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R–3 §R.2 SPINORS

This Appendix collects formulas and results for the mathematical treatment of finite rotations in 3D space. Em-
phasis is placed on representations useful in the CR description of FEM. Several of the results are either new or
simplifications of published results. Some statements in the literature concerning the exponential and Cayley maps
are shown to be erroneous.

One difficulty for investigators and students learning the CR description is that different normalizations have been
used by different authors. This topic is reviewed in some detail, and summary help provided in the form of Table R.5.

§R.1. Spatial Rotations

Plane rotations are easy. A rotation in, say, the{x1, x2} plane, is defined by just a scalar: the rotation angleθ about
x3. Plane rotations commute:θ1 + θ2 = θ2 + θ1, because theθs are numbers.

The study of spatial (3D) rotations is more difficult. The subject is dominated by a fundamental theorem of Euler:

The general displacement of a rigid body with one point fixed is a
rotation about some axis which passes through that point.

(R.1)

Thus spatial rotations have both magnitude: the angle of rotation, and direction: the axis of rotation. These are
nominally the same two attributes that categorize vectors. Not coincidentally, rotations are sometimes pictured
as vectors but with a double arrow in Mechanics books. Finite 3D rotations, however, do not obey the laws of
vector calculus, although infinitesimal rotations do. Most striking is commutation failure: switching two successive
rotations does not yield the same answer unless the rotation axis is kept fixed. Within the framework of matrix
algebra, finite rotations can be represented in two ways:

(a) As 3× 3 real orthogonal matricesR calledrotators. (An abbreviation forrotation tensor).

(b) As 3× 3 real skew-symmetric matricesΩ calledspinors. (An abbreviation forspin tensor).

The spinor representation is important in theory and
modeling because the matrix entries are closely re-
lated to the ingredients of Euler’s theorem (R.1).

The rotator representation is convenient for numer-
ical work, as well as being naturally related to the
polar factorization of a transformation matrix. The
two representations are connected as illustrated in
Figure R.1, which also includes the axial vector in-
troduced below. Of theΩ→ R links, the Rodrigues-
Cayley version is historically the first, as discussed
in [R.20], although not the most important one.

Rotator
R

Skew(R)

Not unique: adjustable 
by a scale factor γ

Unique

Axial vector or
pseudovector

ω
Spinor

Ω

Spin(ω)

axial(Ω)

Rot(Ω)

Figure R.1. Representations of finite spatial rotations. Note:
Some authors writeeΩ andLoge(R) for Rot(Ω) andSkew(R),
respectively. This is correct for a particular scale factorγ ;

cf. Table R.5.

A 3 × 3 skew-symmetric matrix such asΩ is defined by three scalar parameters. These three numbers can be
arranged as components of anaxial vectorω. Althoughω looks like a 3-vector, it violates certain properties of
classical vectors such as the composition rule. Therefore the termpseudovectoris sometimes used forω.

In the EICR formulation presented here, axial vectors of rotations and spins function as incremental quantities
directly connected to variations. Rotator matrices are used to record the global structure motions. See Table R.2.

This Appendix intends to convey that finite 3D rotations can appear in alternative mathematical representations, as
diagramed in Figure R.1. The following exposition expands on this topic, and studies the links shown there.

§R.2. Spinors

Figure R.2(a) depicts a 3D rotation in space{x1, x2, x3} by an angleθ about an axis of rotation�ω. For convenience
the origin of coordinatesO is placed on�ω. The rotation axis is defined by three directors:ω1, ω2, ω3, at least one
of which must be nonzero. These components may be scaled by an nonzero factorγ through which the vector may
be normalized in various ways discussed later. The rotation takes an arbitrary pointP(x), located by its position
vectorx, into Q(x, θ), located by its position vectorxθ . The center of rotationC is defined by projectingP on the
rotation axis. The plane of rotationCPQ is normal to that axis atC.
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Appendix R: THE MATHEMATICS OF FINITE ROTATIONS R–4

The radius of rotation is vectorr of magnituder from C to P. As illustrated in Figure R.2(b) the distance between
P andQ is 2r sin 1

2θ .

The positive sense ofθ obeys the RHS screw rule: pos-
itive counterclockwise if observed from the tip of the
rotation axis. The angle shown in Figure R.2 is positive.

§R.3. Spin Tensor and Axial Vector

Given the three directorsω1, ω2, andω3 of the axisω,
we can associate with it a 3×3 skew-symmetric matrix
Ω, called aspin tensor, spin matrixor briefly spinor,
by the rule

Ω = Spin(ω) =
[

0 −ω3 ω2

ω3 0 −ω1

−ω2 ω3 0

]
= −ΩT .

(R.2)

x3

x2x1

x

r

P(x)

P(x)

C

C
O

Q(x,θ)

Q(x,θ)

θ/2

θ/2
r

2r sin θ/2

2r cos θ/2

(a)

(b)

xθ

Rotation axis defined  
by axial vector
Can be normalized
in various ways

+θ

n,

Figure R.2. The rotation angleθ is positive as
shown, obeying the right-hand screw rule about

the rotation axis.

The space of allΩ’s form the Lie algebraso(3). Premultiplication of an arbitrary 3-vectorv by Ω is equivalent to
the cross product ofω andv:

ω× v = Ω v = Spin(ω) v = −Spin(v)ω = −v × ω. (R.3)

In particularΩω = 0, andvTΩ v = 0, as may be directly verified. The operation converse to (R.2) extracts the
3-vectorω, calledaxial vectoror pseudovector, from a given spin tensor:

ω = axial(Ω) =
[

ω1

ω2

ω3

]
(R.4)

The length of this vector is denoted byω:

ω = |ω| = +
√

ω2
1 + ω2

2 + ω2
3. (R.5)

As general notational rule, we will use corresponding upper and lower case symbols for the spinor and its axial
vector, respectively, if possible. For example,N andn, Θ andθ, V andv. Exceptions are made in case of notational
conflicts; for example the spinor built from the quaternion vectorpi is not denoted asP because that symbol is
reserved for projectors.

§R.4. Spinor Normalizations

As noted,ω andΩ can be multiplied by a nonzero scalar factorγ to obtain variousnormalizations. In generalγ
has the formg(θ)/ω, whereg(.) is a function of the rotation angleθ . The goal of normalization is to simplify the
connectionsRot andSkew to the rotator, to avoid singularities for special angles, and to connect the components
ω1, ω2 andω3 closely to the rotation amplitude. This section overviews some normalizations that have practical or
historical importance.

Choosingγ = 1/ω we obtain the unit axial-vector and unit spinor, which are denoted byn andN, respectively:

n =
[

n1

n2

n3

]
=

[
ω1/ω

ω2/ω

ω3/ω

]
= ω

ω
, N = Spin(n) = Ω

ω
=

[
0 −n3 n2

n3 0 −n1

−n2 n3 0

]
. (R.6)

Takingγ = tan 1
2θ/ω is equivalent to multiplying theni by tan1

2θ . We thus obtain the parametersbi = ni tan 1
2θ ,

i = 1, 2, 3 attributed to Rodrigues [R.69] by Cheng and Gupta [R.20]. These are collected in the Rodrigues
axial-vectorb with associated spinorΣ:

b = tan 1
2θ n = (tan 1

2θ/ω)ω, Σ = Spin(b) = tan 1
2θ N = (tan 1

2θ/ω)Ω. (R.7)
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R–5 §R.5 SPECTRAL PROPERTIES

This representation permits an elegant formulation of the rotator via the Cayley transform studied later. However,
it collapses asθ nears±180◦ since tan1

2θ → ±∞. One way to circumvent the singularity is through the use of the
four Euler-Rodrigues parameters, also calledquaternion coefficients:

p0 = cos1
2θ, pi = ni sin 1

2θ = ωi /ω sin 1
2θ, i = 1, 2, 3. (R.8)

under the constraintp2
0 + p2

1 + p2
2 + p2

3 = 1. This set is often used in multibody dynamics, robotics and control. It
comes at the cost of carrying along an extra parameter and an additional constraint.

