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32-3 832.2 CUSTOMIZATION SCENARIOS

§32.1. Introduction

Two standard proceduresfor building finite element mass matrices have been coveredinthe previous
Chapter. Those lead to consistent and diagonally-lumped forms. These models are denoted by
M and M, respectively, in the sequel. Abbreviations CMM and DLMM, respectively, will be
also used. Collectively these take care of many engineering applications in structural dynamics.
Occasionally, however, they fall short. The gap can be filled with a more general approach that
relies on templates. These are algebraic formsthat carry free parameters. Thisapproachis covered
in this paper using one-dimensional structural elements as expository examples.

The template approach has the virtue of generating a set of mass matrices that satisfy certain
a priori constraints such as symmetry, nonnegativity, invariance and momentum conservation.
In particular, the diagonally-lumped and consistent mass matrices can be obtained as instances.
Thus those standard models are not excluded. Availability of free parameters, however, allows
the mass matrix to be customized to special needs such as high precision in vibration analysis, or
minimally dispersive wave propagation. This versatility will be evident from the examples. The
set of parametersis called the template signature, and uniquely characterizes an element instance.

An attractive feature of templates for FEM programming is that each “custom mass matrix” need
not be coded and tested individually. It is sufficient to implement the template as a single element-
level module, with free parameters as arguments, and simply adjust the signature to the problem at
hand. In particular the same module should be able to produce the conventional DLMM and CMM
models, which can provide valuable crosschecks.

§32.2. Customization Scenarios

The ability to customize the mass matrix is not free of cost. The derivation is more complicated,
even for 1D elements, than those based on standard procedures. In fact, hand computations rapidly
become unfeasible. Help from a computer algebra system (CAYS) is needed to complete the task.
When is this additional work justified? Two scenarios can be mentioned.

Thefirst is high fidelity systems. Dynamic analysis covers awide range of applications. Thereisa
subclassthat callsfor alevel of simulation precision beyond that customary in engineering analysis.
Examples are deployment of precision structures, resonance analysis of machinery or equipment,
adaptive active control, ultrasonics imaging, signature detection, radiation loss in layered circuits,
and molecular- and crystal-level simulations in micro- and nano-mechanics.

In structural static analysis an error of 20% or 30% in peak stresses is not cause for darm — such
discrepancies are usually covered adequately by safety factors. But a similar error in frequency
analysis or impedance response of a high fidelity system may be disastrous. Achieving acceptable
precision with a fine mesh, however, can be expensive. Model adaptivity comes to the rescue in
statics; but thisislesseffectivein dynamicson account of thetime dimension. Customized elements
may provide a practical solution: achieving adequate accuracy with a coarse regular mesh.

A second possibility is that the stiffness matrix comes from a method that avoids displacement
shape functions. For example assumed-stress or assumed strain elements. [Or, it could simply
be an array of numbers provided by a black-box program, with no documentation explaining its
source.] If this happens the concept of “consistent mass matrix,” in which velocity shape functions
are taken to coincide with displacement ones, loses its comfortable variational meaning. One way
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Chapter 32: CUSTOMIZED MASS MATRICES OF 1D ELEMENTS 324

out isto take the mass of an element with similar geometry and freedom configuration derived with
shape functions, and to pair it with the given stiffness. But in certain cases, notably when the FEM
model has rotational freedoms, this may not be easy or desirable.

§32.3. Parametrization Techniques

There are several ways to parametrize mass matrices. Three techniques found effective in practice
are summarized below. All of them areillustrated in the worked out examples of Sections 4-6.

Matrix-Weighted Parametrization. A matrix-weighted mass template for element e is a linear
combination of (k + 1) component mass matrices, k > 1 of which are weighted by parameters:

def
M€ = MS‘I‘MlMi‘I‘---MkME (32.1)

Here M§ is the baseline mass matrix. This should be an acceptable mass matrix on its own if
u1 = ...ux = 0. The simplest instance of (32.1) is a linear combination of the consistent and

diagonally-lumped masss

M® = (1 - u)ME + uM§ (32.2)
This can be reformatted as (32.1) by writing M® = Mg + n(M{ — Mg). Herek = 1, the baseline
isM§ = Mg, n = up and M§ isthe “consistent mass deviator” M{ — M¢. Expression (32.2) is
often abbreviated to “L C-weighted mass matrix” or smply LCM.

A matrix-weighted mass template represents atradeoff. It cuts down on the number of free parame-
ters. Such areductionisessential for 2D and 3D elements. It makesit easier to satisfy conservation
and nonnegativity conditions through appropriate choice of the M{. On the minussideit generally
spans only a subspace of acceptable matrices.

Soectral Parametrization. This has the form

def .
M® = H'D, H, D, = diag[ como Cru1 ... Gl (32.3)

inwhich H isagenerally full matrix. Parameters ug . . . i appear as entries of the diagonal matrix
D,.. Scaling coefficients ¢; may be introduced for convenience. Often o = 1 or o = 0 are preset
from conservation conditions.

