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15-3 815.2 CR BEAM KINEMATICS

§15.1. Introduction

In this Chapter we use the CR description to construct a geometrically nonlinear, 2-node Bernoulli-
Euler plane beam. Unlike Chapter 9 wewill do aC* (Hermitian) beam from the start, since with CR
itisaseasy todo C* or C°, and the former has a much better geometric stiffness matrix.

§15.2. CR Beam Kinematics

The CR formulation of the beam motion is quite similar to that of the bar element in many respects,
and much of the development can be reused. Only the major differences will be noted here.

§15.2.1. Coordinate Systems

Asin Chapter 9, we consider aplane, straight, prismatic beam element with two nodes. The element
isinitially aligned with the global X axisin the initial configuration Cp, with the origin Og located
at the element midpoint. This configuration is assumed to be straight and undeformed athough it
may be under initial uniform axial stress with resultant N°. The bar properties include the elastic
modules, E, the cross section area Ag and the moment of inertia | about the neutral axis. Thelength
in Co is Lo.

The motion on the { X, Y} plane carriesit to the current configuration C. The corotated configuration
Cr is selected as depicted in Figure 15.1:

1. Thelongitudinal axis passes through the current position of the end nodes. This defines the
local axis x&. The origin of {x®, y¢} is placed halfway between the nodes. Thisformsan angle
Y with X.

2.  The Cr nodes are placed at an equal distance from the C nodes. Hence the corotated axes
{x§, y&}, including origin, coincide with {x®, y©}.

Thenew ingredient istherotation angle® about Z or z. With Cr chosen asindicated, the deformation
part of these rotationsis easily extracted: 6 = 6 — .

Other possibilities for selecting Cr are possible. The foregoing choice has the advantage of being
compatible with that of the bar element discussed in the previous Chapter.

815.2.2. Degrees of Freedom

The beam element has six degrees of freedom, which are placed in the vectors

[ Uxy ] EARELE
Uy ugq 0
e
u= uel R v 0961 - fg . (15.1)
X2 X2 >
Uy, g, 0
| 62 | 0; 1 L 62

See Figure 15.2 for a picture of the global displacements and Figure 15.3 for the deformation dis-
placements.
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Figure 15.1. Kinematics of corotational C! plane beam element.
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Figure 15.2. Global element displacements.

Figure 15.3. Deformational displacementsin element system.
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155 815.2 CR BEAM KINEMATICS

Proceeding as in the general formulation specialized to the 2D case, we can obtain the following
relation:

F0%7 rc, s, 0 0 0 O7[uxi—Uxo] [3Lo(l—cy)T
U?/l =Sy Cy 0 0 0O O Uy1 — Uyo %LoSw
e | |_| 0 01 0 00 I I 152
o ng o 0 0O O Cy Sy 0 Ux2 — Uxo %Lo(CI/, -1 )
Uy, 0O 0 0 -s, ¢c, O Uy2 — Uyo _%LO%
L gel Lo o0 o oL e ] | =y |

Herec, and's, andtheangley areimplicitly defined by the displacementsthrough the trigonometric

relations
Lx

. Ly Ly
S.p:SIHI/f:T, cwzcossz, w:arctanL— (15.3)
X

where Ly = Lo + Ux2 — Uxa, Ly = Uy2 — Uy, and

L=,/L2+L2 (15.4)

isthe bar length in the current configuration, ignoring the bending deformation.
We note the following relations

oL oL oL oL oL oL
= — = CI/” = — = S‘p’ — = — =0,
dUx>o dUx1 dUyo dUyq 01 06>
anf . 8C1/, . Si anf . 801/, . Sy Cy, 801/, . 801/, ~0
dUx2 N dUx1 N L’ dUy2 N dUyq N L’ 001 B 00, - (15 5)
d 9 c, 0 9 cz 9 9 '
S __ % _ s Bs, 88y _ GBS, _ 38 _
dUx>2 duUx1 L’ dUy2 dUy1 L’ 00,1 06> ’
dUx2 JdUx1 L’ JdUy2 dUy1 L’ 001 00, '

which are useful in the calculations that follow.

