no memory is adequate for semiconductor
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lasers since the polarization relaxation time is on the order
of 107", which is negligible compared to the photon life-
time and carrier relaxation times [48]. The noise source
in the carrier equation is neglected because it has been
shown to be insignificant relative to the intensity and phase
noise source [49].

The complex gain can be expressed as a Taylor expan-
sion around the steady-state operating point [50]

G(N, S) = G(Ny, Sp) + g}% (1 + ja)AN + ‘;—g AS
@)
where
AN =N — N, )
AS =S - S, ©)]

and « is the linewidth enhancement factor. The last two
equations basically point out that at steady state the laser
operates with a carrier density equal to the threshold den-
sity and a photon number of S;. We include the effect of
gain saturation by assuming the gain has a photon number
dependence given by G(1 — «;S). Therefore, 3,G =
-k G.

To reduce the number of parameters in the rate equa-
tions we adopted the following definitions:

T = w,t (10)
AS 2AEE 2AE,
i=— =00 (11)
S E.\'O EJ‘O
u = (wy —w)t + (9,0 — ¢;(1) = Awt — Ap  (12)
GyAN
n=-N— (13)
(J.’,
where w, is the relaxation frequency given by [51]
GyE
w! = GGyEY = ——NT ! (14

14

and Gy = dG/AN. Also, without loss of generality, Ey
is assumed to be real. Substituting (3) and (4) in (1) and
(2), and introducing the normalized quantities one can ob-
tain the final form of the injection locking rate equations:

3i wEY . 2fiNnE,
n — [ +

= = + F, 15
P o wEq cos () ;o (15)
9, 1 V1E,

—¢£ = —aon + f;I " sin (u) + SF¢. (16)
a7 2 W, Ly '

a_n

= —(1 — kK, E%)i — <L + pr,> n. (7

s%r

ar

In (15) we have neglected a contribution due to the av-
erage spontaneous emission. The Langevin noise terms,
F; and F,_are related to the real and imaginary parts of &,
respectively. The diffusion constants can be found either
by a rigorous mathematical analysis [52], or by physical
arguments as shown by Henry [48]. In any case, the re-
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sults are Dgg = RS, Dy, = R/(4S), and Dgy = 0, where
S is the photon number and R is the spontaneous rate.
Applying the normalizations used in this paper, we can
write the noise sources of (15) and (16) as

Fi(r) = %u{w') (18)
Fy(r) = M (19

r

Consider the D;; diffusion constant. We can compute the
value of this constant by writing

1
(FOF @A) = 5 (Fs(0)Fs(At/w,))

_ 2Dss by ﬂ
5?0l \w, /)’
We can use the scaling property of the delta function [53],

8(t/a) = |a|8() to write the normalized expression for
the diffusion constants as

(20)

R
o= — 21
o 21

R
Dy 4, = TR (22)

By adiabatically eliminating the amplitude and carrier
variations from the normalized system of equations, it is
possible to derive a single nonlinear differential equation
for the phase ¢, with Langevin noise source F; which in-
cludes amplitude-phase coupling. In Section III-A we will
show that this adiabatic approximation is adequate for de-
scribing locking phenomena in the weak injection limit.
This is because the phase transients (to be discussed in
the next section) for weak enough injection last for times
longer than 1/f,. When a laser is adiabatically perturbed
(i.e., there is negligible change in the amplitude, phase
and carriers in times less than 1/f,), there are no notice-
able relaxation oscillations which means that the photon
and carrier dynamics can be ignored when studying phase
transients. Therefore, we can assume

3 on

— << in.
a7’ Ot

(23)

Also notice that the master laser is described by (15)-(17)
if E,, is set to zero. Therefore, we can also derive a single
equation for the master phase ¢,,. The phase equations for
the master and slave lasers are

3%, _ 1 + (aB)? JaEn sin (Awt + Ad(?)
ar w, Ly
— arctan (of)) + F, 24)
ad)m —
5 = Fn (25)
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where A¢p = ¢,, — ¢,, F, and F,, are the Langevin noise
terms and 3 is given by

1 - KnEf‘O

g = 5 (26)
E

- Ki)Ez() + o x02

Ty, Wy

1 — (x,

The diffusion constants of the master and slave lasers in
terms of the observed linewidth are

A
Dy = 0 @7
2f,
Ay
Dy = =2 28
s = 3p (28)

where Avp,, and Ay, are the linewidths, both in units of

Hertz. To obtain the diffusion constants, we neglected 3

since it was close to one, used the fact that the linewidths
can be expressed by [48]

R

Av = (1 + o) —. 29

v =( a’) T 29

Now, we can obtain a single equation for the relative

phase between the master and slave lasers by subtracting
(24) from (25).

%=Aw—‘:’—%"rﬁsm W) + F, (30)
where
Awy = m?% 31
¥ = Awt + Ap — arctan (o) = u — arctan ()
(32)
D,, = % (Av,, + Av)). -

The parameters «; and «, account for the possibility the
gain saturation coefficient for the intensity equation may
differ from that of the carrier equation.

1II. DETERMINISTIC RESULTS

Except for the Langevin noise source, (30) is the same
form as presented by Adler [2]. Directly from Adler’s
equation, it is possible to point out some characteristics
about injection locking. First, in steady state,

v . Aw
s = arcsin | — }.
Y a 1 AwL

Therefore, one immediately sees that there is a steady-
state solution only if

(34)

|Aw| = Aw,. (35)

This expression [with Aw; given by (31)] is slightly dif-
ferent from previously reported theory of semiconductor
laser locking. In particular, 3 is multiplying the linewidth
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enhancement factor «. Formally, the inclusion of gain
saturation results in the 38 factor, but typical values for 8
are close to 1. Since « is usually not known very accu-
rately, the correction due to gain saturation can be ignored
when calculating the locking bandwidth and steady state
relative phase.

For the study of transients it is helpful to observe that
(30) can be thought of as a zero mass object in a potential

AwL

Aw
Viy) = Y ¥ - cos (¥) (36)

w"
with a damping constant of one.

Plotting (36) will provide some insight into the locking
process. Fig. | shows a potential function for which lock-
ing will occur. The variable ¢ is equivalent to an over-
damped particle in the potential. For example, ¢ is the x
coordinate of a marble on a surface like Fig 1 surrounded
by a viscous fluid. If the marble is imagined on a surface
shaped like Fig. 1 then it will settle into the bottom of one
of the wells. Which well the marble settles into depends
on the initial condition. For example, if at 7 = 0 the mar-
ble is at Y = —2, then it will settle to the local minimum
located at Y = 0.5. As Aw, tends towards Aw the depth
of the potential well reduces, and when they are equal the
potential no longer has local minima.