Configuration (32.3) occurs naturally when the mass matrix is constructed first in generalized
coordinates, followed by transformation to physical coordinates viaH. If the generalized massis
derived using mass-orthogonal functions (for example, Legendre polynomialsin 1D elements), the
unparametrized generalized massD = diag[cy ¢; ...ck]isdiagonal. Parametrization iseffected
by scaling entries of this matrix. Some entries may be left fixed, however, to satisfy a priori
constraints.

Expanding (32.3) and collecting matrices that multiply w; leadsto amatrix weighted combination
form (32.1) in which each M? is arank-one matrix. The analogy with the spectral representation
theorem of symmetric matricesisobvious. But in practiceit isusualy better to work directly with
the congruent representation (32.3).

Entry-Weighted Parametrization. An entry-weighted mass template applies parameters directly
to every entry of the mass matrix, except for a priori constraints on symmetry, invariance and
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32-5 832.4 TWO-NODE BAR ELEMENT

conservation. This form is the most general one and can be expected to lead to best possible
solutions. But it isrestricted to simple (usually 1D) elements because the number of parameters
grows quadratically in the matrix size, whereas for the other two schemes it grows linearly.

Combined Approach. A hierarchical combination of parametrization schemes can be used to advan-
tageif the kinetic energy can be naturally decomposed from physics. For example the Timoshenko
beam element covered in Section 6 uses a two-matrix-weighted template form similar to (32.2) as
top level. The two components are constructed by spectral and entry-weighted parametrization,
respectively.

§32.4. Two-Node Bar Element

Total mass pA¢
The template concept is best grasped through an example 1 % (e 2 x
that involves the simplest structural finite element: the —>
two-node prismatic bar of density p, area A and length L=1L° ‘|
¢, moving along x. See Figure 32.1. The most general i

form of the 2 x 2 mass matrix formisthe entry-weighted

|A
L

Ficure 32.1. The two-node pris-

template matic bar element.
Me — ij_ M]e_z — Me Mll /-’le — /OAE /’Lll /'1“12 . (324)
M3 M3 H21  H22 M21  H22

The first form is merely alist of entries. To parametrize it, the total element mass M€ = p Al is
taken out as factor. The free parameters 11 through w,, are smply numbers. This illustrates a
basic convenience rule: free template parameters should be dimensionless.

To cut down on the number of free parameters one looks at mass property constraints. The most
COmMmon ones are

Matrix symmetry: M€ = (M®)T. For (32.4) thisrequires 1 = u12.

Physical symmetry: For a prismatic bar M® must exhibit antidiagonal symmetry: 1o = p11.
Conservation of total translational mass: same as conservation of linear momentum or of kinetic
energy. Apply the uniform velocity field U = v to the bar. The associated nodal velocity vector is
U® =v®=v[11]". Thekineticenergy isT® = 2(v®)TM®® = 1M®2(u11 + p12 + po1 + p22).
Thismust equal $M®v?, whence 111 + w1z + w1 + nze = 1.

Nonnegativity: M*® should not be indefinite. [Thisisnot an absolute must, and it is actually relaxed
in the Timoshenko beam element discussed in 32.6.] Whether checked by computing eigenvalues

or principa minors, this constraint is nonlinear and of inequality type. Consequently it isnot often
applied ab initio, unless the element is quite simple, asin this case.

On applying the symmetry and conservation rules three parameters of (32.4) are eliminated. The
remaining one, called w, istaken for convenienceto be 1y = o = %(2 +w)and wp = up =
£(1— w), which gives

M, = GpAE{l_M 241 =1 -wizpAt 12 +uzpAL 01
= (1 - wMg + uM¢.
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Chapter 32: CUSTOMIZED MASS MATRICES OF 1D ELEMENTS 326

Expression (32.5) shows that the one-parameter template can be presented as alinear combination
of the well known consistent and diagonally-lumped mass matrices. So starting with the general
entry-weighted form (32.4) we end up with a two-matrix-weighted form befitting (32.2). If . =0
and 1 = 1, (32.5) reducesto Mg and M§ respectively. Thisillustrates another desirable property:
the CMM and DLMM models ought to be instances of the template.

Finally we can apply the nonnegativity constraint. For the two principal minors of Mi to be
nonnegative, 2+ 1 > 0and (2 4+ w)?2 — (1 — w)? = 3+ 6u > 0. Both are satisfied if © > —1/.
Unlike the others, this constraint is of inequality type, and only limits the range of 1.

The remaining task isto find n. Thisis done by introducing an optimality criterion that fits the
problemat hand. Thisiswhere customization comesin. Even for thissimple case the answer isnot
unique. Thus the sentence “the best mass matrix for the two-node bar is so-and-so” has no unique
meaning. Two specific optimization criteria are studied bel ow.

8§32.4.1. Best 1 by Angular Momentum Preservation

Allow the bar to movein the {x, y} plane by expanding its nodal DOF to u® = [ uy1 Uy1 Uxo uyz]T
so (32.5) becomes a4 x 4 matrix

24 0 1—p O

e _ 1 0 2+ 1 0 1—u
Me=dpael 0 2 0 1y (32.6)

0 1—u 0 24+

Apply a uniform angular velocity 6 about the midpoint. The associated node velocity vector at
0 =0isu®=2¢0[0 —1 0 1]". Thediscrete and continuum energies are

¢/2
. . . 2
Te=2'MOUe = LpA(1l+2u), Te= f_mpA(e X)“dx = 4 p AL, (32.7)

Matching T? = T° gives 4 = 0. So according to this criterion the optimal mass matrix is the
consistent one (CMM). Note that if © = 1, T? = 3T°®, whence the DLMM overestimates the
rotational (rotary) inertiaby afactor or 3.