A related singularity-free normalization introduced by Fraeijs de Veubeke [R.25] takesγ = sin 1
2θ/ω and is

equivalent to using only the last three parameters of (R.8):

p = sin 1
2θ n = (sin 1

2θ/ω) ω, Ωp = Spin(p) = sin 1
2θ N = (sin 1

2θ/ω) Ω. (R.9)

Fraeijs de Veubeke calls this representation “Rodrigues-Hamilton” without explanatory references.

Finally, an important normalization that preserves three parameters while avoiding singularities is that associated
with the exponential map. Introduce arotation vectorθ defined as

θ = θn = (θ/ω)ω, Θ = Spin(θ) = θ N = (θ/ω)Ω. (R.10)

For this normalization the angle is the length of the rotation vector:θ = |θ| =
√

θ2
1 + θ2

2 + θ2
3 . The selection of the

sign ofθ is a matter of convention.

§R.5. Spectral Properties

The study of the spinor eigensystemΩ zi = λi zi is of interest for various developments. Begin by forming the
characteristic equation

det(Ω − λI) = −λ3 − ω2λ = 0 (R.11)

whereI denotes the identity matrix of order 3. It follows that the eigenvalues ofΩ areλ1 = 0, λ2,3 = ±ωi .
ConsequentlyΩ is singular with rank 2 ifω �= 0, whereas ifω = 0,Ω is null.

The eigenvalues are collected in the diagonal matrixΛ = diag(0, ωi, −ωi ) and the corresponding right eigenvec-
torszi in columns ofZ = [ z1 z2 z3 ], so thatΩ Z = ZΛ. A cyclic-symmetric expression ofZ, obtained through
Mathematica, is

Z =
[

ω1 ω1s − ω2 + i (ω2 − ω3)ω ω1s − ω2 − i (ω2 − ω3)ω

ω2 ω2s − ω2 + i (ω3 − ω1)ω ω2s − ω2 − i (ω3 − ω1)ω

ω3 ω3s − ω2 + i (ω1 − ω2)ω ω3s − ω2 − i (ω1 − ω2)ω

]
(R.12)

wheres = ω1 + ω2 + ω3. Its inverse is

Z−1 = 1

ω2




ω1 − 1
2

ω2
2 + ω2

3

ω1s − ω2 − i (ω2 − ω3)ω
− 1

2

ω2
2 + ω2

3

ω1s − ω2 + i (ω2 − ω3)ω

ω2 − 1
2

ω2
3 + ω2

1

ω2s − ω2 − i (ω3 − ω1)ω
− 1

2

ω2
3 + ω2

1

ω2s − ω2 + i (ω3 − ω1)ω

ω3 − 1
2

ω2
1 + ω2

2

ω3s − ω2 − i (ω1 − ω2)ω
− 1

2

ω2
1 + ω2

2

ω3s − ω2 + i (ω1 − ω2)ω


 (R.13)

The real and imaginary part of the eigenvectorsz2 and z3 are orthogonal. This is a general property of skew-
symmetric matrices; cf. Bellman [R.6, p. 64]. Because the eigenvalues ofΩ are distinct ifω �= 0, an arbitrary
matrix functionF(Ω) can be explicitly obtained as

F(Ω) = Z

[
f (0) 0 0
0 f (ωi ) 0
0 0 f (−ωi )

]
Z−1, (R.14)

where f (.) denotes the scalar version ofF(.). One important application of (R.14) is the matrix exponential, for
which f (.) → e(.).
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The square ofΩ, computed through direct multiplication, is

Ω2 = −
[

ω2
2 + ω2

3 −ω1ω2 −ω1ω3

−ω1ω2 ω2
3 + ω2

1 −ω2ω3

−ω1ω3 −ω2ω3 ω2
1 + ω2

2

]
= ωωT − ω2I = ω2(nnT − I). (R.15)

This is a symmetric matrix of trace−2ω2 whose eigenvalues are 0,−ω2 and−ω2. By the Cayley-Hamilton theorem,
Ω satisfies its own characteristic equation (R.11):

Ω3 = −ω2Ω, Ω4 = −ω2Ω2, . . . and generally Ωn = −ω2Ωn−2, n ≥ 3. (R.16)

Hence ifn = 3, 5, . . . the odd powersΩn are skew-symmetric with distinct purely imaginary eigenvalues, whereas
if n = 4, 6 . . ., the even powersΩn are symmetric with repeated real eigenvalues.

The eigenvalues ofI+γΩ andI−γΩ, are(1, 1±γωi ) and(−1, 1±γωi ), respectively. Hence those two matrices
are guaranteed to be nonsingular. This has implications in the Cayley transform (R.29).

Example. Consider the pseudo-vectorω = [ 6 2 3]T , for whichω = √
62 + 22 + 32 = 7. The associated spin

matrix and its square are

Ω =
[

0 −3 2
3 0 −6

−2 6 0

]
, Ω2 = −

[
13 −12 −18

−12 45 −6
−18 −6 40

]
, Ω3 = −49Ω, . . . (R.17)

The eigenvalues ofΩ are(0, 7i, −7i ) while those ofΩ2 are(0, −7, −7).

§R.6. From Spinors To Rotators

Referring to Figure R.2, a rotator is a linear operator that maps a generic pointP(x) to Q(xθ ) given the rotation axis
�ω and the angleθ . We consider only rotator representations in the form of 3× 3 rotation matricesR, defined by

xθ = R x, x = RT xθ . (R.18)

The rotation matrix isproper orthogonal, that is,RT R = I and det(R) = +1. It must reduce toI if the rotation
vanishes. The space of allRs form the rotation group SO(3).

Remark 5. The definition (R.18) is taken to agree with the convention for positive rotation angleθ illustrated in
Figure R.2 and the definition ofSpin(ω) given in (R.2). Several books, e.g. Goldstein [R.35], define as spin matrix
Ω the transpose of ours. The definition used here agrees with that of the historical review article by Cheng and
Gupta [R.20]. Readers consulting the literature or implementing finite rotation analysis are advised to check sign
conventions carefully. A recommended verification is to work out the 2D case by hand, since the specialization to
plane rotation should produce well known coordinate transformations.

§R.7. Rotator Parametrizations

A key attribute ofR is thetrace property

trace(R) = 1 + 2 cosθ, (R.19)

proofs of which may be found for example in Goldstein [R.35, p. 123] or Hammermesh [R.36, p. 326]. (It follows
from the fact that the eigenvalues ofR are 1,eθ i ande−θ i and their sum is (R.19).) The problem considered here is
the construction ofR from rotation data. The inverse problem: givenR, extract spin and/or rotation angles, is treated
later. Now ifR is assumed to be analytic inΩ it must have the Taylor expansionR = I +c1Ω+c2Ω

2 +c3Ω
3 + . . .,

where allci must vanish ifθ = 0. But because of the Cayley-Hamilton theorem (R.16), all powers of order 3 or
higher may be eliminated. ThusR must be a linear function ofI, Ω andΩ2. For convenience this will be written

R = I + α(γΩ) + β(γΩ)2. (R.20)

Hereγ is the spinor normalization factor whereasα andβ are scalar functions ofθ and of invariants ofΩ or ω.
Since the only invariant of the latter isω we may anticipate thatα = α(θ, ω) andβ = β(θ, ω), both vanishing if
θ = 0. Two techniques to determine those coefficients forγ = 1 are discussed in the next subsections. Table R.5
collects several representations of a rotator in terms of the scaledΩ, used by different authors.

