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23-3 8§23.2 DIRECT METHODS AND TEST FUNCTIONS

§23.1. Introduction

Critical points were defined and mathematically characterized in Chapter 5. Chapter 18 explains
how solution procedures of purely incremental type can be adjusted to traverse limit points, and
difficulties in traversing bifurcation points are noted. Chapters 24 and follwing discuss critical
points in the context of stability analysis.

The present Chapter deal swith the determination or detection of critical pointsin statically nonlinear
analysis and with procedures for traversal of such points with incremental/corrective techniques.
Emphasisisgiven to handling isolated bifurcation points, which offer moderate degree of difficulty:
tougher than limit points, easier than multiple bifurcation. Much of the materia that follows is
taken from Chapter 5 of Crivelli’sthesis.!

There are two basic approaches to the problem of detecting critical points. We may attempt to find
critical points by solving an algebraic equation which has those point as a root, or we can try to
detect critical points as we are marching along an equilibrium path.

The first approach embodies what are collectively called direct methods. As the name implies,
these methods look for critical points without being concerned, at least theoretically, with tracing
equilibrium paths up to those points.

The second approach embodies the so-called indirect methods. In these methods the detection of a
critical point isintimately related to the continuation procedure.

Remark 23.1. Thesimplest exampleof adirect methodisthe Linearized PreBuckling (L PB) analysisdiscussed
in Chapters 24 and 25. This procedure, when applicable, sets up directly an eigenproblem in the reference
configuration and thus avoids tracing the nonlinear response.

§23.2. Direct Methods and Test Functions

A direct method for calculating bifurcation points consists of formul ating a suitable set of equations
which hasthe critical pointsas solutions. In the context of general nonlinear analysis (that is, when
no a priori simplifying assumptions are made as in the LPB analysis) this set of equations should
include the equilibrium equation because only critical points on the equilibrium path are of interest.

It follows that direct formulations are achieved by augmenting the residual force equilibrium equa-
tion with a set of constraints that characterize the critical point. The main characteristic of this
procedure isthat it does not require, at least theoretically, equilibrium path tracing. Thus, ideally it
should be possible to obtain al the critical points first and then join them with equilibrium paths.
Except for certain specialized situations this is not possible, however, because the solution of the
nonlinear equations resulting from thisapproach requiresagood initial guess. Sincethese equations
are nonlinear, they cannot be solved directly, and linearization coupled with an iterative procedure
isrequired. Thislinearization accounts for most of the cost of direct methods.

As mentioned above, the procedure consists of augmenting the original residual force equation by
a set of constraints that define a critical point. This characterization of critical pointsisintimately

1 L. A. Crivelli, A Total-Lagrangian Beam Element for the Analysis of Nonlinear Space Structures, Ph. D. Dissertation,
Department of Aerospace Engineering Sciences, University of Colorado, Boulder, CO, April 1991.
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Chapter 23: DETECTING AND TRAVERSING CRITICAL POINTS 234

related to the idea of constructing acritical point test function or CPTF. By definition, aCPTF isa
function whose zeros are the critical points of the response.?

§23.2.1. Determinant asCPTF

Since the tangent stiffness matrix is singular at critical points, the most obvious test function isthe
determinant of K. To be able to use this function, however, in the context of a Newton-Raphson
iterative procedure we need expressions for the partial derivatives of the determinant with respect
to the state parameters. This approach is generally impractical for several reasons.

1. Analytical expressionsfor the determinant are hopelessly complicated for any but trivial prob-
lems.

2. The estimation of these derivatives by one-sided finite differences would be enormously ex-
pensive, requiring the assembly and factorization of N + 1 tangent stiffness factorizations for
N degrees of freedom?®

3. Thedetrminant is anotoriously ill-behaved function.

§23.2.2. Lowest Eigenvalueas CPTF

A critical point can aso be characterized by checking for anull eigenvalue of K. Thus a prototype
of direct methods, as described in Seydel* may be expressed generally as

rqu, A)
[K(u, A)z} =0. (23.1)
®(2)

The last equation, ¢(z) = 0, has been added as a constraint on z to rule out the trivial solution
z = 0 and to make the system determinate. There are several possible choicesfor the normalization
equation, the simplest being to require z to have unit length: z"z = 1.

To solve this equation iteratively, define the augmented incremental vector

d
y= |: n i| (23.2)
h

where d and n are the corrective changesin u and A, respectively, defined in Chapter 17, and and
h = Z¢t1 — 7%, isthe corrective change in z. Assuming that K does not depend on A and that the
derivative of K with respect to u, denoted by K, is commutative with respect to its two outermost
indices, the resulting Newton system is

K g O r
[sz 0 K}y:—{rk} (23.3)
0 0 a o

2 The name “branching test function” is sometimes restricted to test functions that catch only bifurcation points. Here we
shall use the generic term “critical test function” to embody all critical points.

3 That of thetangent stiffnessK , plus N tangent stiffnesses corresponding to the perturbation of each statevector component.
4R, Seydel, From Equilibrium to Chaos, Elsevier, New York, 1988.
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235 823.3 INDIRECT METHODS

wherer istheresidual fromtheequilibrium equations, r; istheresidual from theeigenvalueproblem
and ¢ measures the violation of the normalization condition.

This approach has been explored by Wriggers and Simo® in the context of nonlinear structural
analysis. As can be seen from the previous equation the Jacobian of this augmented system is
neither sparse nor symmetric, and has large storage requirements. In addition, the coefficient
matrix becomes singular at bifurcation points, and hence ill-conditioned in their neighborhood.