§32.4.2. Best u by Fourier Analysis \ Egl%scefty o
o o . P,EA = const

Another useful optimization criterion is the fidelity % Ug(X,t) N\

with which planes waves are propagated over a bar N L

element lattice, when compared to the case of a con- ‘\/ P&

tinuum bar pictured in Figure 32.2. | Ao .

SYmbOISl_Jsed for propagation of harmoni cwav_es ae FIGURE 32.2. Propagation of a harmonic wave
collected in Table 32.1 for the reader’s convenience. over an infinite, continuum prismatic bar. The
(Severa of these are reused in Sections 5 and 6.) wave-profile axial displacement u(x, t) isplotted
The discrete counterpart of Figure 32.2 is shown in normal to the bar.

Figure 32.3.

Thisisalattice of repeating two-node bar elements of length ¢. Lattice wave propagation nomen-
clatureis similar to that defined for the continuum case in Table 32.1, but without zero subscripts.
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32—7 832.4 TWO-NODE BAR ELEMENT

Table32.1 Nomenclaturefor Harmonic Wave Propagation in a Continuum Bar

Quantity Meaning (physical dimension in brackets)
o, E, A Mass density, elastic modulus, and cross section area of bar

plo = Euj  Bar wave equation. Alternate forms: —w3u = c3u” and u” + kju = 0.
Uo(X, t) Waveform up = By exp(i (Kox — wot)) [length], in which i = +/—1

Bo Wave amplitude [length]

Ao Wavelength [length]

ko Wavenumber ko = 27t /1 [1/length]

wo Circular (ak.a. angular) frequency wo = koCo = 27 fqg = 2w Co/ Ao [radians/time]
fo Cyclic frequency fo = wo/(27) [cycledtime: Hz if timein seconds)

To Period T = l/fo = 27'[/(1)0 :)\O/CO [tlme]

Co Phase velocity Co = wo/ ko = Lo/ To = Ao fo = /E/p [length/time]

Ko Dimensionless wavenumber ko = Koo (ko = 2 in continuum)

Qo Dimensionless circular frequency Q20 = woTo = woho/Co

Zero subscripted quantities, such as kg or ¢y, refer to the continuum bar. Unsubscripted
counterparts, such ask or c, pertain to adiscrete FEM lattice asin Figure 32.3.

The lattice propagation processis governed by the semidiscrete equation of motion M + Ku = 0,
which can be solved by Fourier methods. To study solutionsit is sufficient to extract a two-element
patch asillustrated in Figure 32.3(a). Within some constraints noted later the lattice can propagate
travelling harmonic waves of wavelength A and phase velocity ¢, asdepicted in Figure 32.3(b). The
wavenumber isk = 27 /A and the circular frequency w = 27/ T = 2nc/A = kc. Figure 32.3(b)
displays two characteristic lengths: A and ¢. The element-to-wavelength ratio iscalled y = ¢/A.
This ratio characterizes the fineness of the discretization with respect to wavelength. A harmonic
wave of amplitude B is described by the function

u(x,t) = Bexpli(kx — wt)] = Bexp[i (kx — Qcot) /€], i =+/—1. (32.8)

Here the dimensionless wavenumber « and circular frequency 2 aredefinedask = ké = 27 ¢ /) =
2 x and Q = wl/Cy, respectively, in which ¢ = /E/p isthe continuum bar wavespeed. Using
the well-known bar stiffness matrix and the mass template (32.5) gives the patch equations

24+pn 1—p 0 Ui_1 1 -1 0 Uj_1

Al j EA j

%[1—M 4421 1—MM i }+7[—1 2 —1M u; }:0. (32.9)
0 1—n 24pn Uj+1 0 -1 1 Ujt+1

From this one takes the middle (node ) equation, which repeats in the infinite lattice:

Al U7 A Uj-1
%[1—u 4+ 2u 1—/1]{.[],- }JrT[—l 2 —1]|:u,- }:O. (32.10)
Uj+1 Uj+1
Evaluate (32.8) at X = Xj_1 = X; — £, X = Xj and X = Xj4+1 = Xj + £ whilekeeping t continuous.
Substitution into (32.10) gives the wave propagation condition

Qcot . . Qcpt

2
pAG [6 — 2+ w2 — (6— (11— w2 COSK] (cosT _isn 7) B=0. (3211

3¢
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Chapter 32: CUSTOMIZED MASS MATRICES OF 1D ELEMENTS 32-8

(@ =1 ] j+: 1 (b) Phase
Two-element velgeity ¢
patch X Ul &>
o : O o O : OO o)
_ =17+ g J
8_ X—¢ # . p,E,A = const LLJ
XJ-+€ >| 3 A %

FiGure 32.3. An infinite lattice of two-node prismatic bar elements: (a) 2-element
patch extracted from lattice; (b) characteristic dimensions for a propagating harmonic
wave.