R–6



R–7 §R.8 ROTATORS FOR ALL SEASONS

Table R.5. Rotator Forms for Several Spinor Normalizations

Parametrization γ α β Spinor RotatorR

None (unscaled) 1 sinθ
ω

2 sin2 1
2θ

ω2 Ω I + sinθ
ω Ω + 2 sin2 1

2θ

ω2 Ω2

Unit axial-vector 1
ω sinθ 2 sin2 1

2θ N = γΩ I + sinθ N + 2 sin2 1
2θ N2,

Rodrigues-Cayley
tan 1

2θ
ω 2 cos2 1

2θ 2 cos2 1
2θ Σ = γΩ I + 2 cos2 1

2θ (Σ+Σ2) = (I+Σ)(I−Σ)−1

Fraeijs de Veubeke
sin 1

2θ
ω 2 cos1

2θ 2 Ωp = γΩ I + 2 cos1
2θ Ωp + 2Ω2

p

Exponential map θ
ω

sinθ
θ

2 sin2 1
2θ

θ2 Θ = γΩ I + sinθ
θ

Θ + 2 sin2 1
2θ

θ2 Θ2 = eΘ = eθN

§R.7.1. Rotator From Algebra

It is possible to findα andβ for γ = 1 (the unscaled spinor) directly from algebraic conditions. Taking the trace of
(R.20) forγ = 1 and applying the property (R.19) requires

3 − 2βω2 = 1 + 2 cosθ, whence β = 1 − cosθ

ω2
= 2 sin2 1

2θ

ω2
. (R.21)

The orthogonality conditionI = RT R = (I − αΩ + βΩ2)(I + αΩ + βΩ2) = I + (2β − α2)Ω2 + β2Ω4 =
I + (2β − α2 − β2ω2)Ω2 leads to

2β − α2 − β2ω2 = 0, whence α = sinθ

ω
. (R.22)

Therefore

R = I + sinθ

ω
Ω + 1 − cosθ

ω2
Ω2 = I + sinθ

ω
Ω + 2 sin2 1

2θ

ω2
Ω2. (R.23)

From a numerical standpoint the sine-squared form should be preferred to avoid the cancellation in computing
1 − cosθ for smallθ . Replacing the components ofΩ andΩ2 gives the explicit rotator form

R = 1

ω2


 ω2

1 + (ω2
2 + ω2

3) cosθ 2ω1ω2 sin2 1
2θ − ω3ω sinθ 2ω1ω3 sin2 1

2θ + ω2ω sinθ

2ω1ω2 sin2 1
2θ + ω3ω sinθ ω2

2 + (ω2
3 + ω2

1) cosθ 2ω2ω3 sin2 1
2θ − ω1ω sinθ

2ω1ω3 sin2 1
2θ − ω2ω sinθ 2ω2ω3 sin2 1

2θ + ω1ω sinθ ω2
3 + (ω2

1 + ω2
2) cosθ


 . (R.24)

If γ �= 1 but nonzero, the answers areα = sinθ/(γω) andβ = (1 − cosθ)/(γ 2ω2). It follows that (R.23) and
(R.24) are independent ofγ , as was to be expected.

§R.7.2. Rotator from Geometry

The vector representation of the rigid motion depicted in Figure R.2 is

�xθ = �x cosθ + (�n × �x) sinθ + �n(�n · �x)(1 − cosθ) = �x + (�n × �x) sinθ + [�n × (�n × �x)
]
(1 − cosθ). (R.25)

where�n is �ω normalized to unit length as per (R.10). This can be recast in matrix form by substituting�n × �x →
Nx = Ωx/ω andxθ = Rx. On cancellingx we get back (R.23).

R–7
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§R.8. Rotators for All Seasons

If ω is unit-length-normalized ton as per (R.6),γ = 1/ω andR = I + sinθ N + (1− cosθ) N2. This is the matrix
form of (R.25). BecauseN2 = nnT − I, an ocassionally useful variant is

R = R∗ + (1 − cosθ) n nT , R∗ = cosθ I + sinθ N. (R.26)

In terms of the three Rodrigues-Cayley parametersbi introduced in (R.7),α = β = 2 cos2 1
2θ and R = I +

2 cos2 1
2θ (Σ+Σ2). This can be explicitly worked out to be

R = 1

1 + b2
1 + b2

2 + b2
3

[
1 + b2

1 − b2
2 − b2

3 2(b1b2 − b3) 2(b1b3 + b2)

2(b1b2 + b3) 1 − b2
1 + b2

2 − b2
3 2(b2b3 − b1)

2(b1b3 − b2) 2(b2b3 + b1) 1 − b2
1 − b2

2 + b2
3

]
(R.27)

This form was first derived by Rodrigues [R.69] and used by Cayley [R.19, p. 332–336] to study rigid body motions.
It has the advantage of being obtainable through an algebraic matrix expression: the Cayley transform, presented
below. It becomes indeterminate, however, asθ → 180◦, since all terms approach 0/0. This indeterminacy is
avoided by using the four Euler-Rodrigues parameters, which are also the quaternion coefficients, defined in (R.8).
In terms of these we get

R = 2

[
p2

0 + p2
1 − 1

2 p1 p2 − p0 p3 p1 p3 + p0 p2

p1 p2 + p0 p3 p2
0 + p2

2 − 1
2 p2 p3 − p0 p1

p1 p3 − p0 p2 p2 p3 + p0 p1 p2
0 + p2

3 − 1
2

]
(R.28)

This expression cannot become singular. This is paid, however, at the cost of carrying along an extra parameter in
addition to the constraintp2

0 + p2
1 + p2

2 + p2
3 = 1.

The normalization of Fraeijs de Veubeke [R.25] introduced in (R.9):pi = (ωi /ω) sin 1
2θ , leads toα = 2 cos1

2θ and
β = 2. HenceR = I + 2 cos1

2θ Ωp + 2Ω2
p, with Ωp = (sin 1

2θ/ω)Ω.

§R.9. The Cayley Transform

Given any skew-symmetric real matrixΣ = −ΣT , we can apply the transformation

Q = (I +Σ)(I −Σ)−1. (R.29)

[Note: this mapping can be written in many different ways; some authors use(I −Σ)(I +Σ)−1, some switchI and
Σ, while others prefer the involutory form(I +Σ)−1(I −Σ).] Q is a proper orthogonal matrix, that isQT Q = I
and detQ = +1. This is stated in several texts, e.g., Gantmacher [R.33, p. 288] and Turnbull [R.84, p. 156] but none
gives a proof for general order. Here is the orthogonality proof:QT Q = (I +Σ)−1(I −Σ)(I +Σ)(I −Σ)−1 =
(I +Σ)−1(I +Σ)(I −Σ)(I −Σ)−1 = I2 = I becauseI +Σ andI −Σ commute. The property detQ = +1 can
be shown to hold from the spectral properties of skew-symmetric matrices. The inverse transformation

Σ = (Q + I)−1(Q − I), (R.30)

produces skew-symmetric matrices from a source proper-orthogonal matrixQ. Equations (R.29) and (R.30) are
called theCayley transformsafter Cayley [R.20]. These formulas are sometimes useful in the construction of
approximations for moderate rotations.

An interesting question is: givenΩ andθ , can (R.29) be used to produce the exactR? The answer is: yes, ifΩ
is scaled by a specificγ = γ (θ, ω). We thus investigate whetherR = (I + γΩ)(I − γΩ)−1 exactly for someγ .
Premultiplying both sides byI − γΩ and representingR by (R.20) we require

(I − γΩ)(I + αγΩ + βγ 2Ω2) = I + γ (α − γ + γβω2)Ω + γ 2(β − α)Ω2 = I + γΩ (R.31)

Identifying coefficients and assumingγ �= 0 we get the conditionsβ = α and α − 1 + βω2γ 2 = 1, from
which α = β = 2/(1 + γ 2ω2). Equating toβ = 2 sin2 1

2θ/(γ 2ω2) and solving forγω gives as only solutions
γ = ± tan 1

2θ/ω. Adopting the+ sign, this becomes the normalization (R.7). Consequently

R = (I +Σ)(I −Σ)−1, Σ = tan 1
2θ

ω
Ω. (R.32)

The explicit calculation ofR in terms of thebi leads to (R.27).
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R–9 §R.12 FROM ROTATORS TO SPINORS

§R.10. Exponential Map

This is a final representation ofR that has theoretical and practical importance. Given a skew-symmetric real matrix
W, the matrix exponential

Q = eW = Exp(W) (R.33)

is proper orthogonal. Here is the simple proof of Gantmacher [R.33, p 287]. First,QT = Exp(WT ) = Exp(−WT ) =
Q−1. Next, if the eigenvalues ofW areλi ,

∑
i λi = trace(W) = 0. The eigenvalues ofQ areµi = exp(λi ); thus

det(Q) = �i µi = exp(
∑

i λi ) = exp(0) = +1. The transformation (R.33) is called anexponential map. The
converse is of courseW = Loge(Q) with the principal value taken.

