ASEN 5107 Spring 2007 Nonlinear FEM Quiz 3 (Last Exam)
Solutions

QUESTION 1
Integrated draft and lift forces: Py = pg L = pgoL sin’g, P, = Pt L = prol cos? 6.

—P,4sind + P cosH —PdoSiN®6 + pyo cos®
¢ _1| Pacost + Psing | 1 Pdo SiN? 6 cosO + pro Sind cos? 6 (Q3.1)
L= 2| _pysing + Picoso |~ 2 —PgoSin® 6 + pyocosi :
Pysin® + P, cosé Pdo SIN? 6 €0s6 + Py Sind cos? 6

To abbreviate, cal ¢ = cosf and s = sinf. The necessary partial derivatives in terms of angles are:
oL/dux; = —c, dL/duy; = —S, dL/duxe, = ¢c, dL/duy, = S, d8/dux1 = S/L, d6/duy; = —c/L,
96/dux, = —s/L, 36/duy, = c/L. Using these relations one obtains

Kiu K Kiz Ky

ofL Ko Kz Kz Ky
__t _ 3.2
au Kai Kz Kzz Ky Q3.2

Ki Ka Kaiz Ky

KL=

in which
Ki = Ka1 = 2 pioc’ + 2 paoc?s? + procs®
K1z = Kg2 = — pro€®s — 2 paoc?s? — paos’
Kiz = Kaz = —3proc* — 3 proc®s® — paos*

K1s = Kas = proc® — 3 Paoc?s® — 5 paos’
Ka1 = Kai = paoc®s + procs® + 3 paos®
Koz = Kap = £ proc® + paoc®s + 2 paos®
Kas = Kaz = 3 proc®s® — pro€s’® — 3 Paos’

1, 4 3 1., 4
K24 = K2s4 = —5 PtoC” — PdoCS” — 5 PdoS

(Q3.3)

For the given numerical values,

31.9512 555584 —31.9512 55.5584
0.8816 17.1288 —9.8816 —17.1288 (Q3.4)
31.9512 555584 —31.9512 55.5584 '
90.8816 17.1288 —9.8816 —17.1288

KL=

QUESTION 2

The solution does not change with respect to (a), which justifies the exclusion of the geometric stiffness.

QUESTION 3

Two element flutter load: P, = 14.35E1/L2. Results were obtained with the Mathematica script listed in
Figures Q3.2. Results for the two-element discretization are given in Figure Q3.3.
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ClearAll [2, EA El,L]; L=1; EA=ElI=1; rho=1; Ne=2; Le=L/ Ne;

KeM={{ EALe, 0, 0, - EA/ Le, 0, 0},
{ 0, 12*El/Le 3, 6*El/Le 2, 0,-12*El/Le*3, 6*El/Ler2},
{ 0, 6*El/Ler2, 4*El/Le 0, -6*El/Le 2, 2*El/Le 1},
{-EA Le, 0, 0, EAlLe, 0, 0},
{ 0, - 12*El / Le"3, - 6*El / Le 2, 0, 12*El/Le"3,-6*El/Le 2},
{ 0, 6*El/Ler2, 2*El/Le 0, -6*El/Le 2, 4*El/Le }};
KeG=-{{ 0, 0, 0, 0, 0, 0},
{ 0, 36, 3*Le, 0, - 36, 3*Le},
{ 0, 3*Le, 4* Len2, 0, -3*Le, -Len2},
{ 0, 0, 0, 0, 0, 0},
{ 0, - 36, -3*Le, 0, 36, -3*Le},
{ 0, 3*Le, -Len2, 0, -3*Le, 4*Lenr2} }* A/ (30* Le) ;
KeL={{ 0, 0, 0 0, 0 0},
{ 0, 0, 0 0, 0 0},
{ 0, 0, 0 0, 0 0},
{ 0, 0, 0 0, 0 0},
{ 0, 0, 0 0, 0 1},
{ 0, 0 0, 0, 0 0}}*2

n=3*Ne; K=M:=Tabl e[ 0, {n},{n}]; Mhod=rho*Le/2;
For [e=1, e<=Ne, e++,
If [e==1,eft={0,0,0,3%e-2,3*e-1, 3*e}];
If [e>1, eft={3*e-5, 3*e-4, 3*e-3, 3*e-2, 3*e-1, 3*e}];
If [e<Ne, Ke=KeMrKeG Ke=KeM+KeGt+Kel];
For [i=1,i<=6,i++ ii=eft[[i]];If[ii==0,Continue[]];
If [i==1]]i==2||i==4||i==5, M[ii,ii]]+=M1od];
For [j=1,j<=6,j++ jj=eft[[j]];If[j]j==0,Continue[]];
KILii,jjll+=Ke[[i,j]] 1]