If this is to be zero for any t and B, the expression in brackets must vanish. Solving gives the
frequency-wavenumber relations

6(1 — cos 1-2 1— 10u + 10u?
2 _ ( ©) :KZ—I— MK4+ Kt D K6+...,
24+ (1— ) cosk 12 360 (32.12)
6—(2 Q2 1-2 -2 2012 '
K = arccos 2+ =Q— a3 9 — 201 + 200 Q°
6+ (1— )2 24 1920
Returning to physical wavenumber k = « /¢ and frequency w = Q¢p/¢:
6c2 1 — cos(ke) 1-2u 1—10p+10p2
2 0 2,2 2,2 4,4
=|— =cok“ 1+ ———k“¢ —— k™
( 02 ) 2+ + (1 — ) cos(ke) 0 ( + 12 + 360 +
(32.13)

An equation that linksfrequency and wavenumber: o = w(K) asin(32.13), isadispersionrelation.
An oscillatory dynamical system is nondispersive if w is linear in k, in which case ¢ = w/k is
constant and thewavespeed isthesamefor all frequencies. Thedispersionrelationfor thecontinuum
bar (within the limits of MoM assumptions) is co = wp/ko: al waves propagate with the same
speed cy. On the other hand the FEM model is dispersive for any ., since from (32.12) we get

o Ko

C 1) 1 6(1 — cosk) 1-2u , 1-—20u+ 2012 4
- .. (3214
\/2—|—,u—|—(1—u,)cos/< Ty T 100 < oo (3214

The best fit to the continuum for small wavenumbers x = kf <<1 isobtained by taking u = 1/>.
This makes the second term of the foregoing series vanish. So from this standpoint the best mass
matrix for the bar is

il
Hlu=1/2

:%Mg+%Mf:pl—A2£E é] (32.15)
Figure 32.4(a) plots the dimensionless dispersion relation (32.12) for the consistent (1 = 0),
diagonally lumped (1« = 1) and LC-averaged (1 = 1/2) mass matrices, along with the continuum-
bar relation 29 = «q. Thelattice curvesof Figure 32.4(a) havea2r period: Q (k) = Q(k+2mn),n
being an integer. Thusitisenoughto plot Q2 (k) over k € [0, 2]. The maximum lattice frequency,
which occursfor k = ké = 7 or A = 2¢, is called the Nyquist or folding frequency.

If it ispossibleto pick u asfunction of 2 or « we can match the continuum over a certain range of
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32-9 §32.4 TWO-NODE BAR ELEMENT
e o)
% 5 Exact (Conti nuum 1Bar) u'(\)A-B
c 0.6
> 4 . — pu=1/2
9 “[ Consistent mass: =0 0.4 T~
§ \W LC averaged: p = 1/2 \
§ 3 / | 0.2 <
- S A
: \
3 4 -0.2
o] _ [ [
£ Diagonally lumped mass: p =1 N -0.
o) | | | | |
0 1 2 3 4 5 6 0 1 2 3 4 5 6
Dimensionless wavenumber k=k¢ Dimensionless wavenumber k=k¢

F1GURE 32.4. Results from Fourier analysis of two-node bar lattice: (8) dispersion curves for
various choices of u; (b) wavenumber dependent 1\ that makes lattice match the continuum.

k or Q. This can be done by equating 2 = « (or ¢ = ¢p) and solving for .

14 6 3 1 K2 k4 x© 1 4r?x2% 16wyt
Hw= k2 1—-cosk 2 40 1008 28800 T 2 40 1008
6 3 1 Q2 Q4 Qb

T2 1 cosq 2 40 1008 28800
(32.16)

inwhich x = 2 k. Thefunction ), (x) isplottedin Figure 32.4(b). Interesting valuesare,, = 0
if &k = 3.38742306673364 and 11, = —1/2 if k = Kkjim = 4.05751567622863. If x > Kjim the
fitted M ® becomes indefinite. So (32.16) is practically limited to therange 0 < k <~ 4/¢ shown
in the plot.

§32.4.3. *Best 1 By Modified Equation

The gist of Fourier analysisis to find an exact solution, which separates space and time in the characteristic
equation (32.11). The rest is routine mathematics. The method of modified differential equations or MoDE,
introduced in §13.8, makes less initial assumptions but is not by any means routine. The objective is to find
a MoDE that, if solved exactly, produces the FEM solution at nodes, and to compare it with the continuum
wave equation given in Table 32.1. The method assumes only? that ii = —w?u, where w is alattice frequency
left to be determined. This takes care of the time variation. Applying this assumption to the patch equation
(32.10) and passing to dimensionless variables we get

Uj-1
[-1-21-wQ® 2-1(4+21)Q? —1—%(1—@92][ uj }:0. (32.17)
Ujt1

1 This assumption is necessary because no discretization in the time domain has been specified. If atime integrator had
been applied, we would face a partial differential equation in space and time. That is a tougher nut to crack in an
introductory course.
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Chapter 32: CUSTOMIZED MASS MATRICES OF 1D ELEMENTS 32-10

inwhich Q@ = wt/cy isthe dimensionless circular frequency used in the previous subsection. This difference
equation is “continuified” by replacing u; — u(t) and uj+; — u(t £ ¢), and scaled through to produce the
following difference-differential form or DDMoDE:

ut — o)