As in the case of the Cayley transform, one may pose the question of whether we can get the rotatorR = Exp(γΩ)

exactly for some factorγ = γ (θ, ω). To study this question we need an explicit form of the exponential. This can
be obtained from the spectral form (R.14) in which the spin function isExp so that the diagonal matrix entries are
1 and exp(±γωi ) = cosγω ± i sinγω. The following approach is more instructive and leads directly to the final
result. Start from the definition of the matrix exponential

Exp(γΩ) = I + γΩ + γ 2

2!
Ω2 + γ 3

3!
Ω3 + . . . (R.34)

and use the Cayley-Hamilton theorem (R.16) to eliminate all powers of order 3 or higher inΩ. Identify the coefficient
series ofΩ andΩ2 with those of the sine and cosine, to obtain

Exp(γΩ) = I + sin(γω)

γω
Ω + 1 − cos(γω)

γ 2ω2
Ω2. (R.35)

Comparing this to (R.23) requiresγω = θ , or γ = θ/ω. Introducingθi = θωi /ω andΘ = Spin(θ) = θN =
(θ/ω)Ω as in (R.10), we find

R = Exp(Θ) = I + sinθ

θ
Θ + 1 − cosθ

θ2
Θ2 = I + sinθ

θ
Θ + 2 sin2 1

2θ

θ2
Θ2. (R.36)

On substitutingΘ = θN this recoversR = I + sinθ N + (1 − cosθ) N2, as it should.

This representation has several advantages: it is singularity free, the parametersθi are exactly proportional to the
angle, and the differentiation ofR is simplified. Because of these favorable attributes the exponential map has
become a favorite of implementations where very large rotations may occur, as in orbiting structures and robotics.

Remark 6. Some authors state that the exponential map is exact whereas the Cayley transform is a (1,1) Pad´e
approximation to it. The foregoing treatment shows that the statement is incorrect. Both are exact for specific but
different spinor normalizations, and inexact otherwise.

§R.11. Skew-Symmetric Matrix Relations

The following relations involving spinors are useful in some derivations. Ifv andw are two 3-vectors, andV =
Spin(v) andW = Spin(w) the associated spinors,VW − WV is skew-symmetric and

axial(VW − WV) = Vw = −Wv. (R.37)

Let Q be an arbitrary nonsingular 3× 3 matrix whereasW = Spin(w) is skew-symmetric. It can be easily verified
thatQT WQ is skew-symmetric. Then

det(Q) Q−1w = axial(QT WQ), det(Q) Q−T w = axial(QWQT ). (R.38)

If Q is proper orthogonal,Q−1 = QT and det(Q) = 1, in which case

QT w = axial(QT WQ), Qw = axial(QWQT ). (R.39)

The inverse ofQ = I + αW + βW2, in whichW = Spin(w) is skew-symmetric, is

Q−1 = I + α

α2w2 + (βw2 − 1)2
W + α2 + β(βw2 − 1)

α2w2 + (βw2 − 1)2
W2, with w2 = ||w||2 = w2

1 + w2
2 + w2

3. (R.40)
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§R.12. From Rotators to Spinors

If R(n, θ) is given, the extraction of the rotation angleθ and the unit pseudo-vectorn = ω/ω is often required. The
former is easy using the trace property (R.19):

cosθ = 1
2

(
trace(R) − 1

)
(R.41)

Recovery ofn is straightforward from the unit-axial-vector formR = I + sinθ N + (1− cosθ)N2 sinceR − RT =
2 sinθ N, whence

N = R − RT

2 sinθ
, n =

[
n1

n2

n3

]
= axial(N) (R.42)

One issue is the sign ofθ since (R.41) is satisfied by±θ . If the sign is reversed, so isn. Thus it is possible to select
θ ≥ 0 if no constraints are placed on the direction of the rotation axis.

The foregoing formulas are prone to numerical instability for angles near 0◦, ±180◦, etc., because sinθ vanishes.
A robust algorithm is that given by Spurrier [R.76] in the language of quaternions. Choose the algebraically largest
of trace(R) andRii , i = 1, 2, 3. If trace(R) is the largest, compute

p0 = cos1
2θ = 1

2

√
1 + trace(R), pi = ni sin 1

2θ = 1
4(Rkj − Rjk)/p0, i = 1, 2, 3, (R.43)

where j andk are the cyclic permutations ofi . Otherwise letRii be the algebraically largest diagonal entry, and
again denote byi, j, k its cyclic permutation. Then use

pi = ni sin 1
2θ =

√
1
2 Rii + 1

4(1 − trace(R)), p0 = cos1
2θ = 1

4(Rkj − Rjk)/pi ,

pm = 1
4(Rm,i + Ri,m)/pi , m = j, k.

(R.44)

From p0, p1, p2, p3 it is easy to pass toθ, n1, n2, n3 once the sign ofθ is chosen as discussed above.

The theoretical formula for the logarithm of a 3× 3 orthogonal matrix is

Θ = Loge(R) = arcsinτ

2τ
(R − RT ), Ω = ω

θ
Θ, N = Θ

θ
, (R.45)

whereτ = 1
2 ||axial(R−RT )||2. The formula fails, however, outside the range [−π/2 ≤ θ ≤ π/2] and is numerically

unstable nearθ = 0.

§R.13. Spinor and Rotator Transformations

SupposeΩ is a spinor andR = Rot(Ω) the associated rotator, referred to a Cartesian framex = {xi }. It is required
to transformR to another Cartesian framēx = {x̄i } related byTi j = ∂ x̄i /∂xj , whereTi j are entries of a 3× 3
orthogonal matrixT = ∂ x̄/∂x. Application of (R.18) yields

R̄ = TRTT , R̄
T = TRT TT , R = TT R̄T, R = TT R̄

T
T. (R.46)

More details may be found in Chapter 4 of [R.35]. Pre and post-multiplying (R.42) byT andTT , respectively, yields

the transformed spinor̄N = T N TT , which is also skew-symmetric becauseN̄
T = T NT TT = −N̄. Likewise for

the other spinors listed in Table R.5. Relations (R.39) withQ →T show how axial vectors transform.
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§R.14. Axial Vector Jacobian

The Jacobian matrixH(θ) = ∂θ/∂ω of the rotational axial vectorθ with respect to the spin axial vectorω, and its
inverseH(θ)−1 = ∂ω/∂θ, appear in the EICR. The latter was first derived by Simo [R.71] and Szwabowicz [R.77],
and rederived by Nour-Omid and Rankin [R.54, p. 377]:

H(θ)−1 = ∂ω

∂θ
= sinθ

θ
I + 1 − cosθ

θ2
Θ + θ − sinθ

θ3
θθT = I + 1 − cosθ

θ2
Θ + θ − sinθ

θ3
Θ2. (R.47)

The last expression in (R.47), not given by the cited authors, is obtained on replacingθθT = θ2I + Θ2. Use of the
inversion formula (R.40) gives

H(θ) = ∂θ

∂ω
= I − 1

2Θ + ηΘ2 with η = 1 − 1
2θ cot( 1

2θ)

θ2
= 1

12 + 1
720θ

2 + 1
30240θ

4 + 1
1209600θ

6 + . . . (R.48)

The η given in (R.48) results by simplifying the valueη = [sinθ − θ(1 + cosθ)]/[θ2 sinθ ] given by previous
investigators. Care must be taken on evaluatingη for small angleθ because it approaches 0/0; if |θ | < 1/20, say,
the series given above may be used, with error< 10−16 when 4 terms are retained. Ifθ is a multiple of 2π , η blows
up since cot( 1

2θ) → ∞, and a modulo-2π reduction is required.

In the formulation of the tangent stiffness matrix the spin derivative ofH(θ)T contracted with a nodal moment vector
m is required:

L(θ, m) = ∂H(θ)T

∂ω
:m = ∂

∂θ
[H(θ)T m] H(θ) = {

η [(θT m) I + θmT − 2mθT ] + µΘ2 mθT − 1
2Spin(m)

}
H(θ).

(R.49)
in which

µ = dη/dθ

θ
= θ2 + 4 cosθ + θ sinθ − 4

4θ4 sin2( 1
2θ)

= 1
360 + 1

7560θ
2 + 1

201600θ
4 + 1

5987520θ
6 + . . . (R.50)

This expression ofµ was obtained by simplifying results given in [R.54, p. 378].