815.2.3. Partial Derivatives

The first and second partial derivatives of the deformations d, 6, and 6, with respect to the node
displacements are necessary for the computations of internal forces and stiffness matrices.

Using (15.5) and Mathematica, one obtains for the first derivatives.

—8921_ L 0 -3¢ —38 07 [8uxi’
oUya —s,CyLlo/L  3Lo/L 0 sucuLo/L —CiLo/L O || duys
867 —s,/L cy/L 1 sy /L —cy/L O 861
_o - 1 1 1 1 (156)
80 —3% —38% 0 20 38 0] duxz
805, syCyLo/L  —cjLo/L 0 —s,cylo/L  cjlo/L O || duyz
Lsos 1 L —sy/L cy/L 0 sy /L —Ccy /L 1L 86,
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1%, ¥)

Figure 15.4. Beam element with arbitrarily oriented initial configuration Co,

forming an angle ¢ with X. Corotated configuration not shown
to reduce cluitter.

sd
80, | =
86,

The second derivatives of deformation variables are

0%d
auou

| =

2
Sy
—SyCy
0
2

Sy Cy
0

—Sy/L ¢y/L 1 /L
—sy/L ¢y/L 0 sy/L

—SyCy
CZ
v
0
Sy Cy
_2
v

2 2
Cy =Sy
2s,Cy
0
2 2
Sy —Cy

—2s,,Cy
0
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OO OO O O

[ SUx1 ]
su
Sp 0 89Y1
—Cw/l_ 0 !
L 1] |0
v duy2
L 36,
—s c, 07
o Sy Cy
sycy —C, O
0 0 0
s,  —sycy O
—sy¢y ¢ O
0 0 0,
2s,c,  s;—ci 07
s, —c, —2s,c, O
0 0 0
-2s,c, ¢ —s; O
c,—s;, 2s¢, O
0 0 0,
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157 815.2 CR BEAM KINEMATICS

[ —2s,c, C,—s;, 0 2s,c, s;—cf 07
) c,—s;, 2s,c, 0 sj—ci —2s5¢c, O
320, _ 0 0 0 0 0 0 (15.10)
gudu L2 | 2syc, s;—cj 0 —2s,cp Ci—s) O '
sj—c¢, —2s,c, 0 cj—s; 2s0c, O
0 0O 0 O 0 0,

§15.2.4. Arbitrary Initial Configuration

The foregoing relations can be generalized to the case of a initial configuration Co not aligned
with the X axis as shown in Figure 15.4. Given the node coordinates and displacements shown
in the figure, it is easily shown (Section 89.4) that cos¢p = Xz1/Lo, Sing = Yz1/Lo, COS¢p =
Cos(Y + ¢) = Xa1/L, Sng = sin(y + @) = Ya1/L, cosy = (Xa1Xo1 + Ya1Y21)/(LLo) and
siny = (Xa1y21 — YaiXo1) /(L Lo).

The preceding transformation rules remain correct if ¢ isreplaced by ¢ = ¢ + i, except for the
deformation angle computation, which remain 6, = 6, —  and 6, = 6, —  because the 0s are
measured from X.

The relation between deformational and global displacements become

d=L—Lo=uUx21Cs +Uy21 Sy + Lo(1—Cp)