§23.2.3. Solving the Minimum-Eigenvalue CPTF System

It is desirable to solve (21.3) while taking advantage of the symmetry of K. This can be done by
using the concept of auxiliary systems. Assuming K is nonsingular, consider the five auxiliary
systems:

Kdr =—r, Kdq=40q, Kdy=-r,, (23.4)

Then the solution to the system can be written as:

d’ - aTCIhr

Tdng d=d +ndg, h=dn—dn + ndng. (23.6)

n=-

The solution of these five systems at each corrective iteration is expensive. However, the main
disadvantage of thisapproach ishaving to compute the u-derivative of the stiffnessmatrix. Sincean
exact derivation of K, isonly practically feasiblefor simple nonlinear problems, someinvestigators
(e.g. Seydel and Wriggers-Simo, loc. cit.) propose using numerical differentiation to compute K ,,.
In this context it should be observed that only the product K ,z (a square matrix) is required.

Numerical experiments reported in Seydel’s book show that the convergence rate of this approach
depends on whether thecritical pointisalimit or abifurcation point. At limit points, the Jacobian of
the augmented equation is nonsingular, which guarantees fast local convergence. At abifurcation
point, thevector [z 0" 0]" isaleft null eigenvector, which shows that the Jacobian becomes
singular. Thus, slower convergence rates may be expected at bifurcation points. However, experi-
ence shows that for some problems the convergence rate is good for the A component when a not
very stringent accuracy is required, as can be seen from the examples presented in Wriggers and
Simo.

Remark 23.2. If the critical point is known to be a limit point, the penalty spring augmentation method
described below is much smpler and inexpensive. And even the simplistic random perturbation scheme
described there often works. Thus it appears that the direct method is advantageous in special instances, for
examplewhen direct determination of the CPlocationsas stability envelope, isdesirable, and agood estimation
of that location is available. This occurs in some applications such as optimization with stability constraints.

5 P.Wriggersand J.C. Simo, A General Procedurefor the Direct Computation of Turning and Bifurcation Points, Int. J. Nu-
mer. Meth. Engrg., 30, 155-176, 1990.
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Chapter 23: DETECTING AND TRAVERSING CRITICAL POINTS 236

§23.3. Indirect Methods

The underlying idea behind indirect methodsisto recognize the occurrence of acritical point while
following an equilibrium path by continuation. The key to successis having agood CPTF . We
defer the discussion on how to construct such a CPTF to §821.4, and for the moment assume that
such afunction isavailable.

These methods benefit from data collected from the continuation procedure. A critical point is
characterized by being a zero of the CPTF. Because hitting an exact zero is highly unlikely, we
check for acritical point by invoking the condition

(UL A Wk A <0 (23.7)

This is caled a bracketing or straddling condition. It means that a critical point occurs in the
interval or bracket [A% < A < Ak*1]. Thenext task isto “zeroin” this point by reducing the bracket
Size.

§23.3.1. Refined Determination of a Critical Point

Assumeacritical point hasbeen located by verifying bracketing condition (21.7) onthe CPTF. Further, assume
that the test function is a continuous function of A and has only oneisolated zerointheinterval. Thiscondition
requiresusing asensibleincremental step—whichisnotknownapriori. However, the problem of determining
an appropriate step may be solved by a combination of intuition and an adaptive incremental control strategy,
which monitors the convergence behavior of the solution.

Once the algorithm finds that a critical point is bracketed or straddled by two equilibrium solutions, we may
obtain afirst approximation to such point by using linear interpolation:

)\,k+l _ )\k

ak AT A K
he = M4 S (23.8)

We present below an adaptive method developed in Crivelli’s thesis (loc. cit. to improve the initial approxi-
mation (21.8). It makes use of iterative inverse interpolation and divided differences.® We have computed a
set of m values of the CPTF at m unequally spaced values of the control parameter A. We seek a polynomial
interpolation for ¢ of the form

TA) =C+CMR—20)+ - +Cn(A—2Ao)...(A — Am-1) (23.9)
On defining the sequence of divided differences

T(A) — 7(2o)

T[Aos A] = o

(23.10)

t[Ao, ..oy Ake2s Al — T[Aos - o+ Ak—23 Aka]

T[Aos ... 13 A] = PR
— Ak-1

6 For background in such techniques, see for example G. Dahlquist and A. Bjorck, Numerical Methods, Prentice-Hall,
Englewood Cliffs, 1974.
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237 823.4 TRAVERSING CRITICAL POINTS: DIFFICULTIES
the coefficients in equation (8) can be computed as

Co = t(Xo)
C1 = t[Ao; A]
(23.11)

Cc = T[Ao, -+, Ak—1; Akl

Observe that thisformulais recursive and anew point can be added without great difficulty. Now the problem
of locating a critical point is reduced to finding a zero of (21.9).

Remark 23.3. Observe that we may aswell use equation to interpolate A as afunction of  and obtain A just
by setting © = 0. However, both procedures are fundamentally different and may give different results. For
instance, for very sharp limit points and for bifurcation points the test function could stay almost constant for
most of the continuation and change to a steep slope while very close to the limit point. Thistype of behavior
can be regarded as an exponential relation between T and A. Such an exponential can be well approximated
by a polynomial, whereas its inverse —a logarithmic function— may pose severe difficulties. Thus we may
expect faster convergence from the former procedure.