§R.15. Spinor and Rotator Differentiation

Derivatives, differentials and variations of axial vectors, spinors and rotators with respect to various choices of
independent variables appear in applications of finite rotations to mechanics. In this section we present only
expressions that are useful in the CR description. They are initially derived for dynamics and then specialized to
variations. Several of the formulas are new.

§R.15.1. Angular Velocities

We assume that the rotation angleθ(t) = θ(t)n(t) is a given function of timet , which is taken as the independent
variable. The time derivative ofΘ(t) is Θ̇ = axial(θ̇). To express rotator differentials in a symmetric manner we
introduce an axial vectoṙφ and a spinorΦ̇ = Spin(φ̇), related toΘ̇ congruentially through the rotator:

Θ̇ = Spin(θ̇) =
[

0 −θ̇3 θ̇2

θ̇3 0 −θ̇1

−θ̇2 θ̇1 0

]
= RΦ̇RT , Φ̇ = Spin(φ̇) =

[
0 −φ̇3 φ̇2

φ̇3 0 −φ̇1

−φ̇2 φ̇1 0

]
= RTΘ̇R. (R.51)

From (R.39) it follows that the axial vectors are linked by

φ̇ = RT θ̇, θ̇ = Rφ̇. (R.52)

Corresponding relation between variations or differentials, such asδΘ = R δΦ RT or dΘ = R dΦ RT are incorrect
as shown in below. In CR dynamics,θ̇ is the vector ofinertial angular velocitieswhereaṡφ is the vector ofdynamic
angular velocities.
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Repeated temporal differentiation ofR = Exp(Θ) gives the rotator time derivatives

Ṙ = Θ̇ R, R̈ = (Θ̈ + Θ̇
2
)R,

...
R = (

...
Θ + 2Θ̈Θ̇ + Θ̇Θ̈ + Θ̇

3
)R, . . . (R.53)

Ṙ = R Φ̇, R̈ = R(Φ̈ + Φ̇
2
),

...
R = R(

...
Φ + 2Φ̈Φ̇ + Φ̇Φ̈ + Φ̇

3
), . . . (R.54)

The following four groupings appear often:R Ṙ
T
, Ṙ RT , RT Ṙ andṘ

T
R. From the identitiesRRT = I andRT R =

I it can be shown that they are skew-symmetric, and may be associated to axial vectors with physical meaning. For

example, taking time derivatives ofRRT = I yieldsR Ṙ
T + Ṙ RT = 0, whenceR Ṙ

T = −Ṙ RT = −(R Ṙ)T . Pre
and postmultiplication oḟR in (R.53) and (R.54) byR andRT furnishes

Ṙ RT = −R Ṙ
T = Θ̇, RT Ṙ = −Ṙ

T
R = Φ̇. (R.55)

Note that the general integral ofṘ = Θ̇ R aside from a constant, isR = Exp(Θ), from whichθ(t) can be extracted.
On the other hand there is no integral relation definingφ(t); only the differential equatioṅR = R Φ̇.

§R.15.2. Angular Accelerations

Postmultiplying the second of (R.53) byRT yields

R̈RT = Θ̈ + Θ̇
2 = Θ̇ + θ̇ θ̇T− (θ̇)2I =

[
0 −θ̈3 θ̈2

θ̈3 0 −θ̈1

−θ̈2 θ̈1 0

]
+

[−θ̇2
2 − θ̇2

3 θ̇1θ̇2 θ̇1θ̇3

θ̇1θ̇2 −θ̇2
3 − θ̇2

1 θ̇2θ̇3

θ̇1θ̇3 θ̇2θ̇3 −θ̇2
1 − θ̇2

2

]
, (R.56)

in which(θ̇)2 = θ̇2
1 +θ̇2

2 +θ̇2
3 . When applied to a vectorr, (Θ̈+Θ̇Θ̇)r = θ̈×r+θ̇ θ̇T

r−(θ̇)2r. This operator appears
in the expression of particle accelerations in a moving frame. The second and third term give rise to the Coriolis
and centrifugal forces, respectively. Premultiplying the second derivative in (R.54) byR yieldsRR̈ = Φ̈ + Φ̇Φ̇,
and so on.

§R.15.3. Variations

Some of the foregoing expressions can be directly transformed to variational and differential forms while others
cannot. For example, varyingR = Exp(Θ) gives

δR = δΘ R, δRT = −RT δΘ. (R.57)

This matcheṡR = Θ̇ R andRT = −RTΘ̇ from (R.53) on replacinġ( ) by δ. On the other hand, the counterparts

of (R.54): Ṙ = R Φ̇ andṘ
T = −Φ̇ R arenot δR = R δΦ andδRT = −δΦ RT , a point that has tripped authors

unfamiliar with moving frame dynamics. Correct handling requires the introduction of a third axial vectorψ:

δR = R δΨ, δRT = −δΨ R, in which δΨ = Spin(δψ) =
[

0 −δψ3 δψ2

δψ3 0 −δψ1

−δψ2 δψ1 0

]
(R.58)

Axial vectorsψ andφ can be linked as follows. Start fromδR = R δΨ andṘ = R Φ̇. Time differentiate the
former: δṘ = R δΨ̇+ Ṙ δΨ, and vary the latter:δṘ = δR Φ̇+ R δΦ̇, equate the two right-hand sides, premultiply
by RT , replaceRT Ṙ andRTδR by Φ̇ andδΨ, respectively, and rearrange to obtain

δΦ̇ = δΨ̇ + Φ̇ δΨ − δΨΦ̇, or δφ̇ = δψ̇+ Φ̇ δψ = δψ̇− δΨ φ̇. (R.59)

The last transformation is obtained by taking the axial vectors of both sides, and using (R.37). It is seen thatδΨ̇
andδΦ̇ match if and only ifΦ̇ andδΨ commute.

Higher variations and differentials can be obtained through similar techniques. The general rule is: if there is a
rotator integral such asR = Exp(Θ), time derivatives can be directly converted to variations. If no integral exists,
utmost care must be exerted. Physically quantities such asφ andψ are related to a moving frame, which makes
differential relations rheonomic.
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§R.16. CR Matrices for Triangular Shell Element

The element types tested in Part II [R.38] are shown in Figure R.3. Each element has 6 degrees of freedom (DOF) per
node: three translations and three rotations. Shells include the drilling DOF. The linear internal force and stiffness
matrix of the shell elements are constructed with the Assumed Natural Deviatoric Strain (ANDES) formulation
[R.27–R.32,R.53] in terms of the deformational displacements and rotations. ANDES is a direct descendent of the
Assumed Natural Strain (ANS) formulation of Park and Stanley [R.59] and the Free Formulation of Bergan and
coworkers [R.11–R.14]. The derivation of the linear models is outlined in Part II [R.38].

The matrices required to implement the EICR areT, P, S, G, H andL. None of these depend on how the internal
element forcēpe and stiffness matrix̄K

e
of the small-strain linear element are formed. In terms of implementation

the EICR matrices can be classified into two groups:

(i) T, H andL, as well as the T-projector componentPu of P, are block diagonal matrices built up with 3× 3
node blocks. These blocks can be formed by standard modules which areindependent of the element type, as
long as the element has the standard 6 DOFs per node. The only difference is the number of nodes.

(ii) The R-projector component ofP, which isPω = SG, does depend on element type, geometry and choice of
CR frame through matrixG. These must be recoded for evry change in those attributes.

In this Appendix we give theG andS matrices that appear in the “front end” of the EICR for the triangular shell
element, as that illustrates the effect of CR frame selection. Matrices for the beam and quadrilateral element are
given in Part II.

In the following sections, element axes labels are changed from{x̄1, x̄2, x̄3} to{x̄, ȳ, z̄} to unclutter nodal subscripting.
Likewise the displacement components{ū1, ū2, ū3} are relabeled{ūx, ūy, ūz}.

1

2

2
3

1 1

2

34

Figure R.3. Elements tested in Part II.

§R.17. Matrix S̄

This 18× 3 lever matrix is given by (written in transposed form to save space)

S̄ = [ −Spin(x̄1) I −Spin(x̄2) I −Spin(x̄3) I ]T (R.60)

whereI is the 3× 3 identity matrix, and̄xa = [ x̄a, ȳa, z̄a ]T , the position vector of nodea in the deformed (current)
configuration, measured in the element CR frame.