[-1 v -1 { u(t) } = yu®) — 3 (ut -0 +ut+0) =0, withy =
uct +¢)

AsMoDE expansion coefficient we select the element-to-wavelength ratio y = £/A. Accordingly, expanding

the the end valuesin Taylor seriesabout u(t) givesu(t — €) = uj — £u’(t) + €2u”(t)/2! —...,and u(t + ¢) =

Uj + £u'(t) + €2u"(t)/2! + ... The foregoing semisum is 3 (u(t — £) + u(t + £)) = u(t) + ¢2u"(t)/2! +

4™ (t) /4 + ..., which contains only even u derivatives. Replacing into (32.18) and setting ¢ = Ay, we

obtain the infinite-order modified differential equation or IOMoDE:

6— (2+ 1w’

1 2,2, )‘4X4 1"
(1—¢)u+§kxu +Tu +...=0. (32.19)

Thisform needsfurther work. To seewhy, consider amesh refinement processthat makes y — Owhilekeeping
X fixed. Then (32.19) approaches (1 — ¥)u = 0. Sinceu # 0, ¥ — linthesensethat 1 — ¢ = O(x?). To
obtain the canonical MoDE form exhibited below, the transformation 1 — ¢ — %y x?, where y isanother free
coefficient, is specified, and solved for 2, giving 22 = 6y x?/(6 — y (1 — ) x?). Replacing into (32.19)and
dividing through by ¢2 = A?x? yields

y 1 11 )\'2X2 " )"4X4
R R TR
This has the correct IOMoDE form: as x — > 0 two terms survive and a second-order ODE emerges. In fact,
but for the sign of thefirst termthisisacanonical IOMoDE form studied in[91] for adifferent application. The
last and quite complicated MoDE step is elimination of derivatives of order higher than two. The technique
of that reference leads to the finite order modified equation or FOMoDE:

2
<arcsin %7 ) u=0. (32.21)

u” +...=0. (32.20)

u// +

)\.ZXZ
Thisis matched to the continuum bar equation u” + k3u = 0 of Table 32.1, assuming that A = Ao. Equating
coefficients gives kohox /2 = 7 x = arcsin(3 x /¥) or sin(m x) = 3x /7, whence y = 4sin’(m x)/x? and
6y x> 12sin?
2 _ I _ (rx) — 422, (32.22)
6-y@A—mwx?> 2+ u+ (1— p)cos(2my)

Thelast equation comesfromthedefinition 2 = wé/cy = 2m x. Solvingfor u givesthe discrete-to-continuum
matching value

3 3

.\ 7232 mhyd  by6
2n2x2  2coR(wyx)

10 63 450

y =1 (32.23)

1

2
Replacing 2 x by « (or by Q = «) givesuy = 1+ 6/«? —3/(1 — cosk), thus reproducing the result (32.16).
So Fourier analysis and MoDE deliver the same resullt.

Remark 32.1. When Fourier can be used, as here, it is far smpler than MoDE. However the latter provides
a side bonus. a priori error estimates. For example, suppose that one plans to put 10 elements within the
shortest wavelength of interest. Thus x = ¢/A = 1/10and y = 4sin’(rx)/x? = 38.1966. Replacing into
(32.22) gives /(27 x) = 1.016520, 0.999670 and 0.983632 for © = 0, u = 1/ and u = 1, respectively.
The estimate frequency errors with respect to the continuum are 1.65%, —0.04% and —1.64%, respectively.

32-10



32-11 832.5 THREE-NODE BAR ELEMENT

§32.5. Three-Node Bar Element

Total mass pAL
As pictured in Figure 32.5, this element is prismatic 1 ’w.; 3 (8 X
with length ¢, cross section area A and mass density © O  T—
p. Midnode 3 is at the center. The element DOFs are |‘ 0 =L° ‘|
I~ >

arranged asu® = [u; Uy u3]T. Itswell known stiffness

matrix is paired with a entry-weighted mass template:
FIGURE 32.5. The three-node pris-
matic bar element.

7 1 -8 124y -3+ u3z 64 us
EA
Ke = [ 17 —8:|, Mi=p9A0£|:

= —34+uz 124+ 6+,u4:| (32.24)
8 -8 16 6+ g 6+ ua 484 w2

Theideabehind the assumed form of M 3 in (32.24) isto define the mass templ ate as a parametrized
deviation from the consistent mass matrix. That is, setting u1 = w2 = puz = ngq = 0 makes
M7 = Mg. Setting g = p3 = 3, uz = 12 and gy = —6 givesthe well known diagonally lumped
mass matrix (DLMM) generated by Simpson’s integration rule: M{ = pA¢diag [1/6, 1/6, 2/3].
Thus again the standard models are template instances. Notice that M,‘i in (32.24) incorporates
matrix and physical symmetries a priori but not conservation conditions.