Based on the foregoing remark we choose inverse interpolation for finding a zero of (21.9). For
this we recast that equation into the form

he = Y (Ae) (23.12)

or, more explicitly
1
de = Ao — o [Co+ -+ +Cm(Ac—20) ... (Ac — Am-1)] (23.13)
1

The equation is then solved by iteration, with 12 equal to the approximated A obtained form the
last interpolation, starting with the linear interpolation given by (21.8). Convergence is usually
fast because the error is inversely proportional to the first CPTF derivative, T = dt/dA, whichis
expected to be large near isolated critical points. Furthermore, should =’ be small, we can expect a
good prediction from the linear interpolation formula.

The main advantages of the foregoing procedureisthat it is self adaptive and easily programmable.
We can increment the number of points used in the interpolation equation with little extra effort.
We can keep the number of points under agiven maximum by discarding the outermost points when
we add anew one. Thusthe procedure isflexible and opens up several implementation alternatives.
Furthermore, the storage requirements are kept modest and we can expect good convergence to
reasonable accuracy.

After anew approximation A has been established, we have to compute the corresponding solution
Uc. However, some care hasto be exercised since the Jacobian matrix can be very ill-conditioned in
the critical point neighborhood. Thereare several aternativesto circumventing thisill-conditioning
problem, which merge with the general topic of traversing acritical point. This subject istaken up
in the following subsections.
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Chapter 23: DETECTING AND TRAVERSING CRITICAL POINTS 23-8

§23.4. Traversing Critical Points: Difficulties

Intheremainder of this section we consider the problem of traversing critical pointsusing incremen-
tal/corrective methods. Corrective solution methods, of which Newton-Raphson is the prototype,
may run into difficulties at or near critical points. Essentially those are caused by the fact that the
tangent stiffness matrix becomes singular at such points and consequently ill-conditioned in their
neighborhood. Thisill-conditioning can introduce noise which may render the solution procedure
unstable.

Sometimes the problems associated with noise are easily circumvented, whereas in some cases
the problems may become computationally overwhelming and may require either specialized tech-
nigues or intensive human intervention to proceed. Generally speaking, the degree of difficulty is
influenced by the following factors:

1. Bifurcation points are more difficult to handle than limit points.

2. Isolated critical points (at which the rank deficiency isone) are easier to handle than multiple
or compound critical points.

3. Dynamic critical points of flutter type are more difficult to handle than static ones. Ultimate
in nastiness (sort of like the triple jump in ice skating) are problems of fracture or localiza-
tion where an equililibrium path suddenly terminates, and dynamic methods are required for
proceeding further.

Inwhat followswe focus on the characteristics of Newton’s method near anisolated critical point of
static type. Even under thoserelatively benign conditionsthetopicisstill an areaof active research.
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23-9 8§23.5 NEWTON-RAPHSON NEAR CRITICAL POINTS

§23.5. Newton-Raphson near Critical Points

The behavior of Newton-Raphson methods at critical points have received much attention from the
numerical analysis community.” Convergence rates have been established and accelerators have
been proposed in a general framework. Under certain conditions, it can be established that the
convergence of the solution component in the null space is linear while that in the range space
converges superlinearly. This property can be exploited in the limit point case.

The purpose of a Newton-Raphson critical point accelerator, or NRCPA, is to recover quadratic
rate of convergence. To achieve this goal on ageneral setting NRCPAs need information provided
by second order (and ocassionally higher) rate equations. This information is very expensive to
obtain because therate K of the tangent stiffness matrix, which isa*“cubic array” discussed further
in Chapter 24, makes its appearance. Because of such expense, NRCPASs based on higher order
rate equations are rarely used in nonlinear structural mechanics.

The procedures described bel ow represent more practical approachesto thetraversal problem. They
attempt to live with the first-order rate information, such as provided by K and g, whichisnormally
availablein finite element programs.

§23.5.1. Injecting Perturbations

By far the simplest technique to attempt critical point traversal isthe equivalent of the “Hail Mary”
football play. If at a certain step of an incremental/iterative process the equation solver returns a
“singular stiffness’ diagnostic, perturb the state u by a minute random amount and try again. This
may be repeated up to a certain number of “downs’ (usualy 2 or 3).

This simplistic method sometimes works surprisingly well for crossing “nice” limit pointsin con-
junction with the arclength increment control method. But at sharp limit points, bifurcation points
or regions where the tangent stiffness has high rank deficiency this technique often fails.

§23.5.2. Penalty Spring Stabilization

As emphasized several times before, the essential difficulty liesin the ill-conditioning of K near
critical points. To stabilize this matrix, Felippa® has proposed to combine the solution of three
linear systems. The coefficient matrix is rendered nonsingular by adding afictitious penalty spring
stiffness s to the it equation:

(K +sE)d’ = —r, (K + sE) da =q, (K + sEj) d3 = sg (23.14)

7 See, for example, the publications:

D. W. Decker, H. B. Keller and C. T. Kelly, Convergence Rates for Newton’s Method at Singular Points, Sam J. Nu-
mer. Anal., 20, 296314, 1983.

C.T.Kelly and R. Suresh, A New Acceleration Method for Newton’sMethod at Singular Points, SamJ. Numer. Anal.,
20, 1001-1009, 1983.

G. Reddien, On Newton’s Method for Singular Problems, Sam J. Numer. Anal., 15, 993-996, 1978.

W. Rheinboldt, Numerical Analysis of Continuation Methods for Nonlinear Structural Problems, Computer & Struc-
tures, 15, 1-11, 1978.

8 C. A. Felippa, Traversing critical points by penalty springs, Contrib. C2/1, Proc. NUMETA' 87 Conf., M. Nijhoff Pubs.,
Dordrecht, 1987.

