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24-3 824.1 INTRODUCTION

§24.1. Introduction

This Chapter starts a systematic study of the stability of elastic structures. We shall postpone the
more rigorously mathematical definition of stability (or lack thereof) until later because the concept
is essentially dynamic in nature. For the moment the following physically intuitive concept should
suffice:

“A structure is stable at an equilibrium position if it returns to that position
upon being disturbed by an extraneous action”

Note that this informal definition is dynamic in nature, because the words “returns’ and “upon”
convey asenseof history. But it doesnot imply that theinertial and damping effects of truedynamics
areinvolved.

A structure that is initially stable may lose stability as it moves to another equilibrium position
when the control parameter(s) change. Under certain conditions, that transition is associated with
the occurrence of acritical point. These have been classified into limit points and bifurcation points
in Chapter 5.

For the dlender structures that occur in aerospace, civil and mechanical engineering, bifurcation
points are more practically important than limit points. Consequently, attention will be initialy
directed to the phenomena of bifurcation or branching of equilibrium states, a set of phenomena
also informally known as buckling. The analysis of what happens to the structure after it crosses a
bifurcation point is called post-buckling analysis.

The study of bifurcation and post-buckling while carrying out a full nonlinear analysisis a math-
ematically demanding subject. But in important cases the loss of stability of a geometrically
nonlinear structure by bifurcation can be assessed by solving linear algebraic eigenvalue problems
or “eigenproblems’ for short. This eigenanalysis provides the magnitude of the loads (or, more
generally, of the control parameters) at which buckling is expected to occur. The analysisyieldsno
information on post-buckling behavior. Information on the buckling load levels is often sufficient,
however, for design purposes.

The present Chapter covers the source of such eigenproblems for conservatively loaded elastic
structures. Chapters 26 through 28 discuss stability in the context of full nonlinear analysis. The
two final Chapters (29-30) extend these concepts to structures under nonconservative loading.

Following a brief review of the stability assessment criteria the singular-stiffness test is described.
Attention isthen focused on the particular form of thistest that ismost used in engineering practice:
the linearized prebuckling (LPB) analysis. The associated buckling eigenproblem is formulated.
The application of LPB on a simple problem is worked out using the bar element developed in
the previous three sections. The assumptions underlying LPB and its range of applicability are
discussed in the next Chapter.
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§24.2. Lossof Stability Criteria

For elastic, geometrically-nonlinear structuresunder static |oading we can distinguish thefollowing
techniques for stability assessment.

_ Static criterion (Euler method): singular stiffness
Conservatlve{ S
Dynamic criterion: zero frequency

Loading
. o zero frequency (divergence)
Nonconservative { Dynamic criterion {
frequency coal escence (flutter)

824.2.1. Staticcriterion

The static criterion is aso known as Euler’'s method, since Euler introduced it in his famous
investigations of the elastica published in 1744. Other namesfor it are energy method and method
of adjacent states. To apply thiscriterionwelook at admissiblestatic perturbationsof anequilibrium
position®. These perturbations generate adjacent states or configurations, which are not generally
in equilibrium.

Stability is assessed by comparing the potential energy of these adjacent configurations with that
of the equilibrium position. If all adjacent states have a higher potential energy, the equilibriumis
stable. If at least one state hasalower (equal) potential energy the equilibriumisunstable (neutrally
stable). This comparison can be expressed in terms of the second variation of the potential energy
and hence can be reduced to the assessment of the positive definite character of the tangent stiffness
matrix.

Although stability is a dynamic phenomenon, no true-dynamics concepts such as mass or damping
are involved in the application of the static criterion, which is a key reason for its popularity. But
the reasoning behind it makes it strictly applicable only to conservatively |loaded systems, because
aload potential function is assumed to exist.

§24.2.2. Dynamic criterion

Thedynamic criterion looksat dynamic perturbations of the static equilibrium position. Ininformal
terms, “give the structure a (little) kick and see how it moves.” More precisely, we consider small
oscillations about the equilibrium position, and pose an eigenproblem that determines characteristic
exponents and associated eigenmodes. The characteristic exponents are generally complex num-
bers. If all characteristic exponents have no positivereal componentsthe equilibriumisdynamically
stable, and unstable otherwise.