The transient nature of injection locking is of particular
interest in this paper. Adler’s equation can be directly in-
tegrated to provide a closed form solution of how the
phase (frequency) changes as a function of time. As shown
by Adler [2], the closed form solution is

k-1

¥ (1) = 2 arctan [% + X

 tan <%_—@ N 1>] (37)
w"

where

g = Ao (38)

" A

and 7, is used to fit to the initial relative phase condition.
The normalized detuning parameter |k| will be less than
or equal to I if locking is possible. It is important to note
that Adler’s equation, and hence the analogy to describe
the phase transient for Adler’s solution, is valid only in
the weak injection limit when neglecting relaxation oscil-
lations.

Using (37) we can show that even if the laser is outside
of the locking bandwidth the frequency of the slave is af-
fected. Although the slave will not phase lock to the mas-
ter, the frequency difference between the lasers will be
pulled toward zero. As Adler showed [2], the frequency
pulling can be expressed as

AfVIEE ~ 1

Af, = k

(39
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Fig. 1. Locking potential with w, /(27) = 5 GHz, Aw/(2w) = 500 MHz
and Aw,/(27) = 1 GHz.

where A f; is the pulled frequency difference of the slave
with injection and A f is the free running frequency dif-
ference.

A. Numerical Integration of the Rate Equations without
Langevin Noise Sources

In this section a discussion of the accuracy of Adler’s
solution will be presented. The means of determining the
accuracy will be by comparing the output of the numeri-
cally integrated system of equations with Adler’s solu-
tion. Euler’s method was used to integrate the system.
The only parameters that will be varied in this comparison
will be the locking bandwidth Aw; /27 and the frequency
detuning Aw/27. We now will show the numerical re-
sults assuming the value of the locking bandwidth is 820
MHz and the frequency detuning is 200 MHz. The results
are shown in Fig. 2(a) and (b). In Fig. 2(a), Adler’s so-
lution is shown as the dotted line, and clearly it has failed
to include the relaxation ringing. Fig. 2(b) shows the nor-
malized carrier density (dotted) and the normalized inten-
sity (solid). We assumed a value of 4 for the linewidth
enhancement factor, 5 GHz for the relaxation frequency,
125 GHz for the longitudinal mode spacing, 1.6 ps for the
photon lifetime, 2.2 ns for the spontaneous lifetime, 1.18
x 1072 for «; EZ and zero for x, E2,. The details for the
determination of these values has already been reported
[54].

Next we show the effect of a nonzero rise time of the
injected signal. This will primarily reduce the relaxation
ringing of the system. Now consider Fig. 3 which is a
plot of a numerical integration of the rate equations in-
cluding a nonzero rise time for the injection signal. The
injection signal used to create Fig. 3 has a 10 to 90% rise
time of 0.2 ns. Notice the reduction of the amplitude of
the relaxation oscillations as compared to Fig. 2. For a
rise time of 0.2 ns, it is almost impossible to notice any
ringing at all. This is not to surprising since 0.2 ns is the
period of the 5 GHz relaxation frequency used in the in-
tegration and as stated earlier, if a laser is adiabatically
perturbed (i.e., small changes in relative phase for times
less than 1/f,) the relaxation oscillation amplitude is re-
duced tremendously.
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Fig. 2. Integration of the rate equations for Aw,/(2w) = 820 MHz and
Aw/(27) = 200 MHz. In (a), u is the relative phase between the master
and slave lasers, the dotted line is Adler’s solution and the solid line ob-
tained from integrating the rate equations. In (b), both plots are results of
the numerical simulation of the rate equation. The dotted line is the nor-
malized carrier density and the solid line is the normalized intensity.
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Fig. 3. Effect of nonzero rise time of injection signal on phase transients.
The solid line is the integration of the rate equations and the dotted line is
Adler’s solution. Aw, /(27) = 820 MHz and Aw/ (27) = 200 MHz. The
rise time of the injected signal was 3.5 ns.

1V. Noisé EFFECTsS ON TRANSIENT PHENOMENA OF
INJECTION LOCKED SEMICONDUCTOR LASERS

For the solutions presented in the last section, the three
rate equations were assumed to be deterministic, there-
fore, at steady state the laser would remain unchanged
with time. However, if the laser is in steady state and a
spontaneous emission event occurs, then the output power
of the laser changes slightly from the deterministic steady-
state value. The laser attempts to return to the steady state
via damped oscillations at the relaxation frequency. Since
spontaneous emission is unavoidable, and also since the
laser has a natural resonance at the relaxation frequency,
the power spectrum of the relative intensity noise, RIN,
will have a local maximum at the relaxation frequency.
The phase of the laser field is also changed slightly when
a spontaneous event occurs. This is because a sponta-
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neously created photon, unlike a stimulated one, has an
arbitrary phase and the amplitude fluctuations couple to
the phase fluctuations through the « factor. ‘

In the remainder of this section we will discuss the ef-
fects of noise on injection locked semiconductor lasers.
We will show that there are a few properties of injection
locking in which noise plays an important role. In Section
IV-A the Fokker-Planck equation is used to describe
phase transients. In Section IV-B a discussion of phase
transients which are most influenced by noise is pre-
sented. It is shown that for certain initial conditions, the
time to lock is tremendously reduced as compared to a
deterministic analysis. In Section IV-C we will use the
Fokker-Planck equation to show the effects of noise on
the steady-state locking condition. Then in Section IV-D
we will address the steady-state condition using a power
spectral density analysis. This analysis will allow us to
see the effects of a finite detector bandwidth on the mea-
sured phase statistics. In Section IV-E we point out an-
other difference between the deterministic development of
the last chapter and the analysis including noise. We will
discuss the fact that there is a probability for the locked
lasers to unlock and the relative phase to jump 2.

A. Fokker-Planck Analysis of Phase Transients

Using the stochastic differential equation (30) derived
in Section II, we will now analyze some of the effects that
noise has on injection locking. It is known that there is a
correspondence between a stochastic differential equation
of the form presented in Section II and the Fokker-Planck
equation [55]. The equivalent Fokker-Planck equation
corresponding to (30) has the following form:

ofW,n _ 9 KAw Aw

w, w,

or Iy

L sin <¢)> f, r)]

aZ
+ Dy, Wf(\b, 7). (40)
The Fokker-Planck solution describes the time evolution
of the probability density function f(y, 7). That is, given
an initial condition, ¢, and 7;, the solution can be ex-
pressed mathematically as

f(lp, T) = p(‘ll’ T"I’O’ TO)

where p (a|b) is the conditional probability density. In our
application we will consider the initial condition to be a
uniformly distributed probability density function over 2=
radians. This is due to the fact that we do not know the
relative phase between the master and the slave at the in-
stant the injected signal is incident on the slave.