239



Chapter 23: DETECTING AND TRAVERSING CRITICAL POINTS 23-10

Here g isthe elementary vector of order N all of whose entries are zero except theith entry which
isone, and E; = g e,-T. Some possible choices for theindex i are discussed in that article (handed
out in class). One advantage to this approach is that the symmetry and sparseness of K is not
affected by thisdiagonal correction. The solution of the origina Newton-Raphson system (17.13),
reproduced here for convenience:

[5 _gq][ﬂ:‘[:;] (23.15)

can be expressed as alinear combination of the solutions of the three auxiliary problems defined in
(21.14):

n=—(c+a'd)/g,
Here the coefficients oy and o, are obtained by requiring that d and » solve the original problem.
Thefollowing 2 x 2 unsymmetric system results:

g+a'd; a'dg oq| [-c—a'd?
[_qug 1-gldi|loe| [ @& (40

(23.16)

The computation of n from this equation breaks down if g = 0. In such acasg, it is recommended
that n be recovered from the equivalent equation:

i (23.18)

Thevalue of sin eguationisirrelevant aslong asit is sufficiently large to stabilize K.

An advantage of thisprocedureisthat it avoi dsthe need for partitioning the stiffness matrix proposed
by Rheinboldt (loc. cit.), which requires special treatment of the elementsin theit" row and column
of K. Furthermore, none of the right-hand sides of the auxiliary systems in requires access to
elements of K.

Disadvantages of this procedure are as follows:

1. Itbreaksdown at bifurcation points, where the coefficient matrix of the 2 x 2 system becomes
singular.

2. Someoverhead is necessary to trace the rate of change of the components of the state vectors,
which is used as a criterion in the selection of theindex i.

3. Theequation solver should be able to undo part of the reduction, from the current value of the
row index to the selected value of i.

§23.5.3. Thurston’s Equivalence Transfor mation

A different approach has been proposed by Thurston, Brogan and Stehlin. ® Here an equivalence
transformation is effected on the stiffness matrix to obtain a partitioning such that the singularity

9 G.A. Thurston, F. A. Brogan and P. Stehlin, Postbuckling Analysis Using a General Purpose Code, AIAA Journal, 24,
1013-1020, 1986.
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23-11 823.6 CRIVELLI'S PROCEDURE

Is confined to a small block-submatrix. To achieve this transformation it is necessary to compute
the eigenvectors corresponding to the smallest eigenvalues of K. These eigenvectors enter the first
columns of the transformation matrix, which is then completed with a permutation matrix in such
away that renders the full matrix non-singular. The solution vector is then split accordingly and
the components corresponding to the permutation part of the transformation matrix are condensed
and solved in terms of the modal variables. Although this procedure works adequately for almost
singular matrices, it fails for truly singular matrices where the modal variables remain undefined.

§23.6. Criveli’'sProcedure

We present here an alternative procedure developed in Crivelli’s thesis (cited in footnote 1) which
doesnot involve partitioning but requires accessto elementsof K. Furthermore, it avoidstheneedto
estimate penalty coefficients and the choice of theindex i is straightforward. It aso requires minor
modifications to the solver routine. It can be implemented without even modifying the solver, by
forcing the solver to return when it finds adiagonal term smaller than agiven threshold, performing
the required transformations outside the sol ver and then having the solver continue from the point of
interruption. Inaddition, the proposed procedure furnishes an approximation to the null eigenvector
and provides ameasure of the distance to the critical point.

Define the permutation matrix P;:

|
N
(1 ... 0 0 0 0)
0 10 00
P=i->|o0 00 00 (23.19)
0 0 1 00
\0 ... 0 0 1 0)
Observe that |
i—1
PP’ = { 0 } =l,—g¢, (23.20)
In—i

where N isthe dimension of P; and I isthek x k identity matrix. Define
K=P'KP+ee, h=PKe=Pk, (23.21)

and denote Z to be the solution of

-~
N>
Il
uj)
NI
I
)
N>

|
iO)

(23.22)
The vector Z so defined satisfies
Kz=k'ze, k =PKP'z+Kis. (23.23)

We show below that if K issingular with rank deficiency of one, and theindex i is chosen properly,
then z isthe null eigenvector of K. If K issingular, there is a subset of the columns of K that are

23-11



Chapter 23: DETECTING AND TRAVERSING CRITICAL POINTS 23-12

linearly dependent. Denoteby S= {ij, ..., ik} asetof indicessuchthat Sc {1, ..., n}; thisset S
is a subset of the column indices of K. This set is chosen so that thereis a linear combination of
columns of K satisfying

> Biki, =0 (23.24)

ikCS

where k; istheit™ column of K. Such aset exists because K is singular. Choose an index i from
such that 8; # 0. Column k; can be then expressed as a linear combination of the other columns
of K. Apply now the procedure with the index i chosen as described. It isimmediately seen that
k!Zz = 0; therefore Z is the null eigenvector of K.

If K isalmost singular, then Z is an approximation to the null eigenvector. It can be shown that if K
Iscontinuoudly differentiable and K isnonsingular, thenz approachesz as (u, 1) approach (Uc, Ac).