Linear and angular momentum conservation requires 2uu1 + w2 + 2us + 4ug = 0 and uz = g,
respectively. Eliminating u3 and ¢4 from those constraints reduces the template to two parameters:

e

=27 43 4(12 24— A4y —
m 360 ( + Ml) ( + Ml) U1 |75

24— 4y —pp 24 —A4pug — 2 A48+ o)

pAL 412 + 1) A—3+pn1) 24—4u —pe
(32.25)

For (32.25) to be nonnegative, u1 > —9/2 and 15+ 1 — 35,9+ 21y < %/Lz <15+ pu1 +
359 + 2111. Theseinequality constraints should be checked a posteriori.

-2 j-1 ] i+l j+2
O e )
Two-element
patch X
—

O O
J

O o o —~
\L— X—C —] X . p,E,A = const
X+e

FIGURE 32.6. Lattice of three-node bar elementsfrom which a2-element patchis
extracted. Yellow and red-filled circles flag endnodes and midnodes, respectively.
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Chapter 32: CUSTOMIZED MASS MATRICES OF 1D ELEMENTS 32-12
832.5.1. Patch Equations

Unlike the two-node bar, two free parameters remain after the angular momentum conservation
condition is enforced. Consequently we can ask for satisfactory wave propagation conditions in
addition to conservation. To assess performance of mass-stiffness combinations we carry out the
plane wave analysis of the infinite beam lattice shown in Figure 32.6.

From the lattice we extract atypical two node patch asillustrated. The patch has five nodes: three
endpointsand two midpoints, which areassigned global numbers j—2, j—1, ... j+2. Theunforced
semidiscrete dynamical equations of the patch areM P (i° + K uP = 0, where

412+ 1) 24 —4pg —p2 A—=3+ 1) 0 0
pAL 24— Apg — o A48+ o) 24—4ps — o 0 0
MF = 360 A—3+p1) 24—4ur—pe 812+ p1) 24—4pur—p2 A-3+ 1)
0 0 24 — Ay —po A48+ o) 24—4ps — o
0 0 A—3+pn1) 24—4pus—pu2 412+ )
7 -81 0 O
EA -816 -8 0 O
KP:@ 1 -814 -8 1 |, u"=[uj2 uj1 uj uj1 uj]".

0O 0 -8 16 -8
0O 0 1 -817
(32.26)

From the foregoing we keep the third and fourth equations, namely those for nodes j and j+1.
This selection provides the equations for atypical corner point j and atypical midpoint j+1. The
retained patch equations are

M 1lp + K], Uup =0. (32.27)
The2 x 5matricesM ¥ ;,; and K ,; result on deleting rows 1,2,5 of M and K *, respectively.
832.5.2. Fourier Analysis

We study the propagation of harmonic plane waves of wavelength A, wavenumber k = 27/, and
circular frequency w over the lattice of Figure 32.6. For convenience they are separated into corner
and midpoint waves:

Ue(X, 1) = B b, Umn(X, t) = Bpe Y, (32.28)

Wave uq(X, t) propagates only over cornersand vanishes at midpoints, whereasup, (X, t) propagates
only over midpoints and vanishes at corners. Both have the same wavenumber and frequency but
different amplitudes and phases. [Waves (32.28) can be combined to form a single waveform that
propagates over all nodes. The combination has two components that propagate with the same
speed but in opposite directions. This is useful when studying boundary conditions or transitions
in finite lattices, but is not needed for a periodic infinite lattice] Asin the two-node bar case, we
will work with the dimensionless frequency Q2 = w?/cy and dimensionless wavenumber « = k¢.
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32-13 832.5 THREE-NODE BAR ELEMENT

Inserting (32.28) into (32.26), passing to dimensionless variables and requiring that solutions exist
for any t yields the characteristic equation

1 [960 — 2(48 + o) Q? —(960 + (24 — 4y — 12)Q%) COS 3k ] [ B,
180 symm 4(210 — (12411922 + (30 + (3— 1) Q?) cosk )
(32.29)
For nontrivial solutions the determinant of the characteristic matrix must vanish. Solving for Q2
gives two frequencies for each wavenumber «. They can be expressed as the dispersion relations

SZZ ¢1+5 QZ ¢1_5

a=— ) o= T—————(——> (32.30)
¢s5 + ¢e COSK @5 + g COSK

inwhich ¢; = 720(—208 — uy + (42 — 32) COSk), ¢ = 64(u1 — 60)ug — 32uqpz + 13u3 +
384474+ 112), 3 = 12(—112+ 1u5) (1284 u2), pa = 64(132+ (1 —60) 1) —32(p1 — 6) o+ 3,
¢5 = 16(—540+ (1 — 60)11) — 8(30+ p1)pp + p3, po = 2880+ 16(u1 — 60) i1 — Bapen + 13
and § = 1206/, — ¢3COSk — ¢4 COS2k. Frequencies 2, and €2, pertain to the so-called
acoustic and optical branches, respectively. This nomenclature originated in crystal physics, in
which both branches have physical meaning as modeling molecular oscillations. [In molecular
crystallography, acoustic waves are long-wavelength, |ow-frequency mechanical waves caused by
sonic-like disturbances, in which adjacent molecules move in the samedirection. Optical wavesare
short-wavel ength, high-frequency oscillations caused by interaction with light or electromagnetics,
in which adjacent molecules move in opposite directions. Notes and Bibliography provides
references.]