It is instructive to look at some plots of the Fokker-
Planck solution. The following plots are for a locking
bandwidth of 500 MHz, a frequency detuning of 200 MHz
and a sum of the linewidths of 20 MHz. Fig. 4 shows a
plot of the initial condition. The plot shows both the prob-
ability density function (solid) and the potential function
(dotted). The uniform distribution is positioned such that

a1
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Fig. 4. Initial condition for the Fokker-Planck equation. The dotted line
is the potential corresponding to a locking bandwidth of 500 MHz, a fre-
quency detuning of 200 MHz, and a relaxation frequency of 5 GHz. The
solid line is the probability density function of the relative phase between
the master and slave laser.

much of the distribution will converge to the local mini-
mum located near zero. Fig. 5 shows the probability dis-
tribution function at r = 0.56 ns. The density function has
already begun to take the form of a Gaussian. The poten-
tial plotted in the figure is the same potential as shown in
Fig. 4. It appears different because the y axis is scaled
differently. The Gaussian is roughly centered around the
minimum of the potential as expected. In Fig. 6 we see
how the variance changes with time. This plot assumed
the same conditions as before, that is a locking bandwidth
of 500 MHz and a frequency detuning of 200 MHz. As
one can see, the variance is close to the steady-state value
after about 2 ns. This can be understood by recalling that
the deterministic phase transients discussed in Section 11
were shown to have time constants of approximately
1/Aw;. Regardless of the initial relative phase, all the
phase transients will be near the steady state in about 2 ns
for a locking bandwidth of 500 MHz. Therefore, at that
point in time only the noise is contributing to the distri-
bution of the phase (and the variance).

B. Phase Transients Equivalent to the Decay of an
Unstable Equilibrium

Many applications which utilize the phase-locked con-
dition, such as phase modulation or frequency shift key-
ing, have bandwidths which are limited by the time it takes
to achieve locking. Many features of the locking process
can be understood by examining the potential of the rel-
ative phase equation. In Fig. 4 the dotted line is a plot of
the potential for a locking bandwidth of 500 MHz and a
frequency detuning of 200 MHz. Consider an initial rel-
ative phase distribution which is a delta function not near
a relative maximum of the potential. In this case the phase
will move towards a local minimum and settle to a steady
state. Now, consider the special case where the initial rel-
ative phase is at the peak of one of the local maximums
of the potential. In this situation, the phase is in an un-
stable equilibrium. However, the phase noise would move
the phase away from this equilibrium. The question that
we would like to address in this section is the mean time
it takes for the value of ¥ to move away from the maxi-
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Fig. 5. Probability density function of the relative phase at r = 0.56 ns.
The laser parameters are the same as that of Fig. 4.
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Fig. 6. Relative phase variance as a function of time. The laser parameters
are the same as that of Fig. 4.

mum to a position where the noise has little influence on
the trajectory. If we could determine this mean time, then
we could calculate the total locking time since we can use
the deterministic solution from Section III to describe the
remainder of the trajectory of  up to the point where it
is near the local minimum of the potential. Fig. 7 shows
three plots of the numerical integration of (30), each with
different levels of noise. The noise level is determined by
the sum of the linewidths of the free running master and
slave lasers. In the figure, the three different total line-
widths are shown, namely 20, 2, and 0.2 MHz. Clearly,
the narrower linewidths lead to a larger transit time.

The statistics of the transit time away from an unstable
equilibrium point has been addressed theoretically by a
few different groups [56]-[59]. In particular, the work of
Haake er al. [57] is quite general, thus it is straight for-
ward to apply their results to our problem. They showed
that if one has a stochastic differential equation of the form

aS(T)

Py S@® + F(@)

(42)
where F(¢) is a Langevin noise term with a diffusion con-
stant D, then, if one starts out precisely at the point of
unstable equilibrium, the mean time to move a distance
M away from the initial point is given by

.1 M’ '
t25{1n<i>+7+2ln(2)7 (43)
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Fig. 7. Effect of linewidth on transit time away from a potential maxi-
mum. The locking bandwidth was 500 MHz and the frequency detuning
was 200 MHz.

where y is Euler’s constant and is approximately 0.5772,
and the variance of ¢ is given by

= Z 4)
o ==
2
The last two equations are valid given that
M2
1 << —. 45
D “45)

The condition just shown basically states that the distance
M must be large enough such that the influence of the
noise is small compared to the deterministic contribution.

We now will cast (30) into the form of (42) so we can
make use of Haake’s et al. results. The resulting mean
time is given by

t":

1 {1 (MZAfL J1 - k2>
n
47A f; N1 — k2 Av,, + Av,

+y+2In (2)} (46)

" where 7 is in units of seconds. Using (44) we obtain the
variance,

1
T 8Af(1 - kD

In Fig. 7 we showed how the mean time varied with
the sum of the linewidths of the lasers. We will now com-
pare the plots to the theoretical expression of (46) to see
how closely they match. The position where each plot
crosses the y = 2.0 line represents the mean time to move
a distance of m — arcsin (Aw/Aw;) — 2.0 = 0.73, there-
fore, the value of M to use in (46) is 0.73. Table I shows
a comparison of the theoretical and numerical results. No-
tice how the accuracy of the numerical results improve as
the total linewidth is reduced. This can be explained by
noting that as the linewidths are reduced the diffusion con-
stant is also reduced. The reduction of the diffusion con-
stant means that the condition shown in (45) is more eas-
ily satisfied, thus the improved results.

It has been shown that noise does have an important
effect on the time it takes two lasers to lock. However,

(47)
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TABLE 1
COMPARISON OF THEORETICAL AND NUMERICAL TRANSIT TIMES FROM AN
UNSTABLE EQUILIBRIUM.

Av,, + Av, (MHz) Theory (ns) Numerical (ns) % error
20.0 0.776 0.714 -8.0%
2.00 1.175 1.126 —-4.2%
0.20 1.575 1.534 -2.6%

the relative influence that the noise has on the transit time
is strongly dependent on the initial relative phase between
the two lasers. If the initial relative phase is the location
of a local maximum of the potential, then we now know
that the noise is essential to obtain the correct locking
time. Equation (45) provides us with an expression by
which to determine the influence of the noise. If (45) is
not satisfied (when we use M = ¢ (0)), then the effect of
the noise is important. On the other hand, if the initial
relative phase is such that (45) is easily satisfied, then we
can use the deterministic solution of Section II. The over-
all time to lock can be determined by using the determin-
istic analysis for initial conditions away from the maxi-
mum of the potential, and (46) for the initial condition
near the maximum.