These exponents change as the control parameter X is varied. For sufficiently small values the
structure is stable. Loss of stability occurs when a characteristic exponent enters the right-hand
complex plane. If that happens, the associated mode viewed as a displacement pattern will amplify
exponentially in the course of time. A deeper study of the stable-to-unstable transition mechanism

L “Admissible” in the sense of the Principle of Virtual Work: variations of the state parameters that are consistent with the
essential boundary conditions (kinematic constraints)
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24-5 824.3 THE TANGENT STIFFNESS TEST

revealstwo types of instability phenomena, which are associated with the physically-oriented terms
terms divergence and flutter.

Divergence occurs when the characteristic exponent enters the right-hand plane through the origin,
and it can therefore be correlated with the zero frequency test and the singular stiffness test.

The dynamic criterion is applicable to both conservative and nonconservative systems. Thiswider
range of application is counterbalanced by the need of incorporating additional information (mass
and possibly damping) into the problem. Furthermore, unsymmetric eigenproblems arise in the
nonconservative case, and these are the source of many computational difficulties.

8§24.3. The Tangent Stiffness Test

The stability of conservative systems can be assessed by looking at the spectrum? of the tangent
stiffness matrix K. Let x; denote the it" eigenvalue of K. The set of u;’s are the solution of the
algebraic eigenproblem

Kz = uiz. (24.1)
Since K is real symmetric® all of its eigenvalues are real. Thus we can administer the following
test:

M Ifdlu >0 the equilibrium position is strongly stable
(ny 1Halw >0 the equilibrium position is neutrally stable
(1) 1fsome i <0 theequilibrium position is unstable

In engineering applications one is especially interested in the behavior of the structure as the stage
control parameter ) isvaried, and so

K =K(@®). (24.2)
Given this dependence, a key information is the transition from stability to instability at the value
of A closest to stage start, which isusually A = 0. Thisiscalled the critical value of A, which we
shall denoteas A .

If the entries of K depend continuously on A the eigenvalues of K also depend continuously* on
A, athough the dependence is not necessarily continuously differentiable. 1t follows that transition
from strong stability — case (1) — to instability — case (I11) — has to go through case (1), i.e. a
zero eigenvalue. Thus a necessary condition isthat K be singular, that is

detK (Aer) =0, (24.3)

or, equivalently,

K(Uer, Ar)Z2 =0, (24.4)
wherez # 0isthebuckling modeintroduced in Chapters4-5, whereit was called anull eigenvector.
Equation (24.3) or (24.4) isthe expression of the static test for finding a stability boundary.

2 The spectrum of amatrix is the set of its eigenval ues.
3 Because K = 92I1/dudu isthe Hessian of the total potential energy IT.

4 Continuousdependence of eigenval uesontheentriesisguaranteed by the perturbation theory for symmetric and Hermitian
matrices. This continuous dependence does not hold, however, for eigenvectors.
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Remark 24.1. Equation (24.3) is a nonlinear eigenvalue problem because: (a) K has to be evaluated at an
equilibrium position, and (b) K isanonlinear function of u, whichinturnisanonlinear function of A asdefined
by the equilibrium path. It follows that in general a complete response analysis has to be conducted to solve
(24.3). Such techniques were called “indirect methods’ in the context of critical point location methods in
Chapter 23. Thisinvolvesevaluating K at each computed equilibrium position, and then finding the spectrum
of K. Ananalysisof this natureisobviously computationally expensive. One way of reducing part of the cost
is noted in the following remark.

Remark 24.2. If K isknown at agiven A, an explicit solution of the eigenproblem (24.1) is not necessary for
assessing stability. It is sufficient to factor K as

K=LDLT (24.5)

where L is unit lower triangular and D is diagonal. The number of negative eigenvalues of K is equa to
the number of negative diagonal elements (“pivots’) of D. Matrix factorization is considerably cheaper than
carrying out a complete eigenanal ysis because sparseness can be exploited more effectively.

Remark 24.3. Thecondition (24.3) isnot sufficient for concluding that asystemthatisstablefor A < A will go
unstable as A exceeds 1. A counterexampleis provided by the stable-symmetric bifurcation point discussed
in later Chapters. The Euler column furnishes a classical example. At such points (24.3) holds implying
neutral stability but the system does not lose stability as the bifurcation state is traversed. Nonetheless the
displacements may become so large that the structure is practically rendered useless.

§24.4. Linearized Prebuckling

We investigate now the first critical state of an elastic system if the change in geometry prior to it
can be neglected. We shall see that in this case the nonlinear equilibrium equations can be partly
linearized, a process that |eads to the classical stability eigenproblem or buckling eigenproblem.