To solve the original problem, define the following auxiliary systems:
Kd =P[r, d =Pd, Kdq=P'qg, dq=Pidq (23.25)
Observethat d] g = dga = 0. Define
d=d; +oqdgq + 0,2 (23.26)

To obtain the coefficients oq and o We use asimilar procedure as before. We have

Kdr = Pi PTKP,ar + k,Tdra = Pikar + kl-rdra

(23.27)
=—( —ee)r +kide =—r+kd+r)e
and
Kdg =g+ (ki dqg — )8 (23.28)
Also observe that T
kidr =d] (PiK2+ Kjie) = d, K2 (23.29)
= r"P2=—1"(Z+6)=—1"Z—T,
Thus
k'd +r =—-r'z (23.30)
Similarly
From previous equations it is immediately seen that
d
Kd—qn=—r+ [aq L cre } q-+[kizo,+q"204 —17Z] & (23.32)

To recover the original system, we require the terms inside squared brackets to vanish, which leads

to the auxiliary system
g+a'dy a'z|[oq] [-c—a'd
[ Qz  kiz]|o |~ Tz (559
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23-13 823.8 CRITICAL-POINT TEST FUNCTIONS

Finally, we have to recover . Instead of using We can obtain » directly by requiring
n=oq (23.34)

This approach has some advantages over the one pertaining to the penalty spring method. First, if
o, = 0 it reduces to the one used by classical continuation. Second, it enforces prior equations.
Closer inspection of tellsusthat o = d; if exact arithmeticisused. Thus, the second term vanishes.
When finite precision arithmetic is used, rounding errors may prevent this term from vanishing.
If in addition, a sufficiently large value for the penalty spring s is chosen, could produce some
artificially large value of n with the consequence that the corrector step may move the solution
away from convergence.

Several remarks may be made in regard to the preceding derivation. At alimit point, neither q' z
nor a" z vanish and the equations arewell behaved even though k' zis zero. Thusthis procedure can
satisfactory traverse limit points. At abifurcation point the last row of equation isidentically null,
thusthe value of o, isnot defined. Thisisconsistent with the definition of bifurcation point, since at
these points more than one solution is possible and we cannot continue tracing any branch without
introducing additional information. Thuswhen abifurcation point isdetected, thisprocedure breaks
down and we have to resort to a branch switching algorithm as described in the following sections.

§23.7. Predictor Stabilization

A similar procedure can be employed to stabilize the predictor, asubject that has not received much
attention in the literature. If K isamost singular, the predictor may be poor. Using dq defined in
equation (11) we define the predictor step Au© as

AU©@ = dq AL + 0,7 (23.35)
Thus
KAU® —qar® = [Ar@Q kg — ) + ok Z] @ (23.36)
Requiring the term in brackets to vanish and using equations (17) the load increment is obtained as:
k'z
AAO = '7302 (23.37)
q'z

Assuming we use the global hyperelliptic constraint we can obtain o as

14
07 = (23.38)

az [ (kiz ’ T . k'z ’ X
:I: p ﬁ qudq+Z SZ + ﬁ b

since by construction d3Z = 0.

Observe that at alimit point, k! z = 0, "z # 0, equation (38) gives o, = ¢, AL® = 0, allowing
the solution to move away from the limit point. At a bifurcation point "z = 0, and this equation
does not give any solution for o, as expected, since any solution with anonzero value of o, will lie
on the emanating branch. In this case, we ssimply set o, = 0 and use prior relations compute AL©.

23-13



Chapter 23: DETECTING AND TRAVERSING CRITICAL POINTS 23-14

§23.8. Critical-Point Test Functions

In this section we investigate several candidates for CPTF. A CPTF is a function that allows
monitoring the continuation procedure for occurrence of critical points. By definition, critical
points should be the only zeros of a CPTF. As mentioned before, critical points are characterized
by the tangent stiffness K being singular. Thus, test functions essentially monitor K to obtain an
estimate of its proximity to acritical point.

A highly accurate estimator of how singular is K isits smallest eigenvalue. Since K is rea and
symmetric, its eigenvalues are all real; in addition, if K varies continuously, its eigenvalues aso
vary continuously and singularity is simply detected by checking for a null eigenvalue. Thus, the
smallest eigenvalue of K makesavery attractive choicefor aCPTF. However, aneigenvalueanalysis
at each increment is prohibitively expensive.

Another possible test function is the determinant of K. As noticed by Abbott'° the order of mag-
nitude of the determinant may be computationally inconvenient, especially for large stiff systems,
when the solution is computed far away from bifurcation. Scaling K by 10 changes the determinant
by 10N! This difficulty can be overcome by computing the determinant as a pair of numbers, a
characteristic normalized between —1 and 1 and a mantissa. This decomposition is available in
severa direct solvers. A drawback of this approach occurs, however, if the null eigenvalue has an
even multiplicity, since in this case the determinant will not change sign and the tester will fail to
detect a critical point.

Two additional choices are considered in the following. Using previous equations the following
relation results:

== (23.39)

If we regard the left-hand side of this equation as a Rayleigh quotient, and taking into account that
Z isaclose approximation to the smallest eigenvector of K when the solution is sufficiently closeto
the limit point, we may use the right-hand side of equation to monitor the smallest eigenvalue of K.
Thus, kiZ is a candidate for a CPTF. A similar test function is proposed by Seydel (loc.cit.). This
approachisexpensiveif itisto be carried out at every increment, because the decompositionisonly
computed near critical points. However, if by some other means we have detected the proximity
of acritical point, this computation may be obtained as a by-product of the stabilization procedure
described in the previous Chapter. In such case, it becomes an attractive CPTF. We therefore look
for acheaper aternative that can provide a good estimate of the singularity of K.