There has been some previous work dealing with the
transit time statistics for semiconductor lasers. In partic-
ular, some groups have discussed the turn-on time delay
of a semiconductor laser below threshold which is sub-
jected to a step of the injection current which pushes the
laser above threshold [60], [61]. This is analogous to the
problem of injection locking since far below threshold,
the nonzero intensity is due to spontaneous emission per-
turbing the intensity from the deterministic steady-state
value of zero. After the step in the injection current, the
potential changes shape becoming a fourth-order poly-
nomial with a local maximum at zero. As soon as this
second potential is developed, the intensity is still at (or
very near) zero. Therefore, we see that the laser will be-
gin to lase by being perturbed off of the unstable equilib-
rium point. In general, the turn-on phenomenon in semi-
conductor lasers requires the consideration of the carrier
dynamics, and in fact these earlier papers include this ef-
fect. It should be noted again that we have adiabatically
eliminated the carrier dynamics from the problem to ob-
tain the stochastic differential equation presented earlier
in this chapter. We justify this by considering the weak
injection limit which has been shown not to depend much
on the carrier dynamics. If the effect of the carrier dynam-
ics was included, the potential would be a more complex
(three-dimensional) surface, and it would develop over a
nonzero time. The time for the potential to settle to a
steady state would be on the same order as the damping
of the relaxation ringing. We used a damping constant, T',
= 9.5 x 10° s~', which means the damping time, 1/T,
is less than a nanosecond. However, regardless of how
the potential is developed, it is still possible that the rel-
ative phase may be in a location of an unstable equilib-
rium point. Therefore, the analysis presented in this sec-
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tion would be valid for the time necessary to fall off of
the unstable point.

In short, the analysis of this section dealing with time
transients shows that the deterministic solution is inade-
quate to describe the time transients for all initial condi-
tions. In fact, the analysis presented here provides a sig-
nificant improvement over the deterministic model which
predicts an infinite fall time of the unstable equilibrium
point. Including the carrier dynamics to the time to lock
calculation would be a higher order correction to the anal-
ysis presented here.

C. Steady-State Locking Condition using Fokker-Planck
Analysis

The Fokker-Planck differential equation will allow us
to discuss the salient features of injection locked semi-
conductor lasers including the effects of noise. It is inter-
esting to observe the difference between the steady-state
solution derived in Section III with that of the Fokker-
Planck equation. In section III, we used a potential to help
describe both locking bandwidth and locking transients
for the weak injection case. We recall that the steady-state
value of Y was determined by the position of a local min-
imum of the potential plotted in Fig. 1. It is clear from
this figure and from the analysis that the steady-state value
of y approaches a constant value. This is equivalent to a
probability density function in the form of a Dirac delta
function. This conclusion is only valid in the assumption
that there is no noise in the system. The Fokker-Planck
steady-state solution is therefore a much more accurate
account of the locked state [42].

It is important to realize that the injection locking po-
tential has no true steady state. This can be seen by con-
sidering the potential shown in Fig. 1 in Section III. If
the value of the phase ¥ is at a minimum of the potential,
we know that there is a finite probability for the noise of
the system to perturb the phase such that it escapes over
the potential barrier. After the escape over the barrier, the
phase settles into the new local minimum. Because of the
shape of the potential shown in Fig. 1, the mean value of
the phase will increase with time. That is, the phase is
more likely to escape over the right barrier of any local
minimum since it is smaller than the left barrier. There-
fore, we see that the probability distribution function will
never have a zero time derivative. This problem is studied
in more detail in Section IV-E.

If the mean escape time over a potential barrier is very
large, then the time derivative of the probability distri-
bution is small and the steady-state Fokker—Planck equa-
tion can be expressed as

FW) = coexp <%(f)>

(48)
where ¢, is a normalization constant and V(y) is the in-
jection locking potential as discussed in the previous sec-
tion. This is accurate for times much smaller than the
mean escape time. It will be shown in this section that the
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mean escape time is enormous for typical values of the
normalized detuning parameter k. In fact, for a frequency
detuning of 200 MHz and a locking bandwidth of 500
MHz, we have calculated the escape time to be 10'' s.
Expanding this solution around the minimum of the po-
tential we obtain a Gaussian probability density given by

Aw, V1 — K

o swL N TR 2
27 (Av,, + Avy) av > “9)

fW) = ¢ exp<

where ¢, is a normalization constant. This form of the
solution is useful for providing insight into the effect of
noise on the locked state. This probability density func-
tion shows all the characteristics one would expect from
known results of the steady-state noise characteristics in
injection locked lasers [39], [40].

Looking at the exponent of (49) we see that as the
linewidths of the lasers approach zero, the probability
density becomes a delta function. This is not surprising
since letting the linewidths approach zero is equivalent to
ignoring the noise of the system and we already pointed
out that without noise the probability density function is
a delta function. Next, consider the effect of k approach-
ing one. The slope of the potential around the minimum
is reduced as k approaches one. This has a direct effect
on the width of the probability density function. As (49)
shows, as k approaches one, the variance of the probabil-
ity density function increases. A very simple physical
analogy showing this trend is shown in Fig. 8. As the
marble is perturbed by a random noise force (spontaneous
emission), the kinetic energy is converted to potential en-
ergy as the marble travels up the side of the potential. At
the point where the potential energy equals the original
kinetic energy the marble stops and returns to the mini-
mum. For values of k closer to one the marble must travel
further in the y direction before it stops we expect a higher
probability to find the marble further from the minimum
as predicted by (49).

The last term in (49) to be considered is Aw;. We see
that as the locking bandwidth, Aw, increases the width of
the probability density function decreases. This can be
understood by considering the transients of the { variable
as discussed in Section III. The locking transient is
roughly proportional to the inverse of the locking band-
width. Let’s consider how this effects the marble analogy.
In the limit as the bandwidth approaches infinity the time
it takes for the marble to return to the minimum goes to
zero. Therefore, when a random noise event perturbs the
marble from the minimum, it will immediately return be-
fore the next random event. Now, as the locking band-
width is reduced, we see that the marble will take some
finite amount of time to return to the minimum. During
this return trip, the marble could be perturbed by another
random noise event. If the time to return to the minimum
is long enough, then the marble could experience many
perturbations which can move it further from the mini-
mum than any single noise event could. Therefore, as the
locking bandwidth is reduced it is reasonable to expect a
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Fig. 8. Effect of increasing k on displacement from steady state.

higher probability to find the marble further from the min-
imum of the potential. It seems that (49) is an acceptable
expression describing the probability density function.