The eigenstability analysis procedure that neglects prebuckling displacements is known as lin-
earized prebuckling (LPB). The modeling assumptions that are tacitly or explicitly made in LPB
are discussed in some detail in the next Chapter, as well as the practical limitations that emanate
fromthese assumptions. Inthe present Chapter we discusstheformulation of the LPB eigenproblem
and illustrate these techniques on a simple problem using the bar elements developed in previous
Chapters.
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24—7 824.6 SOLVING THE STABILITY EIGENPROBLEM

§24.5. TheLPB Eigensystem

Thetwo key results from the L PB assumptions (which are studied in the next Chapter) can be sum-
marized asfollows. Recall from Chapters 8-10 that the tangent stiffness matrix can be decomposed
as the sum of material and geometric stiffness matrices:

K=Ky +Kg. (24.6)

Then the LPB leads to the following simplifications:

(1) Thematerid stiffnessisthe stiffness evaluated at the reference configuration:

Km = Ko. (24.7)
(2) The geometric stiffnessis linearly dependent on the control parameter A:

Kg = AK1. (24.8)

where K 1 is constant and also evaluated at the reference configuration.

Now the stability test (24.3) requiresthat K be singular, which leads to the stability eigenproblem
Kz= Ko+ 1K) z=0. (24.9)

In the following Chapter we shall prove that under certain restrictions the critical states deter-
mined from this eigenproblem are bifurcation points and not limit points. That is, they satisfy the
orthogonality test

z'q=0. (24.10)

The eigenproblem (24.9) befits the generalized symmetric algebraic eigenproblem
Ax = ABX, (24.11)

where both matrices A = Ko and B = —K; are real symmetric, and x = z are the buckling mode
eigenvectors. If (as usual) the materia stiffness Ky is positive definite, eigensystem theory says
that all eigenvalues of (24.11) arereal. We cannot in general make statements, however, about the
sign of these eigenvalues. That will depend on the physics of the problem as well as on the sign
conventions chosen for the control parameter(s).
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Figure24.1. LPB exampleinvolving two bar elementsdisplacing onthe X = x, Y = y plane.

§24.6. Solving the Stability Eigenproblem

In production FEM codes, the stability eigenproblem (24.9) isgenerally treated with special solution
techniques that take full advantage of the sparsity of both K and K 1, such as subspace iteration or
Lanczos methods.

For small systems an expedient solution method consists of reducing it to canonical form by
premultiplying both sides by the inverse of Ko. Thisispossibleif K isnonsingular, which means
that the A = O configuration isnot a critical one. Calling A = KglKl and u = —1/X one gets

Az = i Zi (24. 12)

Thisisastandard algebraic elegnproblem, which can be solved by standard library routinesfor the
eigenvalues u; and eigenvectorsz;. For example, EigenSystem in Mathematica or Eig in Matlab.
The u; farthest away from zero givesthe Aj = —1/u; closest to zero.

One disadvantage of this reduction is that A is unsymmetric even if Ko and K, are. There are
more complicated reduction methods that preserve symmetry. These may be studied in standard
numerical analysis textbooks covering linear algebra; for example Golub and Van L oan.

§24.7. LPB Analysis Example

Toillustratetheapplication of L PB to avery simpleexample, the 2-bar assembly shownin Figure24.1ischosen.
The bars can only displace on the x, y plane, thus the problem is two dimensional. The equivalent-spring
stiffness of the barsis denoted by

E ) E (2
K ﬁ‘; R % (24.13)
LS L

inwhich AY and L denote the cross sectional areas and lengths, respectively, of the e bar in the reference
configuration, and E is the elastic modulus common to both bars.
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24-9 824.7 LPB ANALYSIS EXAMPLE

The figure shows the reference configuration Co for the two bars. That configuration is taken when the applied
load is zero, that is, . = 0. We shall assume that the stiffness of bar 1 is much greater than that of bar 2, i.e,,
k@ >> k@ andissuch that the vertical displacement uy. of node 2 under the load is very small compared to
the dimensions of the structure.

Now let the load p = Aq be gradually applied by increasing A. The structure assumes a deformed current
configuration in equilibrium, that is, a target configuration C. According to the LPB basic assumption, the
displacements prior to the buckling load level characterized by A are negligible. Therefore C = Cy aslong
as|A| < |Ael.