Since we use full Newton we generally have a decomposition of K of the form:
K =LTDL (23.40)
where L isan upper triangular matrix and D isdiagonal. It iswell known that

T =minD(i) (23.41)

10 3. P. Abbott, An Efficient Algorithm for the Determination of Certain Bifurcation Points, J. Comput. Appl. Math., 4,
19-27, 1978.
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also monitors the smallest eigenvalue of K. Moreover, t = 0 when K issingular and ¢ < O if
K isindefinite. Thus, t defined is readily available without any overhead and is the test function
adopted here. Once it has been determined that thereisacritical point lying between two solutions
we may switch to the test function.

§23.9. Branch switching

In this Chapter we consider the computational treatment of bifurcation points. Such points are
characterized by the fact that the augmented stiffness becomes singular there. The vector (zT  0)
isaleft singular vector of the augmented stiffness, as can be seen by premultiplying the augmented
stiffness matrix by the vector (zT O) and taking into account that q is orthogonal to z. However,
this relation shows that the problem is consistent and as such, a solution exits; more precisely, an
infinite set of solutions exits with any two of them differing by a vector lying in the null space of
K.

The coefficient o, cannot be obtained because the second row of this equation vanishesidentically.
Thus, we cannot use herethe same procedure used to traverselimit points. Aspreviously mentioned,
at a bifurcation point more than one branch coexist. If o, is kept equal to zero, we may continue
along the current branch, while if another value of o, is chosen appropriately, we may switch to a
different branch. It is seen that the problem is indeterminate and we need an additional condition
to specify on which branch of the solution the continuation will proceed. While continuing on the
known branch can be achieved fairly ssmply, switching to a crossing branch is not so obvious and
requires amore elaborate procedure.

We will assumethat K has arank deficiency of one and the bifurcation point isisolated or simple.
Under these conditions, there are only two intersecting branches at the bifurcation point. The
process of branch switching requires two steps. First we have to find some point sufficiently close
to the crossing branch. Second, we have to stay on that branch; this requiresto avoid any iteration
sending us back to the known branch. This Chapter will be concerned with thefirst step, calculating
one solution point on the emanating branch.

Suppose we have detected a critical point, and that we have classified it asabifurcation point. The
scenario isasfollows: we have some solutions u(x) such that r (u, A) = 0. If the bifurcation point
has been located by using theindirect method, we may assume that we have one solution, say (T, 1),
that approximates the bifurcation point (uc, A¢), and in addition we have a good estimate of the
buckling mode vector z. Denote a solution on the crossing branch by (w, A),i.e. r(w, 1) = 0. Our
main goal in this section is to find one such solution. Thisfirst solution is then used as a starting
point to trace the entire branch.

In general, any method for switching branches consists of two parts, first an approximation to a
point on the crossing branch is guessed by means of a predictor; then an iteration converging to
that branch must be established. In the following subsections we will describe different types of
predictors.

§23.9.1. Tangent Predictors

Possibly the most accurate predictor isthe one based on thetangent to the crossing branch. However,
thisprocedurerequiresarather accuratecal culation of thebifurcation point (uc, A¢) and of thesecond
derivatives of the residual vector, which is given in terms of the rate matrices K and . Since we
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Figure 23.1. Schematic representation of a branch switching procedure.

have assumed that the bifurcation point is simple, there can be at most two intersecting branches.
Since g isintherange of K., the system Kw = q is consistent at a bifurcation point. Hence, there
isaunique solution w lying in the range of K (uc, A¢) that is, satisfying the relationw'z = 0. Now
the state variation rate U at a bifurcation point can be decomposed into a homogeneous solution
component o z in the buckling mode direction, and a particular solution component, orthogonal to
z, which isfurnished by w:

U=W-+o2z)A (23.42)

Thenextstepistofindo. Itwaspointed out that thefirst-order rate equationsdo not provided enough
information for computing o. To obtain the required information we must resort to the second-
order system. Premultiplying equation by z" and taking into account the bifurcation condition 3in
Definition 2 we get the scalar equation

Z’Ku—-2"gA=0 (23.43)
The rate matrices K and ¢ may be written as linear combinations of U and 4 as:
K=Lu+Ni  q=—(Nu+ji) (23.44)

Then
z' (Lu+NA)u+z" (Nu+ji)i=0 (23.45)

The replacement of u by its decomposition gives
Z'(LW+o2)A+NA)W+o2)A+2' (NW+02)A+ji)A =0 (23.46)
Insertion of the relations

a=2Lzz b=z (Lzw+Nz), c=2z" (Lww+ 2Nw +j) (23.47)

23-16



23-17 823.9 BRANCH SWITCHING

yields the quadratic equation
ao?+2bo +¢c=0 (23.48)

If at least one coefficient is nonzero, this quadratic equation provides two roots. o, and o, —root
o = oo is acceptable. Since by hypothesis a branch reaches the bifurcation point, one of the
roots must be real. Consequently, the other root must also be real. The condition that at |east one
coefficient be nonzero serves as a criterion for a simple bifurcation point because it guarantees a
transversal intersection of two branches. It is worth noting that a = 0 characterizes a pitchfork or
symmetric bifurcation while a # 0 characterizes atranscritical or asymmetric bifurcation.

Although thismethod is systematic and reliable, it suffersfrom the disadvantage of requiring second
derivatives of the residua in addition to requiring an accurate approximation of the bifurcation
point. Both procedures are rather expensive, particularly the former, since it is not always possible
to obtain an analytical expressionfor therate of the stiffnessmatrix in areasonably simpleway. This
is obviously the case when the formulation used corresponds to elaborate mathematical models.
These problems motivated the search for other alternatives. In general, these alternatives are based
on buckling mode injection.