D. Steady-State Locking Condition Using Power
Spectral Density Analysis

In the last section we derived an expression for the
probability density function for the relative phase between
the master and slave injection locked lasers. We showed
that the form of the distribution was a Gaussian with a
variance of

> Ap, + Ay
28f, N1 — k%

For a frequency detuning of 200 MHz, locking bandwidth
of 500 MHz, and a sum of linewidths of 20 MHz, the
standard deviation is approximately 8°. However, the
variance (standard deviation) is directly affected by the
detection process. It will be shown that the observed
variance of the relative phase can be reduced by using a
realistic phase detector, that is one with a finite band-
width.

It will be easier to derive an expression for the effect of
the detector bandwidth on the variance of the relative
phase of the lasers if we use a power spectral density ap-
proach. The variance of a process can be expressed as the
integral over all frequencies of the power spectrum of the
process [62]. We carried out the calculation and the result
is the same as that of the Fokker-Planck analysis. How-
ever, the advantage of the power spectrum approach is
that it allows us to consider the effects of a limited band-
width detector by reducing the limits of integration in the
variance calculation. Linearizing Adler’s equation around
steady state, the power spectrum can be expressed as

(50)

27w (Av,, + Av))

5
w2+'yz b

SAI// =

where v = Aw; ¥1 — k. We can calculate the variance
by using the following [62]

1 Av, + A
(Al,(/2> — _S 277( Vm V,\) dw

2 2 52
27 J 28 W+ g (52)
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where B is the phase detector bandwidth in Hertz. The
integral has a solution of

(AYpY = _Avn Ay, arctan (————B >
P aaf N - & AfNT =)
(53)

Evaluating the last equation as B approaches infinity gives
the same result that was obtained using the Fokker-Planck
analysis. However, by changing the limits of integration
it is possible to obtain the effects of limited detection
bandwidth on the variance. The infinite bandwidth stan-
dard deviation of about 8° is reduced to about 0.3 degrees
with a detector bandwidth of 1 MHz. Equation (51) also
represents the phase noise of the beat note between the
master and the slave. From the form of (51) it follows
that the beat note consists of a sharp spectral line riding
on a flat noise background suppressed by Sy, (0).

E. Mean Passage Time in a General Potential

There is another interesting difference between the
analysis of injection locking in the presence of noise and
the deterministic analysis of Section III. It was shown that
if

Aw

— =1
Awy

(54)

the lasers would lock together. This locked condition is
maintained for as long as the above condition is main-
tained. However, it is possible for the relative phase to
move to adjacent minima by jumping over the potential
barriers. If the relative phase is not held constant, then
the lasers are not locked, at least as defined in the deter-
ministic analysis. However, the conditions for locking can
be slightly modified to define that two lasers are locked if
the relative phase doesn’t jump over a barrier in some
length of time.

A general development of transit times in a potential
has been presented by Gardiner [55]. The result was a
double integral which can be used to calculate the mean
time to pass from point a to point b in a given potential.
The expression is
b

dy exp (V(y)/D)

a

T(a—>b)=ég

N ewvama o9

where, as before, D is the diffusion constant of the
Langevin noise term and V' ( y) is the potential. The dou-
ble integral is easy to solve in the limit of no injection
since the potential reduces to

) Aw
Viy) = —y. (56)
W,
The result of the integration is
b—a
T(a — b) = . (57)
Aw
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This is expected since in the case of no injection the mas-
ter and slave lasers are separated in frequency by
Aw/(27). Therefore, the relative phase between the two
lasers changes at a rate of Aw radians per second. Thus
the time necessary to pass through (b — a) radians is as
given in the last equation.

Equation (55) was integrated numerically and the result
is shown as the dotted line in Fig. 9. The escape time
plotted in this figure represents the mean time it takes for
the relative phase to pass from its present location (near
a local minimum) to an adjacent local minimum. There
are 27 radians separating the adjacent local minima,
therefore, the inverse of the time plotted represents the
relative frequency difference between the master and slave
lasers.

Adler’s theory predicts frequency pulling outside of the
locking bandwidth |k| > 1 and this pulling was expressed
in (39). Looking at Fig. 9, the solid line, for values of k&
greater than 1, is a plot of the inverse of the pulling (39).
Equation (39) is equal to zero for k equal to one, there-
fore, the plot of the inverse has a singularity at this point.
However, we see that the dotted line, representing the
pulling including the noise of the lasers is finite at k equal
to one. This is because the random noise forces can result
in perturbing the relative phase, whereas the deterministic
solution shows the locking occurs at this point. The major
point to make about the difference is that Adler’s theory
predicts an absolute transition to lock, namely when |k|
is less than or equal to one, whereas the analysis including
noise shows that the transition to the locked state is a mat-
ter of definition. It is clear, unlike the analysis of Section
III, that the two lasers are theoretically never completely
phase locked. Not only does the steady state phase con-
tinually experience perturbations away from the local
minimum of the potential, but it also experiences 27 ra-
dian phase jumps when it escapes of the potential barrier.

Following Gardiner’s [55] treatment, we can obtain ap-
proximate results for the escape time for k < 1. Gardiner
shows that if near the minimum of the potential (point a)
the potential can be written as

1 /¢y —a 2
Viy) = V() + A (58)
o

and near the peak of the potential barrier it can be written
as

1 /¢ - b\
Vi) = Vb) - 2< 5 ) (59)

then (55) could be solved approximately as
T = 2ad7m exp <@-#> (60)

This approximate solution assumes that the potential bar-
rier is sharply peaked at b and the diffusion constant is
small. Therefore, we can conclude that this approxima-
tion will break down as the normalized detuning constant
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Fig. 9. Numerical evaluation of the mean escape time integral. Recall that
k is defined as the locking bandwidth divided by the frequency detuning.
The frequency detuning used in this figure was 200 MHz. The solid line
for values of kK > 1 is the inverse of Adler’s frequency pulling equation.
The solid line for values of & < 1 is Arrhenius formula.

approaches one, since at this point there is no potential
barrier at all.