The linear finite element equations for the example problem are as follows. For element (1):

0 00 0 Ux1 0
0 1 0 -1 u 0
@ vi | _
k O 00 0 s | = 0 ) (24.14)
0 -1 0 1 Uy2 —Aq
For element (2):
1 0 -1 0 Uxo 0
00 00O u 0
(3] Y2 | _
k 10 10 ue | = | 0 (24.15)
00 00 Uys 0
Assembling and applying the boundary conditions uy; = Uy; = Uxz = Uyz = 0 we get
k®@ 0 Ux2 [ 0
[ 0 k(l)] [Uvz] N [—}»Q] ' (24.16)
Thelinear solutionis o
A AqL
Uxz =0, Uyz = —k(—i =— Equi) . (24.17)
The axial linear strain and Cauchy (true) stress developed in element (1) are
w2 _, 4 oV = Ee® = 14 (24.18)

Rt A

According to theassumptions stated above the changein geometry prior to buckling isneglected. Consequently

e ~ @ s~ @

The axia strain and stress of element (2) are zero.

The simplified nonlinear finite element equations are, for element (1)

0 0 0 0 1 0 -1 0 Ux1 0
0 10 -1 NP1 o 1 0 -1 u 0
1) N Y1 _
1o 00 of* 0|-1 0 1 0 ue || O (2419
0O -1 0 1 0 -1 0 1 Uyo —\q
where N® = AlVs® = —p = —q denotesthe axial forcein bar element (1).
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For element (2) we have the same linear matrix equations as before because its geometric stiffness vanishes.
Assembling and applying displacement boundary conditions we get the equations
K2 _ 29

LE,Z) Ux2 | 0
0 kv — 29 [uYz]_[—/\q]‘ (24.20

0

One now regards K in (24.20) as unaffected by the displacements ux, and uy,, which is consistent with the
assumption that the change of geometry prior to buckling is neglected. This having being done, setting the
determinant of K to zero yields the buckling eigenproblem:

K@ _ )‘_Cl] 0
Ls

Aq
0 k® — 21
€

Lo

det —0. (24.21)

This matrix issingular if either diagonal element vanishes, which yields the two eigenvalues

ha1 =kOLY /g, e =k?LY /g, (24.22)

as critical values of the load parameter. Sincek® << k@ the lowest critical load will be

P = heraq = KPLEY. (24.23)

Thisis the buckling load obtained under the LPB assumptions.
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§24.8. Summary of L PB Steps

The foregoing example illustrates the key steps of LPB analysis. These are summarized below for
completeness.

1. Assemblethelinear stiffness K and solve the linear static problem
KoUu = ggA, (24.24)

for , = 1 and obtain the internal force (stress) distribution. Note: In statically
determinate structures, such as Exercise 24.4, the internal forces and stresses may
be obtained directly from equilibrium. However K is still necessary for step 3.

2. Form the reference geometric stiffness K 1 for that internal force distribution. The
geometric stiffnessisKg = AK .

3. Solvethe stability eigenproblem
(Ko +AK1)z =0, or Kozi = —AiK17, (24.25)

The eigenvalue ); closest to zero is the critical load multiplier, and the associated
eigenvector z; gives the corresponding buckling mode.
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Homework Exercisesfor Chapter 24

Bifurcation: Linearized Prebuckling |

EXERCISE 24.1 [A:15] Find the buckling mode (null eigenvector) z (normalized to unit length) for the
example problem of §24.6, and verify the orthogonality condition z'q = 0.

EXERCISE 24.2 [A:15] Find the buckling load for the two-bar problem if bar (2) formsanangle0 < ¢ < 90°
with the x axis. Assume still that the system displaces only on the x — y plane and that k@ << k@ so that
the stressin bar (2) can be neglected in forming the geometric stiffness. Determine z and verify orthogonality.
EXERCISE 24.3 [A:20] Suppose the load of the two-bar example problem of §24.6 depends on the vertical
displacement of point 2 as p = —AcuZ,, where ¢ is a constant with dimensions of stress. Show that even if
prebuckling deformations are neglected, the singular stiffness test leads to a nonlinear eigenval ue problem.
EXERCISE 24.4 [A:25] The"Euler column” showninFigure E24.1ismodelled by one2-node Euler-Bernoulli
beam column element along its length:

Y,y

E, | constant

X, X AP

A
_v

Figure E24.1. One-element model of Euler column

The state parameters are the nodal displacements degrees of freedom arranged as

Ux1

Uyi

u= | 72 (E24.1)

Ux2
Uy2

(922
where 6,, and 6,, are (to first order) the end rotations, positive counterclockwise about z.