§R.18. Matrix Ḡ

This 3×18 matrix connects the variation in rigid element spin to the incremental translations and spins at the nodes,
both with respect to the CR frame.G decomposes into three 3× 6 submatrices, one for each node:

δωr = Ḡ δv̄, G = [ G1 G2 G3 ] , δv̄ =
[

δv̄1

δv̄2

δv̄3

]
, δv̄a =

[
δūa

δω̄a

]
, a = 1, 2, 3. (R.61)

SubmatricesGa depend on how the element CR frame is chosen. The origin of the frame is always placed at the
element centroid. But various methods have been used to direct the axes{x̄i }. Three methods used in the present
research are described.
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§R.18.1. Ḡ by Side Alignment

This procedure is similar to that used by Rankin and coworkers [R.54,R.63–R.66]. They select side 1–3 forx̄2 and
node 1 as frame origin. The approach used here alignsx̄1 with side 1–2 and picks the centroid as origin. Then

Ḡ1 = 1

2A

[
0 0 x̄32 0 0 0
0 0 ȳ32 0 0 0
0 −h3 0 0 0 0

]
, Ḡ2 = 1

2A

[
0 0 x̄13 0 0 0
0 0 ȳ13 0 0 0
0 h3 0 0 0 0

]
, Ḡ3 = 1

2A

[
0 0 x̄32 0 0 0
0 0 ȳ32 0 0 0
0 0 0 0 0 0

]
,

(R.62)
whereh3 = 2A/L3 is the distance of corner 3 to the opposite side,A the triangle area, andL3 the length of side 12.
This choice satisfies the decomposition property (13.10) that guards against unbalanced force effects while iterating
for equilibrium. On the other hand it violates invariance: the choice of CR frame depends on node numbering, and
different results may be obtained if the mesh is renumbered.

§R.18.2. G by Least Square Angular Fit

Nygård [R.57] and Bjærum [R.18] placeCR in the plane of the
deformed element with origin at node 1. The inplane orienta-
tion of the CR element is determined by a least square fit of the
side angular errors. Referring to Figure R.4 the squared error is
d2 = φ2

1 +φ2
2 +φ2. Rotating by an additional angleχ this be-

comesd2(χ) = (φ1+χ)2+(φ2+χ)2+(φ+χ)2. Miniminiza-
tion respect toχ : ∂d2/∂χ = 0 yieldsχ = −(φ1 +φ2 +φ3)/3.
Consequently the optimal in-plane position according to this
criterion is given by the mean of the side angular errors.

1

2

3

1

2

3φ1 φ +χ1

φ2 φ +χ2

φ3 φ +χ3

Figure R.4. Side angular error measure for
triangular shell element.

This condition yields for the nodal submatrices

Ḡi = 1

2A


 0 0 x̄k j 0 0 0

0 0 ȳk j 0 0 0
2A
3 (−sjy

l j
+ sky

Lk
) 2A

3 (
sjx

l j
− skx

Lk
) 0 0 0 0


 . (R.63)

where Li is the side length opposite corneri and {skx, sky} the projections of that side on the{x, y} axes. An
advantage of this fitting method is that it satisfies invariance with respect to node numbering. On the other hand,
the rotator gradient matrix cannot be decomposed as in (13.10) leading to an approximate projector away from
equilibrium. This disadvantage is not serious for a flat triangular element, however, since the CR and deformed
configurations remain close on the assumption of small membrane strains.

A more serious shortcoming is that the procedure
reintroduces the problem of spurious normal-to-the-
plane rotations when an element with drilling free-
doms is subjected to pure stretch. The difficulty is
illustrated in Figure R.5, where a two triangle patch
is subject to uniform stretch in thēy direction. Un-
der this state all rotations should vanish. The ele-
ments do rotate, however, because of the in-plane
skewing of the diagonal. A deformational rotation
is picked up since a predictor step gives no drilling
rotations at the nodes, whereas the deformational
drilling rotation is the total minus the rigid body ro-
tation: θd = θ − θr .

θ d 

θ d 

θ d 

θ d 

θ d 

θ r 

θ r 

θ d 

Undeformed (base)
configuration 

Deformed and
CR configurations 

x

y
_

_X

Y
~

~

Figure R.5. Finite stretch patch test for two
triangle elements equipped with corner drilling

freedoms.

The problem is analogous to that discussed by Irons and Ahmad [R.45, p. 289] when defining node drilling freedoms
as the mean of rotations of element sides meeting at that node; such elements grossly violate the patch test. This
difficulty was overcome by Bergan and Felippa [R.14] by defining the node drilling freedom as the continuum
mechanics rotationθz = 1

2(∂ūy/∂ x̄ − ∂ūx/∂ ȳ) at the node. It is seen that the problem of spurious drilling rotations
has been reintroduced for the nonlinear case by the choice of CR frame positioning. In fact this problem becomes
even more serious with the side alignment procedure described in the foregoing subsection.
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§R.18.3. Fit According to CST Rotation

The infinitesimal drilling rotation of a plane stress CST element (Turner triangle, linear triangle), is given by
[R.27,R.32]

θ̄ lin
CST = 1

2

(
∂ūy

∂ x̄
− ∂ūx

∂ ȳ

)
= 1

4A

(
x̄23ūx1 + x̄31ūx2 + x̄12ūx3 + ȳ23uy1 + ȳ31ūy2 + ȳ12ūy3

)
. (R.64)

in which x̄i j = x̄i − x̄ j , ȳi j = x̄i − ȳj , etc. The extension of this result to finite rotations can be achieved through a
mean finite strain rotation introduced by Novozhilov [R.55, p. 31]; cf. also [R.81, Sec. 36]:

tanθ̄CST = θ̄ lin
CST√

(1 + ε̄xx)(1 + ε̄yy) − 1
4 γ̄ 2

xy

(R.65)

in which εxx = ∂ūx/∂ x̄, ε̄yy = ∂ūy/∂ ȳ and γ̄xy = ∂ūy/∂ x̄ + ∂ūx/∂ ȳ are the infinitesimal strains (constant over
the triangle) computed from the CST displacements. Novozhilov proves that this rotation measure is invariant with
respect to the choice of CR axes{x̄, ȳ} since it is obtained as a rotational mean taken over a 2π sweep about̄z. If
this result is applied to the finite stretch path test of Figure R.5 it is found that the CR frames of both elements do
not rotate, and the test is passed. The rotation gradient submatrices are

G̃i = 1

2A

[
0 0 x̄k j 0 0 0
0 0 ȳk j 0 0 0

− 1
2 x̄k j − 1

2 ȳk j 0 0 0 0

]
(R.66)

where j, k denote cyclic permutations ofi = 1, 2, 3. The resultingG matrix satisfies the geometric separabilty
condition.

§R.18.4. Best Fit by Minimum LS Deformation

The best fit solution by least-squares minimization of relative displacements given in Appendix C as equation (R.74)
was obtained in 2000 [R.29]. Unlike the previous ones it has not been tested as part of a CR shell program. The
measure is invariant, but it is not presently known whether it passes the stretch patch test, or if the associatedG
satisfies the geometric separability condition (13.10).

§R.19. Best Fit CR Frame

To define the CR frame of an individual elemente we must findc andR0 from the following information. (In what
follows the element indexe is suppressed for brevity.)

(i) The geometry of the base element. This is defined throughx, which is kept fixed.

(ii) The motion, as defined by the total displacement fieldv(x) recorded in the global frame as stated in Table R.2.

In dynamic analysis there is a third source of data:

(iii) Mass distribution. Associated with eachx in C
0 there is a volume elementdV and a mass densityρ giving a

mass elementdm = ρ dV. This mass may include nonstructural components. The case of time-varying mass
because of fuel consumption or store drop is not excluded.

Findingc andR0 as functions ofx andv, plus the mass distribution in case of dynamics, is theshadowing problem
introduced previously. What criterion should be used to determinec andR0? Clearly some nonnegative functional
of the motion (but not the motion history) should be minimized. Desirable properties of the functional are:

Versatility. It must work for statics, dynamics, rigid bodies and nonstructural bodies (e.g., a fuel tank). These
requirements immediately rule out any criterion that involves the strain energy, because it cannot be used for a
nonstructural or rigid body.
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Invariance. Should be insensitive to element node numbering. It would be disconcerting for a user to get different
answers depending on how mesh nodes are numbered.