Gardiner indicates that (60) is the classical Arrhenius
formula of chemical reaction theory. Also, as Risken
points out, it is approximately the same as Kramer’s es-
cape time over a potential barrier [63]. Expanding the po-
tential near the local minimum and the local maximum,
we can rewrite (60) for the problem of escape time of
injection locked semiconductor lasers. The result is

1
Af, V1 — k2

2A £(2 arcsin (k) — m) + 4Af, V1 — k?
exp Av, + A, :

=

(61)

A plot of (61) is shown in Fig. 9 as the solid line for
values of k less than one. As can be seen in the figure,
(61) is a good approximation for values of k which are not
very close to one.

There is a close relationship between the mean escape
time and the steady-state relative phase probability den-
sity function. There is a finite probability that the relative
phase will be located past a potential barrier separating
two local minima of the locking potential. Intuitively,
once the relative phase funnels through the potential bar-
rier, it settles into the adjacent local minimum. The
knowledge of the probability density function alone will
not allow one to calculate the mean escape time. How-
ever, as just shown, the Fokker-Planck equation allows
us to show the relationship between the probability den-
sity function and the escape time.

In Fig. 10 one can see how quickly the mean escape
time grows. One sees that for a value of k = 0.5 the mean
escape time is on the order of 1000. This illustrates the
fact that effects of noise are negligible for values of k less
than 0.5. The useful range of the locking bandwidth will
depend upon specific applications.

The phase jumping described by (61) is analogous to
the mode jumping observed in external cavity lasers as
discussed by Mork et al. [64].
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Fig. 10. Expanded view of the mean escape time. The laser parameters
are the same as that of Fig. 9.

V. EXPERIMENTAL MEASUREMENTS OF LOCKING
PROPERTIES

To our knowledge, no experiment has been reported on
the locking time in semiconductor lasers. In this section
we will present the results of our experiment which mea-
sures the time to lock of GaAlAs Fabry-Perot laser
diodes. We will show that the results are consistent with
the model developed in the previous sections.

A. Experimental Arrangement for Measuring Mean
Locking Time

The schematic of the experiment is shown in Fig. 11.
The slave is isolated (70 dB) from the input of the fiber
to prevent reflection feedback as well as injection from
the slave. A polarization controller in one of the optical
fibers is used to match the polarization of the two fibers
before beating the signals in a 3 dB fiber coupler. One
output of the coupler was detected and displayed on a
spectrum analyzer. The other output passed through a
static Fabry—Perot interferometer and was displayed on an
oscilloscope.

In this experiment, we utilized the fact that a slave laser
could be locked to a sideband of a modulated master laser.
The master laser was modulated with a 5 GHz pulse mod-
ulated microwave signal. The pulse modulation frequency
was on the order of 3 to 4 MHz. We operated the slave
laser such that the lasing frequency was very close to one
of the sidebands of the master. This was accomplished by
blocking the injection signal and observing the beat note
on the spectrum analyzer. To understand the experiment,
assume that the slave is lasing at a frequency 200 MHz
away from the frequency of the first-order sideband of the
master. During the time that the master is not being mod-
ulated (i.e., no sidebands) the slave does not lock since
there is no signal present. This assumes that the locking
bandwidth is much less than 5 GHz so that the slave does
not try to lock to the center carrier of the master laser.
Then the master is modulated (i.e., sidebands appear) and
the slave laser frequency changes since the laser is lock-
ing to the sideband. Therefore, the time to lock could be
measured by observing this frequency change.

We used a Fabry-Perot interferometer as a frequency
discriminator to monitor the frequency change of the slave
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Fig. 11. Experimental arrangement used to measure mean time to lock.

laser during the locking transient. The Fabry-Perot was
operated in a static mode such that the frequency of the
free running slave laser was near a cavity resonance as
shown in Fig. 12. Then as the frequency changes due to
the influence of the injected signal, the frequency change
is converted to an intensity change because of the char-
acteristics of the Fabry—Perot resonance. We can monitor
this intensity modulation on an oscilloscope which is trig-
gered by the pulse modulator.

There are several points to consider about this tech-
nique. The transient of the slave laser is directly related
to the initial value of the relative phase between the mas-
ter and the slave. Since we did not have information about
the initial phase condition, we performed an ensemble av-
erage by averaging many traces on the oscilloscope. Also,
the characteristics of the Fabry-Perot, that is the free
spectral range and the finesse, can have a major effect on
the results of the experiment. We derived an expression
for the transient response of a Fabry-Perot cavity. The
intensity output can be written as

T s—FrAf() + E (62)

where 7 is the round-trip time of the cavity, F is the
finesse, and E is an error term which shows the deviation
of the Fabry-Perot from a perfect frequency discrimina-
tor. We simulated a Fabry-Perot cavity with a finesse of
100 and a mirror spacing of approximately 0.7 mm and
found the E was negligible for the frequency transients
resulting from injection locking considered in this paper.

B. Results of Mean Time to Lock Measurement

We will discuss the procedures used to measure the ef-
fect of operating condition on the mean time to lock. We
will begin the section by discussing the experimental de-
termination of the frequency detuning and the locking
bandwidth. Then we will discuss frequency overshoot
which was first noticed in the output of the numerical
evaluation of the model and then in the laboratory. We
will then present experimental results showing the de-



1058

Intensity

Time

Frequency

Fig. 12. Use of static Fabry-Perot to monitor slave laser frequency tran-
sient.

pendence of the mean locking transient on the frequency
detuning. Similarly, experimental results showing the
mean transient dependence on the injection level are also
presented.

1) Experimental measurements of frequency detuning
and locking bandwidth: We would like to point out some
important points about the frequency detuning and lock-
ing bandwidth estimates used in the following sections.
The fit of the theoretical plots to the experiment results is
very dependent on one’s confidence in these two param-
eters.

The locking bandwidth of this experiment was esti-
mated by observing the beat note on the spectrum ana-
lyzer. As the frequency detuning of the two lasers was
reduced by controlling the current of the slave laser we
observed the beat note frequency approach zero. The de-
terministic model predicts that there is a distinct transition
to the locked condition. However, as shown in the last
section, the noise of the system causes the phase of the
two lasers to change. Therefore, even though there are
local minima in the potential, one can still observe a beat
note on a spectrum analyzer. Experimentally this means
it is difficult to exactly determine the locking bandwidth.
Also, the beat note before locking had a full width half
maximum of 20 MHz which limited our ability to obtain
frequencies from the spectrum analyzer.