The linear material matrix in the reference (undeformed) configuration is
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52 o o -EA o0 0
12EI  6El 0 _12EI  6EI
L3 L2 L3 L2
4E| 0 __6EI 2E|
Ko = L L2 L
12ElI _ 6EI
L3 L2
| symm % i

Exercises

(E24.2)

inwhich E isthe elastic modulus, L the element length, A the cross section area, and | the moment of inertia

of the cross section about the z neutral axis.

The exactly-integrated geometric stiffness at the reference configuration ist

0 0 0O 0 O 0
36 3L 0 —-36 3L
P 4.2 0 —3L L2
Ke=1K;, K= 300 0 0 0
36 -3L
symm 4.2

(E24.3)

where N isthe axial force in the element (here obviously equal to the applied force A P because the structure

is statically determinate.)
For this problem:

(@ Check that Ko and K ; satisfy translational infinitesimal rigid body motion conditionsux = 1anduy = 1
if the six degrees of freedom are left unconstrained. (Convert those modes to node displacements, then

premultiply by the stiffness matrices.)

buckling mode

922 = _921

Figure E24.2. Symmetric buckling of one-FE model of Euler column.

(b) Set up thelinearized prebuckling eigenproblem
(Ko+AKp)z=0

Apply the support end conditions to remove uyy, Uy; and uy, as degrees of freedom.

1 Seeeg. Przemieniecki’s Theory of Matrix Structural Analysis, loc. cit.

24-13

(E24.4)
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(c) Justify that freedom uy, can be isolated from the eigenproblem, and proceed to drop it to reduce the
eigenproblemto 2 x 2.

(d) Reduce the 2 x 2 eigenproblem to a scalar one for the symmetric buckling mode sketched in Figure
E24.2. by setting 6,1 = —6,, (see Figure), and get thefirst critical load parameter A;.

(e Repeat (e) for the antisymmetric buckling mode sketched in Figure E24.3 by setting 6,1 = 65, (see
Figure) and obtain the second critical load parameter A,.

021

buckling mode

Figure E24.3. Antisymmetric buckling of one-FE model of Euler column.

(f) Compare the results of (d)—(e) to the exact critical load values

El
PE=—nSy,  PE=—tr’s (E24.5)

Thefirst one was determined by Euler in 1744 and thereforeis called the Euler critical load. For P the
FEM result should be within 25%, which is good for one element.

(9) Repeat thecalculationsof A, and A, with the following reduced-integration geometric stiffness matrices®

0 0O 0 O 0 0
9 3L 0 -9 3L
" P L2 0 —-3L -L?
Ki= 8_L 0 0 0 (E24.6)
9 -3L
symm L2
0 0 0 O 0 0
24 0 0 -24 0
I 2l12 0 0 —2L2
K = m 0 0 0 (E24.7)
24 0
symm 212

and comment on the relative accuracy obtained against the exact values.

(h) Repeat the calculations of steps (b) through (€) for a two equal-element discretization. Verify that
the symmetric-mode buckling load is now —10E| /L2, which is (surprisingly) close to Euler’s value
PF = —m2El /L2

6 These matrices are obtained by one-point and two-point Gauss integration, respectively, whereas the K1 of (E24.3) is
obtained by either 3-point Gauss or analytical integration.
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EXERCISE 24.5 [A:25] Thisisidentical in all respects to Exercise 24.4, except that the 2-node Timoshenko
beam model is used, with Mac Neals's RBF correction for the material stiffness matrix. The net result is
that Ky is identical to (E24.2) but K, is different. In fact AK, is given by Equation (9.45) where V = 0
and N = AP. Note: dont be surprised if the one-element results are poor when compared to the analytical
buckling load.

EXERCISE 24.6 [A/C: 20] The column shown in Figure E24.4 consists of 3 rigid bars of equal length L
connected by hinges and stabilized by two lateral springs of linear stiffness k. The applied axia load is
AP, where A > 0 means compression. Compute the two buckling loads A; P and 2,P intermsof k and L,
assuming the LPB model of infinitesimal displacementsfrom theinitia state. Show that oneload corresponds
to asymmetric buckling mode and the other to an antisymmetric buckling mode, and find which oneiscritical.

AP

L All 3 barsare

7 k 1 v considered rigid
2| Iy

7

Figure E24.4. Buckling of a segmented-hinged column propped by two springs.

Hint. The two degrees of freedom are the small lateral displacements u; and u, of hinges 1 and 2, where
u; << L, u, << L. Writethetotal potential energy as

AP
M=U-W, U=32kui+lku3, W= Z(u§+(u1— Uz)® + U3). (E24.8)

Explain where the expression of W comes from. Once IT isin hand, it is smooth sailing.
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