Rigid Bodies. For a rigid body, it should give the same results as a body-attached frame. This simplifies the coupling
of FEM-CR and multibody dynamics codes.

Finite Stretch Patch Test Satisfaction. If a group of elements is subjected to a uniform stretch, no spurious de-
formational rotations should appear. This test is particularly useful when considering shell elements with drilling
freedoms, as discussed in Section B.2 for the triangle.

Fraeijs de Veubeke [R.25] proposed two criteria applicable to flexible and rigid bodies: minimum kinetic energy
of relative motion, and minimum Euclidean norm of the deformational displacement field. As both lead to similar
results for dynamics and the first one is not applicable to statics, the second criterion is used here.

An open research question is whether a universal best fit criterion based on the polar decomposition of the element
motion could be developed.

§R.20. Minimization Conditions

In statics the densityρ may be set to unity and mass integrals become volume integrals. These are taken over the
base configuration, whence

∫
. . . dV means

∫
C

0 . . . dV. Furthermore the element global frame is made to coincide

with the base frame to simplify notation. Thusx ≡ x̃, u ≡ ũ anda = 0. Coordinatesx0 andxR of the base are
relabeledX andx = X + u, respectively, to avoid supercripts clashing with transpose signs. BecauseC0 is by
definition at the base element centroid ∫

X dV = 0. (R.67)

The centroidC of C
D is located by the condition

∫
x dV = ∫

(X + u) dV = ∫
u dV = c V , whereV = ∫

dV is
the element volume. From (12.22) witha = 0 andx0 → X, the best-fit functional is

J[c, R0] = 1
2

∫
uT

d ud dV = 1
2

∫ [
u − c + (I − R0) X

]T[
u − c + (I − R0) X

]
dV (R.68)

Minimizing ūT
d ūd leads to the same result, sinceud andūd only differ by a rotator.

§R.21. Best Origin

Denote by�c the distance betweenCR andC. Taking the variation ofJ with respect toc yields

∂ J

∂c
δc = −

∫
(δc)T ud dV = − δcT

∫ [
u − c + (I − R0) X

]
dV = − δcT

∫
(u − c) dV = 0,

⇒ c

∫
dV = cV =

∫
u dV = (c + �c) V.

(R.69)

where (R.67) has been used. Consequently�c = 0. That is, the centroids ofCR andC must coincide:CR ≡ C.

§R.22. Best Rotator

The variation with respect toR0 gives the condition

∂ J

∂R0
δR0 =

∫
XT δR0

[
u − c + (I − R0) X

]
dV = 0. (R.70)

ReplacingδR0 = δΘ R0 and noting thatXT δΘ X = 0 and
∫

XT δΘ R0 c dV = 0 yields∫
XT δΘ R0

(
X + u

)
dV =

∫
XT

(
δθ× R(X + u)

)
dV = 0. (R.71)
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Applying (R.71) to each angular variation:δθ1, δθ2 andδθ3 of δΘ in turn, provides three nonlinear scalar equations
to determine the three parameters that defineR0. For the two-dimensional case, in which onlyδθ3 is varied andR0

depends only onθ = θ3, the following equation is obtained:∫ [
(X1 + u1)(x2 cosθ3 − X1 sinθ3) − (X2 + u2)(x1 cosθ3 + X2 sinθ3)

]
dV = 0, (R.72)

whence

tanθ3 =
∫

(X2u1 − X1u2) dV∫ [
X1(X1 + u1) + X2(X2 + u2)

]
dV

=
∫

(X2u1 − X1u2) dV∫
(X1x1 + Y2x2) dV

. (R.73)

For the three-dimensional case a closed form solution is not available. This is an open research topic. Fraeijs
de Veubeke [R.25] reduces (R.71) to an eigenvalue problem in the axial vector ofR0, with a subsidiary condition
handled by a Lagrange multiplier. Rankin [R.67] derives a system equivalent to (R.71) for an individual finite
element by lumping the mass equally at the nodes whereupon the integral over the body is reduced to a sum over
nodes. The nonlinear system is solved by Newton-Raphson iteration.

§R.23. Linear Triangle Best Fit

Consider a constant thickness three-node linear plane stress triangle (also known as Turner triangle and CST),
displacing in two dimensions as illustrated in Figure R.6. To facilitate node subscripting, renameX1 → X,
X2 → Y, x1 → x, x2 → y, u1→ux, u2→uy. Using triangular coordinates{ζ1, ζ2, ζ3} position coordinates and
displacements are interpolated linearly:X = X1ζ1 + X2ζ2 + X3ζ3, Y = Y1ζ1 +Y2ζ2 +Y3ζ3, x = x1ζ1 + x2ζ2 + x3ζ3,
y = y1ζ1 + y2ζ2 + y3ζ3, ux = uy1ζ1 + ux2ζ2 + ux3ζ3 anduy = uy1ζ1 + uy2ζ2 + uy3ζ3, in which numerical subscripts
now denote node numbers. Insert into (R.73) and introduce side conditionsX1+ = X2 + X3 = 0,Y1 +Y2 +Y3 = 0,
ux1 + ux2 + ux3 = x1 + x2 + x3 anduy1 + uy2 + uy3 = y1 + y2 + y3 for centroid positioning.Mathematicafound
for the best fit angle

tanθ3 = x1Y1 + x2Y2 + x3Y3 − y1X1 − y2X2 − y3X3

x1X1 + x2X2 + x3X3 + y1Y1 + y2Y2 + y3Y3
. (R.74)

wherexa = xa + uxa, ya = ya + uya, a = 1, 2, 3. The same result can be obtained with any 3-point integration
rule where the Gauss points are placed on the medians. In particular, Rankin’s idea of using the three corners as
integration points [R.67] gives the same answer.

~

~

y

C

global frame =
element base frame
for convenience

element
CR frame

X, x, x

Y, y, y

C0

1 (X  ,Y  )11

1 (x  ,y )11

2 (x  ,y )22

3 (x  ,y )33

2 (X  ,Y  )22

3 (X  ,Y  )33

θ3

_
x
_

u2

u

3u

1

Figure R.6. Best CR frame fit to 3-node linear triangle in 2D. Axes
relabeled as explained in the text.

This solution is interesting in that it can be used as an approximation for any 3-node triangle undergoing three
dimensional motion (for example, a thin shell facet element) as long as axisx̄3 is preset normal to the plane passing
through the three deformed corners. The assumption is that the best fit is done only for the in-plane displacements.
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§R.24. Rigid Body Motion Verification

Suppose the element motionu = ur is rigid (ud = 0) with rotatorRr . If so ur = c − (I − Rr )X. Inserting into
(R.68) yields

J = 1
2

∫
XT (Rr − R0)

T (Rr − R0)X dV. (R.75)

in which X = xG − a. This is clearly minimized byR0 = Rr , so the body attached frame is a best fit CR frame.
(There may be additional solutions if(Rr − R0)X ≡ 0 for someR0 �= Rr , for example by relabeling axes.) This
check verifies that the functional (R.68) also works as expected for rigid body components of a structural model.
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§R.25. Nomenclature

The notation used by different investigators working in CR formulations has not coalesced, since the topic is in flux.
This Appendix identifies the symbols used in the present article. General scheme of notation is

Non-bold letters: scalars. Uppercase bold letters (roman and greek): matrices and tensors. Lowercase bold letters
(roman and greek): column vectors, but there are occasional exceptions such asX andY.