Oh =61 — Y (15.11)
02 =0—y
Thefirst derivatives of d=eformation variables are
- St
su
sd —Cy¢ —S 0 ¢4 Ss 0 80Y1
801 | = | —s/L /L 1 s/L —c/L O] ! (15.12)
80, —s/L c/L 0 /L —cy/L 1] X2
Uy2
| 36,
The second derivatives of deformation variables are
S —%C 0 —sf 56 07
—$C € 0 sc 2 —¢ O
°d 1| o0 0O 0 0 0 0 (15.13)
guou L | -5 0 0 s§  —s6 O ‘
$C —C; 0 —s¢5 € O
0 0 0 O 0 0,
[—25C5 C5—S5 0 25¢, s5—c; 07
. CG—S, 2%C; 0 sf—ci —2s50c, O
%, 1| o0 0 0 0 o0 (15.14
duau L2 | 25Cs s5—c; 0 —25¢c, c;—s; O '
sS—c5 —25C, 0 ci—s5 25¢C, O
0 0 0 0 0 0
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N N
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Figure 15.5. Beam stress resultants depicting positive sign conventions. Axial forces N
and transverse shear forces V are constant along the length, but the bending
moments M vary linearly. Hence two nodal values of M are required.

[ —25Cp CG—s; 0 250, s5—c; 07
. CG—S5 2%C; 0 sf—ci —2s5¢c, O
0%, 1 0 o0 0 0 (15.15
gudu L2 | 256, sE—c5 0 —25c, c;—s5 O '
ss—C, —25C, 0 ci—sf 25c, O
| o 0 o0 0 0]

815.2.5. Stress Resultants

The stress resultants in the reference configuration (either Co or Cr) are N°, M2 and M. Theinitial
shear forceis V0 = (M2 — M9)/L,. See Figure 15.5 for sign conventions.

Denote by N, V and M the stress resultants in the current configuration. Whereas N and V are
constant along the element, M = M (x®) varieslinearly along the length because thisis a Hermitian
or model, which relies on cubic transverse displacements. Consequently we will defineits variation
by thetwo nodevalues M; and M,. Theshear V isrecovered fromequilibriumasV = (M;— M) /L,
which isaso constant. The stress resultants can be obtained from the deformations as

EAo 2E

I _ -
N =N+ 294, My=M2— 22023, + ),
Lo Lo (15.16)
2Ely -~ .- M1 — M, Lo 2EI - '
My, = M9 O0,+20), V=—"°=Vv0—_ 01 — 05).
2 >+ L0(1+ 2) 1 L+LL0(1 2)

§15.3. The Deformational Strain Energy

The next step in the CR formulation isto work out the deformational strain energy of the beam. The
basic choices are:
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159 815.4 INTERNAL FORCE VECTOR AND TANGENT STIFFNESS MATRIX

1. Alinear beam
2. A nonlinear TL beam
The strain energy of the beam for small strains can be written

U=U2+U"4+U9 (15.17)

where U2, U and U9 are the energy taken by axial (bar) deformation, bending deformation, and
initial-stress geometric effects, respectively. We adopt the following energy expressions:

U2 =N% + 3(N—N%d*=NLoe+ IEAILo €,
- T -
b_ MG, - M0g, + 2|0] Elof4 2176

po_1[0] N[ 4 —1][d
2 92 30 -1 4 92 )
The 2 x 2 matrices appearing in U and U9 may be derived from those given in Chapters 5 and 15,
respectively, of Przemieniecki’s book.! This book, howevr, omitsthe initial stress terms.

(15.18)

§15.4. Internal Force Vector and Tangent Stiffness Matrix

The internal force vector and tangent stiffness matrix of the corrotational element are then obtained
by the usual formulas:
oU op
= —, K=-—=K K 15.19
P=34 50 v+ Ke ( )
To develop these quantitiesit is necessary to find the first and second partial derivatives of d, 6, and
0, in terms of the node displacements.