§23.9.2. Buckling Mode I njection

The purpose of these predictors is to obtain a sufficiently close approximation to the emanating
brancheswithout resorting to the computation of the exact tangentsto such branches. Theunderlying
ideaisto obtain anincrement vector d representing the difference between one solutionintheknown
branch and a solution on the unknown branch for a given value of the load parameter A,

d=w—u, A=A (23.49)

Observe that the two tangents at the bifurcation point obtained by replacing the two roots span a
plane. In a sufficiently small neighborhood of the bifurcation point (uc, Ac) both branches lie on
that plane. If A issufficiently closeto A it would be possibleto approximate the vector d by avector
almost parallel to thistangent plane. If d could be obtained exactly it would be possible to switch
branchesin astraightforward manner. However, in most practical problems only an approximation
to d is possible. Such approximation is generally split into two steps

. Find a direction pointing to the other branch

2. Find a step along this direction so that the distance between the two solutions is minimized in a

given norm.
The problem is then reduced to finding d and § such that

lu+8d —w| =0, ru,A) =rw, 1) =0 (23.50)
The first condition can be viewed in the more general context of a constraint relation between the

solutions on both branches, thus generalizing constraints.

The first subproblem can be solved by taking d proportional to z since z lies on the plane defined
by the two tangents. This can easily be seen just by taking the difference between the two tangents
and observing that this difference is a multiple of z. This procedure can be viewed as an injection
of the buckling mode into the known solution.
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The solution to the second subproblem is more difficult. It does not seem to be possibleto find aé
that satisfies the previous equation for agiven value of A without resorting to information provided
by second or higher-order rate equations. We cope with this problem by shifting it to the corrector,
which will adjust X instead of § in such away that a constraint condition between the solutions on
both branches is satisfied. The problem is so restated because the corrector is better equipped to
deal with a problem posed in terms of changes in the state vector and control parameters, because
an incremental equation for § isnot available. Thus, at the predictor level, we will be content with
an estimation of §. Some values dictated by experience are given in Seydel (loc.cit.).

Note that two predictors arein fact available:
W]_,z =Uuzxéz (23.51)

For perfect structures undergoing symmetric —pitchfork— bifurcation, thesign choiceisirrelevant,
but for asymmetric—transcritical— bifurcation, onebranch will beenergy preferred. Thisdifficulty
can be overcome by cal cul ating sol utions on both half-branchs emanating from the bifurcation point
and choosing the one with |east energy.

The success of thewhol e procedure strongly depends on an appropriate corrector. Correctorsshould
be carefully designed in order to display selective properties. Thisis meant as the capability of the
corrector to avoid converging towards the known branch. The design of such correctors is dealt
with in the next section.

§23.10. Correctors

One alternative is to enrich the displacement increment with the buckling mode. Felippa (loc.cit.)
modifies equations so that
d=d’+ qua + oed £ 0,2 (23.52)

To provide sufficient equations a length constraint in injected, z'd = §. Again, the unknown
coefficients are obtained by requiring that d verifies the incremental equation which leads to the
following 3 x 3 unsymmetric auxiliary system:

g+ aq Qe a Oq —C—o
[_dqi ) .MH %, } 2353
S S 1 +o, §—5

in which
ay=2a d=2'd s=2'd, s :ZTchr S =zdS (23.54)

The selective properties of this corrector are not clearly established.

To obtain a corrector with enhanced selective properties, Skeie and Felippal® propose using a
constraint that has greater affinity for the emanating branch than for the known branch. For this
purpose, they look at the limit behavior of the local hyperelliptic constraint. They show that this
constraint reduces to a narrow cylinder around the known branch when a/¢ > b/¢. To obtain a
robust corrector it isnecessary to inject information from both branchesinto the constraint equation.

11 G. skeie and C.A. Felippa, Detecting and Traversing Bifurcation Points in Nonlinear Structural Analysis, Report CU-
CSSC-89-23, Center for Space Structures and Controls, University of Colorado, Boulder, 1989.
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This can easily be achieved if the constraint is expressed in terms of the difference between the
solutions on two different branches, as shown below.

In the correction step, can be generalized to
cw—u,A—x)=0 (23.55)

Increments to both w and u and to A are computed so that this constraint is enforced. What we
are trying to avoid is an iteration converging towards the known branch. Experience shows that
this frequently happens when A = A is kept fixed while trying to obtain a state vector u satisfying
the residual equation. For example, consider the case of symmetric —pitchfork— bifurcation. In
this case, the crossing branch exists for values of A either greater or smaller than A.. Since we
do not know beforehand on which side of the bifurcation point the crossing branch lies, there is
a 50% chance that no emanating branch exist for the chosen value of 1. Besides, it is possible
that the emanating branch could not be parametrized by A close to the bifurcation point and alocal
parametrization may be required.