I|;
Print["K=",K//MtrixForm; Print["

M=", M/ Matri xFor m
K11={{K[[2,2]],K[[2,5]1},{K[5 2]], K[ [5,5]1}};
K12={{K[[2,3]],K[[2,6]]},{KI[5 3]],KI[5 6]]}};
K21{{K[[3.2]].K[[3 511}, {KI[6,2]],K[6,5]]}};

K22={{K[[3,3]],K[[3,6]]},{KI[6 3], KI[6 6]]}};

MLI={{M[2,2]], M[2,5]]},{M[5 2]] . M[5 5]]}};

M2={{M[2,3]], M[2,6]]},{M[5 3]] . M[5 6]]}};

M1={{M[3,2]],M[6,2]]},{M[3,5]] . M[6,5]]}};
Me2={{M[3,3]],M[3,6]]},{M[6,3]] M[6,6]]}};
Kc=K11- K12. | nver se[ K22] . K21; Mc=ML1;

1
d=Si npli fy[Det[ pp*Mc+Kc]]; Print["d=",d];
sol pp=Si npl i fy[ Sol ve[ d==0, pp] ] ;
{ppl, pp2} =pp/ . sol pp; Print["p”"2 roots=", {ppl, pp2}];
sol x=Si npl i fy[ Sol ve[ Nurer at or [ pp1] ==0, A] ]; Print["divergence roots
ppl=", Chop[ N sol 2, 6]]];
sol x=Si npl i fy[ Sol ve[ Nurer at or [ pp2] ==0, A] ]; Print["divergence roots
pp2=", Chop[ Nl sol 2, 6]]];
sol x=Si npl i fy[ Sol ve[ ppl==pp2,A]]; Print["flutter roots=", Chop[ N[sol A, 6]]];

Figure Q3.2. Mathematica script to solve Question 3.
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24 12 2
192 - 244 0 0 -96+122 24- 2
22 A A
Ki 0 16-22 0 -24+% 4+
T -2 0 0 2 0 0
12 A A 12 x 11 2
0 -96+122 24,2 0 96-122 _24. 1
0 247% 4+% 0 724+1% 8—%
£ 000 00
0 00 00
w| @ 000 00
0 00 + 00
0 000 %+ o0
0 000 00
472 (3840 +64 2+ 22)° + pp? (403200 - 8160 1 + 31 1) - 48 pp (-2304000 + 119040 A - 1816 22 + 7 2
B 8 (403200 - 8160 A + 31 22)
p~2 roots=

1
{~ 203200 “81607 7 3177 |
358229606400 2% - 7375257600 A% + 79983104 1* - 398400 A° + 722 25)) ),

4032004—8360Ai—3l)2 (6 (~9216000 + 476160 X - 7264 22 + 28 33 + +/ (73043804160000 -

8932294656000 A + 358229606400 A2 - 7375257600 23 + 79983104 1* - 398400 2° + 722 2°) ) ) }

6 (9216000 - 476160 X + 7264 22 - 28 2% + +/ (73043804160000 - 8932294656000 X +

di vergence roots ppl={{1=197.305}}
di vergence roots pp2={{A=65.9204}, {A=-32. -53.0661i}, {A=-32. +53.0661i}}

flutter roots={{x=14. 3477}, {X=64.6765}, {1 = 36.7169 - 36.6831)
{A=36.7169 +36.683 1}, {A=199.671-24.56751}, {A=199.671+24.56751)}

Figure Q3.3. Results of running the script of Figure Q3.2 for the 2-element discretization.