815.4.1. Internal Force Vector

Using the partial derivatives compiled above and Mathematica, one obtains the following expression
for the internal forces.

p =p?+p° + pd (15.20)
where
au?
o _ 9V _ Vv Vv M Vs, V M,1T
= =Vy —Ve —Mi Vs Ve, M (15.21)
. U9 NOLg o o o
P === 30 [ =3sp(01+602)/L  3cy(61+02)/L 461 — 6>

385(01+02) /L —3cy(61+02)/L 49, —61]"

1 J.S. Przemieniecki, Theory of Matrix Sructural Analysis, Dover, New York, 1985.
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815.4.2. Material StiffnessMatrix

Carrying out the computations one obtai nsthefoll owing compact expression for thematerial stiffness:

Km =T KmoT (15.22)
where
0 12E1 6El 0 _12E| 6E|
L3 L2 L3 L?
0 6El 4E| 0 __6EI 2El
K L? L L® L (15.23)
MO — .
0 _12El _ 6EI 0 12E1 __6EI
L3 L? L3 L?
0 6El 2E| 0 __6EI 4E1
L L2 L L2 L .
is the stiffness matrix of the linear beam element, and T is the transformation matrix
" C, S 0 O 0 07
-s5 ¢ 0 0 0 O
0 0O 1 o0 0O O
T= 0 00 ¢ s O (15.24)
0O 0 0 —-s ¢, O
| O 0O 0 O 0 1_

which introduces the effect of finite rigid body motions.
§15.4.3. Geometric StiffnessMatrix

The expression for the geometric stiffnessisabit more complicated. It can be presented in acompact
form asfollows:

Ke=TTKIT +KY (15.25)
whereT isthetransformation matrix (15.24), Kg isthewell known geometric stiffnessfor aHermitian
beam element under axial force:

0 0 0 0 O 0 7
0 3 3L 0 -3 3L
N [0 3L 4L? 0 -3L -L?
N—_
Ke=zL|lo 0 o 0o o o (15.26)
0 -3 -3L 0 36 -3L
|0 3L —-L? 0 -3L 4L?]

and the remaining term introduces the effect of varying moments through the transverse shear force
inC:
- Sin2¢p —cos2¢p 0 —sin2¢p cos2¢p 07

C0S2¢ sin2¢
. O 0
inwhichsin2¢ = 2s,¢, and cos2¢ = ¢ — s;.

—C0S2¢p —Sn2¢p
0 0

v —C0S2¢p —sSin2¢ CoS2¢ sn2¢ 0O
KY=7 0 0 0 0 8 (15.27)

0

0

0
0
—sn2¢ cos2¢ 0 sSin2¢p  —cos2¢
0
0
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15-11 Exercises

Homework Exercisesfor Chapter 15
The Corotational Description: 2D C1 Beam

EXERCISE 15.1 Completethe derivation of p for the 2-node C* beam element and implement in Mathematica,
using the same inputs as in Chapter 9 Addendum. (Implemented and posted on Web)

EXERCISE 15.2 Completethederivation of K for the 2-node C*! beam element and implement in Mathematica,
using the same inputs as in Chapter 9 Addendum. (Implemented and posted on Web)

EXERCISE 15.3 A plane2-node C* beam element haspropertiesLo = 6, E = 3000, Ay =2, lo=12,N° =5
intheinitial state Co along X, withnode 1 at (0,0) and node2 at (L, 0). The beam rotatesby 45° about theorigin
so that at the current configuration C node 1 staysat {0, 0} while node 2 movesto {(Lo +d)/v/2, (Lo+d)/~/2},
whered = Lo/1000. The rotational freedoms at C are 6; = 6, = 45° = & /4 radians. Compute p, Ky and
K at the current configuration, and compare those quantities with those of the C° beam element presented in
Chapter 9, using RBF for the | atter.

Note: A Mathematica implementation of this C! element has been posted on the Web as a Mathematica 4.1
Notebook PlaneBeamC1.nb. The element checks out when moving about the reference configuration Cy. It
gives excellent buckling valuesfor the problem of Exercise 9.3. Moretests are needed, however, for an arbitrary
configuration to make sure the internal force vector and the tangent stiffness are consistent.

EXERCISE 15.4 Confirmthepreviousstatement by repeating the buckling cal culations of Exercise 9.3 using the
CR beam element provided in the Mathematica Notebook mentioned above (extract the material and stiffness
matrices, ignore the rest). Compare the speed of convergence of the CR and TL element for the cantilever
buckling problem.
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