Once again we can expand the solution space. A point inthisexpanded spaceisdefined by (u, w, A)
and a parametrization for the solution in this new spaceis sought. In the case of prior equationsthe
parameter was the arc-length ¢; here § plays the samerole. The only difference is that we replace
Au, which represents an increment of the solution on the known branch, by w — u which measures
the difference between two solutionslying on different branches. For example, displacement control
resultsin

wk — Uk =26 (23.56)

In summary, welook for two state correctionsd,, and d, and aload correction n that simultaneously
satisfy
ruf4+d< a4 = raw +d<, A+ 7 =0 (23.57)
and the constraint condition
c(AUK +d¥ AWK +dX; AMK %) =0 (23.58)

These corrections are obtained from

K, 0 —q d, My
[o <. _q}[dw}:_[rw} 2359
a —-a g n c

where K, = K (UuX, A% and K, = K (wk, AK).
Again it is possible to solve the previous equation while preserving the symmetry and sparseness
of K. If K isnonsingular we may write

dry = Ky, dry = —K3 My, du=K;'g, dqn =K;q (23.60)

v w

Thus, the two incremental displacements and the load increment may obtained as:

d, = dry + ndgy

dy, = dry + ndgy
_c+al(dy—dn)
B g+af (dgqu — dqw)

(23.61)
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By using the procedure described in previous equations we require much less storage than when
using the original system, because K, and K,, can overwrite each other. The extra storage re-
quirement is for four N-dimensional auxiliary vectors. However, it is still demanding in terms of
computer time, because two linear systems of equations with different coefficient matrices must be
solved at each iteration.

As an dternative, we may keep the solution on the known branch fixed and search for another
equilibrium solution that also verifies the constraint equation. That is, solve

r(w, ) _
[c(u; d, . )\)] =0 (23.62)

This equation resembles the origina continuation equation; the main difference being a slight
modification of the constraint condition. However, there is no guarantee that a solution of this
eguation will lie on the emanating branch; observe that u and w correspond to two different values
of theload parameter A and it ispossiblethat two solutions on the same branch satisfy the constraint
equation.

In the examples presented in Crivelli’s thesis the first approach is used, since we are willing to
pay the additional price to guarantee the success of the branch switching. Furthermore this cost is
modest compared to that of the entire continuation process.

A remark is in order here. The stiffness matrices K, and K, may become ill-conditioned and a
procedure similar to that leading to equations may be developed. However, note that we are not
looking for a highly accurate solution on the known branch, since we are using it just to repel an
iteration from the crossing branch back to the known branch. Such a process is not required to
provide an highly accurate solution on the crossing branch either, because that solutionisjust used
to obtain a starting point on the new branch. We can thus apply the transformation to K to avoid
numerical instability, but regarding d;, and d,,, as sufficiently good approximationsto d,, and d, ,,
respectively. Once a point on the new branch is obtained, the solution can be further improved by
switching back to the continuation procedure used for regular points.

§23.11. Treating Bifurcation by Perturbation

Thelast approach to be mentioned hereistreating bifurcation by perturbation. Theideaisto perturb
the residual equation r (u, A) in such away that the underlying regularity intrinsic to a bifurcation
pointisdestroyed. Thisisaccomplished by introducing physical or numerical imperfections. Inthe
mathematical literature, this approach is referred to as unfolding. The perturbed system displays
limit point behavior rather than bifurcation point behavior. The key difficulty with this approach is
to find a perturbation parameter ¢ and an imperfection distribution that is critical to the underlying
regularity. For simple structures, this parameter ¢ may be guessed from physical considerations.
Once an appropriate valueisfound, the branch can be traced by the standard continuation procedure
and the problem is reduced to limit point traversal.
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2321 Exercises

Homework Exercisesfor Chapter 23

Detecting and Traversing Critical Points

EXERCISE 23.1

[C:25] For the steep 2-bar arch with S = 2 and arbitrary H and subject to a vertical load —Aq, find the locus
of al critical points directly by setting up and solving the r = 0 system augmented by det(K) = 0 as CPTF.

Hint: you may try the effect of

ClearAll[Em,A0,S,vX,vY,H,lambda] ;
Em=1; AO=1; S=2;

Do [
rX = (4*AO*Em*vX*(S~2 + 2*%vX~2 + 4*HxvY + 2%vY"2))/(4*xH"2 + S~2)~(3/2);
rY = (8%AO*Em*(H + vY)*(vX~2 + 2xH*vY + vY~2))/(4xH"2 + S~2)~(3/2)-lambda;

K={{(4*A0*Em*(S"2 + 6*xvX~2 + 4xHxvY + 2xvY~2))/(4xH"2 + S~2)~(3/2),
(16%xA0*Em*xvX*(H + vY))/(4xH"2 + S~2)~(3/2)},
{(16*A0*Em*vX*(H + vY))/(4%H"2 + S°2)"(3/2),
(8*AO*Em* (2¥H"2 + vX~2 + 6xH*vY + 3xvY"2))/(4%H"2 + S°2)"(3/2)1}};
sol=NSolve [{rX==0,rY==0,Det [K]==0},{lambda,vX,vY}];
Print["solution for H=",H," is ", ({lambda,vX,vY}/.sol)//InputForm],
{H,1/2,3,1/2} 1;

EXERCISE 23.2 [A+C:25] Theresidua equation
r@,r)=60—airsing =0, (E23.1)

where v = 6 is the only degree of freedom, provides what is perhaps the simplest example of bifurcation.
This has two solution paths, 8 = 0 (the fundamental path) and A = 6/ siné (the post-buckling path), which
intersectat B(A=1,6 =0.

Solve this equation using the purely incremental arclength control method programmed in Chapter 18 and
deviseaprocedureby which theprogram, startingfrom. = 6 = 0and moving up thefundamental path, detects
B and (without cheating) follows one of the post-buckling paths. Probably the simplest one to implement is
perturbation.

EXERCISE 23.3 [C:25] Solve the steep arch H = 2S under a vertical load using the program of Exercise
20.3 and observe whether the program senses the bifurcation point or just marches al ong the fundamental path.
Experiment with perturbing the problem by inserting a small horizontal load to see whether you can coax it
into the secondary path.
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