The frequency detuning of the two lasers is more dif-
ficult to obtain in our experiment. In a more simple lock-
ing experiment where the master laser is unmodulated, it
is much easier to obtain the detuning. One only needs to
block the injected signal to obtain the free running fre-
quency detuning on a spectrum analyzer. However, our
situation is more complicated. The model we are using
contains the necessary information to describe locking be-
tween a single master frequency and a single slave fre-
quency. The experiment we carried out involved locking
the slave to a sideband of a modulated master laser.
Therefore, the presence of the carrier will have an effect
on the slave which is not accounted for in the model. We
attempted to measure the effect of the carrier by placing
the slave frequency 1.5 GHz less than the sideband fre-
quency of the master. Since we have a 5 GHz modulating
frequency, the slave is operating a frequency of f,, + 3.5
GHz, where f,, is the frequency of the master carrier.
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Now, when we unblocked the injection signal we noticed
that the slave frequency pulls toward the carrier. If the
effect of carrier was negligibly small, we would expect
the slave frequency to pull slightly towards the sideband
(assuming the locking bandwidth were much smaller than
1.5 GHz). Therefore, we had to compensate for the pull-
ing due to the carrier when estimating the frequency de-
tuning. We measured the frequency pulling towards the
carrier frequency to be on the order of 150 MHz for the
experiments just discussed. This means that when we ob-
serve a frequency detuning of 50 MHz then the actual de-
tuning would be approximately 200 MHz. There is some
uncertainty in the estimate because we know that the pull-
ing toward the carrier is competing with the pulling of the
sideband.

2) Frequency overshoot: We have determined that the
frequency overshoot is due to the nonzero rise time of the
injected signal. To assist in the understanding of this phe-
nomenon, consider the case of zero rise time. In Fig. 13(a)
the phase transients for different initial conditions are
shown. The frequency detuning to obtain these numerical
results was assumed to be 100 MHz and the locking band-
width was assumed to be 500 MHz. The mean frequency
transient can be obtained by averaging the derivatives of
the phase transients. Now consider a nonzero rise time as
shown in Fig. 13(b). This figure shows phase transients
for different initial conditions assuming a 3.5 ns rise time
on the injected signal. We can describe the difference be-
tween this plot and the plot of Fig. 13(a) by using the
potential description of locking. The minimum of the po-
tential (after the injection reaches full strength) is located
at approximately 0.2. However, initially, the injection
level is zero, and the potential is just a straight line with
negative slope. The derivatives of all the transients are
equal to (27) 100 X 10° radians per second since this is
the free running frequency difference. As the injected sig-
nal increases the potential changes. At a particular point
in time, the potential obtains local minima. At this point
we known (deterministically) that the phase transients im-
mediately head for a local minimum. Consider the phase
transient with the initial condition near —4. As the phase
increases the potential is simultaneously changing. How-
ever, before it reaches the value of 0.2 the potential al-
ready has a local minimum and the phase comes to rest.
Next, consider the transient which has an initial condition
near 2. The phase is increasing at the same time as the
potential is changing, however, when the minimum ap-
pears the rate at which the phase is changing slows. Even-
tually, the phase reverses direction and travels back to-
wards the minimum. The process of slowing and reversing
direction delays the trajectory significantly. Looking at
Fig. 13(b) we see that the presence of the delayed tran-
sients which started near 2 result in a mean frequency (de-
rivative of the phase) which is negative for times roughly
between 4 and 5 ns. This causes the mean frequency to
exhibit overshoot.

We have experimentally observed the frequency over-
shoot as shown in Fig. 14. The experimental frequency
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Fig. 13. (a) shows phase transients for different initial conditions with a

zero second rise time on the injected signal. The locking bandwidth was

500 MHz and the frequency detuning was 200 MHz. (b) shows phase tran-

sients for different initial conditions but assumes a 3.5 ns rise time on the

injected signal.
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Fig. 14. Comparison of Fokker-Planck and experimental results showing
frequency overshoot. The dotted line is the Fokker-Planck solution and the
solid line is the averaged and smoothed data. The locking bandwidth was
approximately 450 MHz and the frequency detuning was 100 MHz.

detuning and locking bandwidth was 100 and 450 MHz,
respectively. Recall that the frequency detuning is defined
as the master frequency minus the slave frequency. The
experimental data was smoothed and normalized and
compared to the numerical evaluation of the Fokker-
Planck equation (dotted) using the same detuning and
locking bandwidth as measured experimentally. Theoret-
ically, as the magnitude of the frequency detuning is in-
creased the overshoot is reduced. This was also observed
experimentally.

3) Effect of frequency detuning on the mean frequency
transient: A typical experimental output is shown in Fig.
15 for a frequency detuning of 250 MHz and a locking
bandwidth of 500 MHz. The numerical simulations with
the same parameters shows that there should be frequency
overshoot for these parameters. However, we did not av-
erage on the oscilloscope long enough to see the over-
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Fig. 15. Typical raw data for detuning effect measurement. Af;, = 500
MHz, Af = 250 MHz.

shoot. To obtain the experimental results presented earlier
which showed the overshoot, we averaged for a few min-
utes. In this present experiment, we averaged only on the
order of 10 to 15 s since averaging for shorter times re-
duces the effect of the frequency drift on the measure-
ment.

Using a least square method, the raw data shown in
Fig. 15 were fitted to a function of the form

y = x; + x; tanh [x3(f + xy)]. (63)
After the function was fitted, it was normalized such that
at t = — oo the function had a value of one, and at t = o

it had a value of zero. We then recorded the time which
corresponded to an output value of 0.5 along with the
slope of the function at this point. Then the experiment
was repeated until we had collected five data points for
the first frequency detuning. At this point, we increased
the frequency detuning by 100 MHz and repeated the ex-
periment. The results are shown in Table II. The fre-
quency detuning is shown in the first column of the table.
In the second column, the time ¢,, which corresponds to
the output value of 0.5 is listed. The standard deviation
of 1, is listed in column three. The last two columns list
the slope and standard deviation of the slope evaluated at
t = t,. In Fig. 16 we compare the numerical results (dot-
ted) with the time shifted fitted functions (solid). The nu-
merical (dotted) plot closest to the A f axis is the results
obtained using 250 MHz detuning, and the furthest from
the axis was obtained with a detuning of 450 MHz. The
fitted functions were all time shifted by the same amount.