QUESTION 4

Solution using Mathematica:

ClearAll[a,b,rho,CL,kS,mb];
sub={CL->1,rho->1,a->3/4,b->1,kS->1,mb->1};
KM=(kS/4)*{{1,1},{1,1}}+alphaxkS*{{1,-1},{-1,1}};
KL=-(1/2)*rho*CLxv~2*{{(a/b) ,-(a/b) },{(1-a/b) ,-(1-a/b) }};
K=KM+KL; M=(mb/6)*{{2,1},{1,2}};

d=Simplify[Det [K+pp*M]]; Print["d=",d];
sol=Solve[d==0,pp] ;s0l=Simplify[sol];

Print["p~2 roots=",sol//InputForm];

ppl=pp/.sol[[1]]; pp2=pp/.sol[[2]];

Print["ppl=",ppl]; Print["pp2=",pp2];

solf=Solve [ppl==pp2,v];

sold=Solve [pp2==0,v];

vi=Simplify[v/.solf[[2]]]; (* pick +v %)
vd=Simplify[v/.sold[[2]]]; (* pick +v *)
Print["vf=",vf]; Print["vd=",vd];
numvals={CL->1,rho->1,a->3/4,b->1,kS->1};
Plot[vd/.numvals,{alpha,0.0834,1},PlotLabel->"Divergence speed"];
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Vd vs Vf

0.2 0.4 0.6 0.8 1

Figure Q3.4. Ciritical speeds vy and vy plotted as functions of « for ¢ > 1/12.
Note, however, that flutter does not occur at v = v¢ because
p2 # p3 for vy > v > v¢, whence the frequencies do not coalesce.

Plot[vf/.numvals,{alpha,0.0834,1},PlotLabel->"Flutter speed"];
Plot [{vd/.numvals,vf/.numvals},{alpha,0.0834,1},PlotLabel->"Vd vs Vf"];

2 2
(kS + mb pp) (12 alpha b kS + bmb pp - 6 a CL tho v + 3 b CL rho v )

p~2 roots={{pp -> -(kS/mb)},
{pp -> (-3*(4*alpha*b*kS - 2*a*CL*rho*v~2 + b*CL*rho*v~2))/(b*mb)}}
kS
ppi=-(--)
mb
2 2
-3 (4 alpha b kS - 2 a CL rho v+ b CL rho v )

Sqrt[6 a - 3 b] Sqrt[CL] Sqrt[rho]
2 Sqrt[alpha] Sqrt([b] Sqrt[kS]

Sqrt[2 a - b] Sqrt[CL] Sqrt[rhol

For the given numerical values, vg = 2/2/a and vy = 2/2/3/120 — 1. If « > 1/12 = 0.0833, v; isredl
and vs < vg soin theory “flutter” occurs first. [If o < 1/12 instability occurs for any speed because ps is
positivereal.] A plot of vs and vq versusa isshown in Figure Q3.4. Note, however, that the p? roots obtained
above

ks

, _ —3(4abks) — 3(b — 2a)C pv?
mb’ N

Pz bmb

(Q3.5)

pi = -

remain distinct for v > v¢. Hence flutter, in the sense of coalescence of two frequencies, does not happen.
Dynamic instability always occurs by divergence.

Q34



BONUS QUESTION 1
Four element idealization gives Py, = 18.383 E| /L2 as minimum flutter load.

BONUS QUESTION 2

For small deflections, fy = —Apsind ~ —Apuy/L and fx = Apcosd ~ —ip, fz = 0. The only nonzero
entry in the load stiffness matrix is K 22 = — fy/ouy = Ap/L. Thetangent stiffnessis

EA
- 120E| 60EI wl[0 00 ° 35 °
K=Kuy+Ksg+K_= 0 L3 _L2 —So—Fl)_|:O 36 —3Li|+ 0 LIP 0
o =6El 4El 0 —-3L 4L? 0 0 O
L2 L

(Q3.6)
Since K is symmetric the system is conservative and cannot lose stability by flutter. The singular-stiffness
static criterion det(K) = 0 gives Py = 12E1/L?, which is the same result as that of a cantilevered column
treated by asingle Euler-Bernoulli beam element.

BONUS QUESTION 3

A one DOF system cannot flutter because the linearized perturbation system can have only oneroot: p2. Two
distinct roots, p? and p3, must coalesce for flutter to occur.
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