Symbol Meaning
a As subscript: generic nodal index
b As subscript: generic nodal index
bi Components of Rodrigues-Cayley axial vector.
ci Generic coefficients. Components of vectorc.
d As subscript: deformational
e Base of natural logarithms. As superscript: element index.
ei j Strains.
fi Components of force vectorf
hi Triangle heights.
i As subscript: generic index. Imaginary unit in complex numbers.
j As subscript: generic index
k As superscript: iteration count
l As subscript: generic index
m As subscript: generic index
n As subscript: incremental step number
ni Components of vectorn.
pi Quaternion components.
r As subscript: rigid
skx, sky Projections of triangle sideLk on {x, y} axes.
t Time.
u Displacement magnitude
ui , ũi , ūi Displacement components inxi , x̃i , x̄i axes, respectively.
udi , ũdi , ūdi Deformational displacement components inxi , x̃i , x̄i axes, respectively.
uri , ũr i , ūr i Rigid displacement components inxi , x̃i , x̄i axes, respectively.
x x1 axis when using{x, y, z} notation
xi Components of global-frame position vectorx
x̃i Components of element base-frame position vectorx̄.
x̄i Components of element CR-frame position vectorx̄.
y x2 axis when using{x, y, z} notation
z x3 axis when using{x, y, z} notation
A Area.
C Generic centroid of body or element in statics. Center of mass in dynamics.
C0,CR,C Body or element centroid in base, CR and deformed configurations, respectively.
L Length of 2-node element. Generic length.
Lk Length of triangle side opposite nodek.
N Number of structure nodes.
Ne Number of nodes of elemente.
O Origin of global frame.
T Kinetic energy
U Internal energy, strain energy.
W External work.
X x1 axis when using{X, Y, Z} notation
Xi Material global Cartesian axes
Y x2 axis when using{X, Y, Z} notation
Z x3 axis when using{X, Y, Z} notation
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a Position vector ofC0 from origin of global frame. Generic vector.
b Position vector ofCR ≡ C from origin of global frame. Generic vector.
c Displacement of base element centroidC0 to CR ≡ C.
d Deformational displacement. Array of nodal DOF, collecting translations and rotations.
d̄ Array of nodal deformational DOF, collecting translations and rotations.
e Strains arranged as vector.
f Generic force vector. External force vector.
f̄ External force vector in element CR frame.
fb Balance (self-equilibrated) force vector.
fu Unbalanced (out of equilibrium) force vector.
i Base unit vector
m Generic nodal moment vector.
ma Nodal moment components at nodea.
n Unit normal. Direction of rotation vector in 3D.
na Translational force components at nodea.
0 Null matrix or vector.
p Internal force vector of structure.
pe Element internal force vector in global frame.
p̄e Element internal force vector in CR frame.
q Not used
r Force residual vector.
u Displacement vector. Also generic vector: meaning from context.
v Denotes vector collecting nodal displacements and rotations,

displacements and spins, or displacements and rotators. See Table R.2.
Also generic vector: meaning from context.

w Generic vector: meaning from context.
v̂ Global DOF vector for complete structure.
x Global-frame spatial position vector.
x̃ Element base-frame position vector.
x̄ Element CR-frame position vector.
�x Frame independent position vector.
y Alternative notation for position vector. Generic vector.
�y Frame independent position vector.
zi Spinor eigenvector.
A Generic matrix.
Bd Matrix relating strains to deformational displacements. Generic matrix.
C Strain-stress (compliance) matrix
D Diagonal matrix of zeros and ones. Generic diagonal matrix, size from context.
E Stress-strain (elasticity) matrix
F Generic matrix function
Fn, Fnm Auxiliary matrices in tangent stiffness derivations.
G Element spin-fitter matrix linkingδωe

r to δve.
Ga Component ofG associated with nodea.
H Block diagonal matrix built withHa andI blocks.
Ha Evaluation ofH(θ) at nodea.
H(θ) Jacobian ofθ with respect toω.
I Identity matrix, size from context.
J Jacobian matrix in general.
Jab Jacobian matrix relating quantities at nodesa andb.
K Tangent stiffness matrix of structure.
Ke Element tangent stiffness matrix in global frame.
K̄

e
Linear element stiffness matrix in local CR frame.
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K̄
e
R Element tangent stiffness matrix in local CR frame.

KGM Moment correction geometric stiffness matrix.
KG P Equilibrium projection geometric stiffness matrix.
KG R Rotational geometric stiffness matrix.
KM Material stiffness matrix.
L Block diagonal built withLa and0 blocks.
La Evaluation ofL(θ, m) at nodea.
L(θ, m) Contraction of∂H(θ)T/∂ω) with vectorm
M Mass matrix.
N Spinor for vectorn.
P Projector matrix.
Pu Translational projector matrix, a.k.a. T-projector.
Pω Rotational projector matrix, a.k.a. R-projector.
Q Generic orthogonal matrix.
R Orthogonal rotation matrix: the matrix representation of a rotator.
R0 Transformation rotator between element base frame and CR frame.
R̃0, R̄0 RotatorR0 referred to element base and CR frames, respectively.
S Spin-lever (a.k.a. moment-arm) matrix built up ofSa blocks. Generic skew-symmetric matrix.
Sa Spin-lever matrix for nodea.
T Element CR-to-global transformation matrix built fromTR blocks.
T0 Transformation rotator from element base frame to global frame.
TR Transformation rotator from element CR frame to global frame.
Uab Building block of translational projectorPu.
V Generic skew-symmetric matrix.
W Generic skew-symmetric matrix.
X Global position vector withXi as components.
�X Coordinate free material position vector.
X̃ Element base position vector withx̃i as components.
X̄ Element CR position vector with̄xi as components.
Y Position vector collectingyi as components.
Z Matrix of right eigenvectors of spinor.
α Coefficient in parametrized rotator representation.
β Coefficient in parametrized rotator representation.
γ Spinor normalization factor.
δ Variation symbol.
δab Kronecker delta.
ε Small scalar
ζi Triangular coordinates
η Coefficient inH(θ).
θ Rotation angle in general. Magnitude of rotation vectorθ.
κ Curvature
λ Lagrange multiplier
µ Coefficient inL(θ, m).
ν Poisson’s ratio
ρ Mass density.
σi j Stresses.
τ Coefficient inLoge(R) formula.
χ ,φ,ϕ,ψ Generic angle symbols.
ψ Generic angle.
ω Magnitude of spin vectorω.
! Summation symbol.
!a, !b Abbreviations for

∑Ne

a=1 and
∑Ne

b=1.
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θ Rotation axial vector (a.k.a. rotation pseudovector).
φ Axial vector built fromφi angles.
ψ Axial vector built fromψi angles.
σ Stresses arranged as vector.
σ0 Initial stresses (in the base configuration) arranged as vector.
ω Spin axial vector (a.k.a. spin pseudovector).
Γ Auxiliary matrix used in the decomposition ofG
Θ Spinor built from rotation axial vector.
Λ Diagonal matrix of eigenvalues ofΩ.
Ξ Auxiliary matrix used in the decomposition ofG.
Φ Spinor built from axial vectorφ.
Ψ Spinor built from axial vectorψ.
Σ Spinor built from the Rodrigues-Cayley parametersbi .
Ω Spinor built from spin axial vectorω.
Ωp Spinor build from quaternion parameterspi .
C Configuration: see Table R.1 for further identification by superscripts.
CR Abbreviation for corotational (a.k.a. corotated) kinematic description.
DOF Abbreviation for degree of freedom.
EICR Abbreviation for Element Independent Corotational formulation.
Rotator Abbreviation for rotation tensor (or 3× 3 rotation matrix).
Spinor Abbreviation for spin tensor (or 3× 3 spin matrix).
TL Abbreviation for Total Lagrangian kinematic description.
UL Abbreviation for Updated Lagrangian kinematic description.
˙(.) Abbreviation ford(.)/dt

(.)0 or (.)0 (.) pertains to base (initial) configurationC0.
(.)D or (.)D (.) pertains to deformed configurationCD .
(.)G or (.)G (.) pertains to globally aligned configurationCG.
(.)R or (.)R (.) pertains to corotated configurationCR.
(.)d (.) is deformational.
(.)e (.) pertains to elemente.
(.)r (.) is rigid.
()T Matrix or vector transposition.
()−1 Matrix inverse.
axial(.) Extraction of axial vector from skew-symmetric matrix argument
e(.) Matrix exponential if (.) is a square matrix
Exp(.) Alternative form for matrix exponential
Loge(.) Matrix natural logarithm
Rot(.) Construction of rotator from spinor argument
Skew(.) Extraction of spinor from rotator argument
Spin(.) Construction of spinor from axial vector argument
trace(.) Sum of diagonal entries of matrix argument
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