There are some important points about this comparison
which should be discussed. First, the choice of the tanh
function as the fitting function is obviously not the best.
This functional choice will limit how well the fit to the
numerical results will be. Second, the values of the fre-
quency detuning and the locking bandwidth have some
uncertainty. This also will affect the fit. We determined
that the uncertainty in the locking bandwidth was negli-
gible throughout the experiment and that the frequency
difference between successive detunings was 100 + 20
MHz. Considering the limitations of the fitting functions
and the uncertainties in the experimental parameters, the
agreement between the model and the experiment is very
good.
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TABLE I1 TABLE 111

EFFECT OF FREQUENCY DETUNING ON LOCKING TRANSIENT FOR A LOCKING EFFECT OF LOCKING BANDWIDTH ON LOCKING TRANSIENT FOR A DETUNING
BANDWIDTH OF 500 MHz. OF 200 MHz.

Af(MHz) t, (ns) o, (ns) slope at 7, a, Af; (MHz) {,, (n8) g, (ns) slope at 7, o,
250 147.53 0.09 0.430 0.016 350 147.46 0.17 0.310 0.017
350 148.21 0.11 0.317 0.013 440 147.10 0.05 0.436 0.016
450 148.96 0.16 0.265 0.013 550 146.83 0.06 0.506 0.050
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Fig. 16. Comparison of experiment and numerical results of the effect of
frequency detuning on the mean frequency transient. The solid line is a
tanh fit to the experimental data and the dotted line is a numerical evalua-
tion of the Fokker-Planck equation. Af, = 500 MHz and Af = 250, 350,
450 MHz.

4) Effect of locking bandwidth on the mean frequency
transient: The final experimental result we will present
shows the dependence of the mean locking transient on
the locking bandwidth. Basically, we are repeating the last
experiment, but instead of varying the detuning we varied
the locking bandwidth by changing the injection level.
This experiment is slightly more difficult because each
time the injection level is changed, the pulling effect of
the master carrier frequency is also changed. We at-
tempted to measure the pulling due to the carrier for each
injection level and compensate the frequency detuning in
such a way to always have a detuning of 200 MHz.

The values used in the model for the locking bandwidth
were checked by measuring the locking bandwidth at one
injection level and assuming it increases as the square root
of the injected power. This theoretical result was com-
pared to the measure values of the locking bandwidth and
matched well.

The same tanh functional form was used to fit the data
and the results are shown in Table III. In Fig. 17 we show
the comparison between the numerical evaluation of Fok-
ker-Planck (dotted) with the fitted functions. The numer-
ical (dotted) plot closest to the A f axis corresponds to a
locking bandwidth of 350 MHz, whereas the one furthest
from the axis is for a locking bandwidth of 550 MHz.

Again, we stress that the trends predicted by the nu-
merical simulations of the Fokker-Planck equation are
what we observed experimentally. That is, as the locking
bandwidth was increased, the value of 7, decreased and
the slope increased.

Fig. 17. Comparison of experiment and numerical results of the effect of
locking bandwidth on the mean frequency transient. The solid line is a tanh
fit to the experimental data and the dotted line is a plot of the numerical
evaluation of the Fokker-Planck equation. Af = 200 MHz and Af; = 350,
440, and 550 MHz.

VI. CONCLUSION

In summary we have presented a detailed theoretical
and experimental study of transients of injection locked
semiconductor lasers. Particular attention was focused on
the effect of noise on the phase transients.

The theoretical model is based on the rate equations
including spontaneous emission noise sources. Gain sat-
uration leads to a small correction to the standard steady-
state solutions. By adiabatically eliminating the carrier and
intensity dynamics, we derived a Langevin equation for
the relative phase between the master and slave lasers.
This equation is identical to Adler’s equation with the ad-
dition of a noise term.

The range of validity of the adiabatic elimination was
determined by comparing numerical integration of the full
rate equations to the analytical solution of Adler’s equa-
tion. Also, the effect of nonzero injection signal rise time
and fall time is important when discussing phase tran-
sients. For injection signal rise times significantly longer
than the relaxation oscillation period, we found the adi-
abatic elimination yields accurate results for the phase
transients. Setting the rise times to zero will result in ex-
citing relaxation oscillations which can reduce the band-
width of application utilizing injection locked lasers.
However, with nonzero rise and fall times there is much
less excitation of relaxation oscillations since the spec-
trum of a smooth rise (fall) drops off much more quickly
than the spectrum of a discontinuity. Therefore, we con-
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cluded that nonzero rise and fall times must be considered
when investigating limitations on bandwidth of applica-
tions utilizing injection locking. In the weak injection
limit, Adler’s solution was found to be sufficiently accu-
rate even for zero rise times due to the very low excitation
of the relaxation oscillations.

The effect of noise on the phase transients was studied
using both the stochastic Adler equation and the corre-
sponding Fokker-Planck equation. We numerically solved
the Fokker-Planck equation starting from a uniform rel-
ative phase distribution and plotted the time evolution of
both the probability density function and the relative phase
variance. In steady state, the distribution function couid
be adequately approximated by a Gaussian with a vari-
ance given by the laser linewidths, locking bandwidth,
and frequency detuning. A power spectral density analy-
sis of the relative phase showed how the observed phase
uncertainty could be reduced using a limited bandwidth
phase detector.

The analysis showed that the noise plays a major role
in two instances. First, we showed that the noise could
drastically shorten the transit time for phase transients
with initial conditions at or close to the unstable equilib-
rium points. Second, it was found that even in steady
state, the noise could cause the relative phase to jump by
27. We numerically calculated this mean escape time from
the Fokker-Planck equation. Except for detuning very
close to the locking bandwidth we found that the escape
time could accurately be approximated with the classical
Arrhenius formula (or Kramer’s escape time) inside the
locking bandwidth and with Adler’s frequency pulling
formula outside the locking bandwidth. This escape time
puts a limit on the useful detuning range. For example,
with a detuning of 80% of the locking bandwidth the es-
cape time was found to be less than one microsecond.

Throughout this paper we made repeated use of the
locking potential. We gained much intuition about phase
transients, steady-state distributions, and escape times by
considering the relative phase in the locking potential.
Adler described a mechanical system which was analo-
gous to injection locking, however, it is difficult to deter-
mine the effects of noise from his model. Using the po-
tential described in this paper the effects of noise can be
easily determined.

The experimental results confirmed the validity of the
theory. We found good agreement between the solutions
of the Fokker-Planck equation and the measured average
phase transients for a wide range of locking bandwidths
and frequency detunings. Even for detailed features such
as a frequency overshoot due to the nonzero rise time of
the injected signal we found good agreement.

In conclusion, we have determined that the effects of
noise on transients in injection locked semiconductor la-
sers are significant. One must be very aware of the limi-
tations due to noise when considering applications utiliz-
ing injection locked semiconductor lasers.
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