Figure 32.7 illustrates nomenclature
used for a two-branched dispersion di-

. G 8 - T T T T b

agram such as that given by (32.30). ~_F Cutoff : ]

. : St band I E
The meaning of terms such as “stop- §7g frequency = OPPINGRAN P
ping band” is defined below. In FEM §65 Optical branch 0= QK <
discretization work only the acoustic =OF 1
branch has physical meaning because %}41 _ _ . 1<
for small « (that is, long wavelengths) g 3E Acoustoptical gap: same as Stopping band | L_max
it approaches the continuum bar rela- I% 2f a
tion Q = «, asshown below in (32.31). E1f Acoustic brainch Q.= Q4K) ]
On the other hand, the optical branch a I AT
is physic_ally ;pur_ious. It is c_au%d bimensionl&sswavenumber K
b,y the dlscretlzatlp n and pgrtal hs to FIGURE 32.7. Notation pertaining to atypical
high-frequency |attice oscillations, also two-branch dispersion diagram. The stopping
known as “ mesh modes.” band is the union of | and I1.

Thedistinction between the two branches can be better grasped by examining the Taylor expansions
of the frequencies (32.30) about « = O:

Ca* Cex® Cgr®
T

D2K2
4 6! 8! Y +

2_ 2
Qg =«"+ o N

Q2= Do+ (32.31)
inwhich
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5 x 1440C, = 14400 — y/7 = (240 — 4ju1 + 1) (41 — pa),
10 x 14407 Cg = 41472000 + 7200v2 + 180v3 + vy — 720024,
60 x 1440° Cg = —2030469120000 + 348364800y/2 — 14515200v7 — 342720y} — 25207

(32.32)
- 7wf + 580608001ﬂ12 Va2 + 14515201l/f Yo + 100801[/11 Yo — 29030401#51#22,
1 _ (43200 + 360y + Y7 — 1440y)
DO = —, D2 =
V3 Vi

Here vy = 4u1 — pup — 120, Yo = pg — 2 and Y3 = 28800 + 360vy1 + lﬂf — 1440y, =
—2880 — 960y + 1615 — 120up — 8uapz + w3, Note that the expansion of Q2 approaches «?
ask — 0. Clearly the acoustic branch is the long-wavelength counterpart of the continuum bar,
for which Q = «. On the other hand, the optical branch has a nonzero frequency Q2 = 1/v3 at
x = 0, called the cutoff frequency, which cannot vanish although it may go to infinity if v»3 = 0. As
illustrated in Figure 32.7, the lowest and highest values of Q, (taking the + square root of Q2) are
caled QM and QM", respectively, while the largest Q, is called QM. Usually, but not always,
QD" and QM occur at k = 7.

If QN > QM therange QMM > Q > QM js called the acoustoptical frequency gap or smply
the AO gap. Frequencies in this gap are said to pertain to portion | of the stopping band, a term
derived from filter technology. Frequencies Q > Q' pertain to portion Il of the stopping band.
A stopping band frequency cannot be propagated as harmonic plane wave over thelattice. Thiscan
be proven by showing that if © pertains to the stopping band, the characteristic equation (32.29)
has complex roots with nonzero real parts. This causes exponential attenuation so any disturbance
with that frequency will decay exponentially.

Table 32.2. Useful Mass Matricesfor Three-Node Bar Element

Mass |Template signature Taylor expansion of ©2 Taylor expansion of ©2
matrix U1 Mo M3 M4 (acoustic branch) (optical branch)
CMM | 0 0 0 0 N 1;;;30 + 02 | 60— 20k2+ O(c?)
DLMM | 3 12 3 —6 | «?— £ — #"83 — s+ O | 24— 2 + O
BLC 2 8 2 4| K- g gt O(Klz) 30— B2 4 o?)
COF 8 32 8 —16| k2 A 4 ol ) 12

§32.5.3. Customization

Figure 32.8 shows dispersion curves for the four parameter settings tabulated in Table 32.2. The
four associated mass matrices are positive definite. Dispersion curves for the consistent mass M &
and the diagonally lumped mass M{ are shown in (a,b). Both matrices have an acoustical branch
that agrees with the continuum to order O («k#), as shown by the series listed in Table 32.2.
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[ee)

[ee]

i?é (a) Consistent Mass (CMM): §7 (b) Diagonally Lumped Mass (DLMM):

2l - 2ol h=5 =12

> F > F

85t S'sf_ Optical branch ~ Continuum bar

< [ Optical branch =

@ 4F ] @ 4F

=3t Continuumbar { <€ 3t

St S

g 2F 5 2F

E1f Acoustic branch Eaf Acoustic branch

D' U N WS T TR SR SNPUNT T SR T SR UN S SN S TSN S SR S S S S N D' PR T U [N T TN TN TN [T TN TN NN T NN WO ST T W AN S S S 1
0 1. 2 3 4 5 6 0 1. 2 3 4 5

Dimensionless wavenumber K Dimensionless wavenumber K

o 8 — — 1 o 8 T T T T T T

27k (c) Best CMM DLMM Combmatlon for 1 37t (d) Constant Optical Frequency Mass:

§6_ Small-k Fit: p, =2, =8 ] 86§ =31 =12

%5 _ 7 %5 _ Continuum bar

g 4? Optical branch ] 8 4? Optical branch

S 3k Continuumbar { §3F

‘D ,F 1 @

8 2 - — 8 2F

E1f Acoustic branch E E1f Acoustic branch

D' n D' | TN TN TN T N T T T T [N TN T T T N W N TN S Y T T SN 1
0 1. 2 3 4 5 6 0 1. 2 3 4 5

Dimensionless wavenumber K Dimensionless wavenumber K

F1GURE 32.8. Dispersion curves of four mass matrices for the three-node prismatic bar, plotted
for « € [0, 27]. Acoustic branch in red, optical branch in blue, continuum bar line @ = « in
black. Acoustic and optical branches repeat with period 277 ; note symmetry about « = 7.

For a mass matrix to produce fourth order accuracy in the acoustic branch, C4 = 0 in the series
(32.31). Thishasthe two solutions u, = 4, and wp, = 41 — 240. Both CM and DLM comply
with the first solution. To get sixth order accuracy for small x weimpose C4, = Cg = 0. Thishas
only two solutions: {1 = 2, up = 8} and {1 = 62, up = 8}. Only thefirst solutionis of interest,
as the second one produces large positive-negative entries and exactly the same dispersion curves.
The resulting mass matrix turns out to be alinear combination of CMM and DLMM. It is |abeled
BLC for “best lumped-consistent combination”:

e

~ P AL 14 -1 2
BLC — 90

-1 14 2}:%M§+%M‘E. (32.33)
2 2 56

As shown in Table 32.2, the acoustic branch of this matrix agrees up to O(x®) with the continuum
bar. The dispersion curves are shown in Figure 32.8(c).

A different kind of customization is advisable in dynamic simulations that involve propagation of
high frequencies, such as shock and impact. The presence of the optical branch is undesirable,
because it introduces spurious noiseinto the solutions. For such problems the two-node bar, which
lacks an optical branch, should be used. If use of athree-node model is mandated for some reason,
the harmful effects of the optical branch can be reduced by making it of constant frequency. Setting
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{1 = 8, uo = 32} produces the mass

oac[ 10 5-10
MEor = 55 [ 5 10 —10} , (32.34)
~10 —10 80

in which acronym COF stands for “ Constant Optical Frequency.” Then ©2 = 12 for all wavenum-
bers, as pictured in Figure 32.8(d). This configuration maximizes the stopping band and facilitates
theimplementation of anarrow band filter centered at that frequency. The acoustic branch accuracy
isinferior to that of the other models, however, so this customization involves a tradeoff.

One final parameter choice is worth mentioning as a curiosity. Setting {u1 = —2, u, = —8}
produces a dispersion diagram with no stopping band: the optical branch comes down from +o0
at k = 0, 2r and merges with the acoustic branch at k = 7. The application of this mass matrix
(which issingular) asamodeling tool is presently unclear and its dispersion diagram is omitted.

§32.6. TheBernoulli-Euler Beam

The Bernoulli-Euler beam model is a special case of the Timoshenko beam treated in the next
section. It is nonetheless useful to do its mass template first, since results provide a valuable cross
check with the more complicated Timoshenko beam. We take the consistent mass matrix derived
in the previous chapter, and modify their entries to produce the following entry-weighted template:

R4un (55 + n)e =+ w13 — (75 + n1a)l
1 2 13 1 2
Lo (B At —(s + pan)t
MZ _ ,OAE (105 IU/ZZ) (4%% ,LL23) (1;1:(]). ,U/24) (3235)
E+Hrn  —(5 + n)l
symm (35 + n2)l?

The parametersin (32.35) are uij, whereij identifies the mass matrix entry. The template (32.35)
accounts for matrix symmetry and some physical symmetries. Three more conditions can be
imposed right away: w14 = @23, 13 = —pa1 and 2ua2 = a1 + 2u22 + 2123 — 2p24. The
first comes from beam symmetry and the others from conservation of total translational mass and
angular momentum, respectively. This reduces the free parameters to four: {11, 22, 23, 24}.
The Fourier analysis procedure should be familiar by now to the reader. An infinite lattice of
identical beam elements of length ¢ is set up. Plane waves of wavenumber k and frequency o
propagating over the lattice are represented by

v(x,t) = Byexp(i (kx — ot), 6(x,t) = Byexp(i (kx — wt) (32.36)

At atypical latticenode j therearetwo freedoms: v; and 6;. Two patch equations are extracted, and
converted to dimensioneless form on defining « = k¢ and Q = wcy/¢, inwhich cg = EI /(p Al%)
Is a reference phase velocity. The condition for wave propagation gives the characteristic matrix
eguation

det [Cv“ CUG] = C,,Css — CsCyy = O, (32.37)
Cor Cyo
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32-17 832.6 THE BERNOULLI-EULER BEAM

whereC,, = (840—2(13+354111) Q22 — (840+(9—70u11)R2?) cosk ) /35, —Cy, = C,p = 1(2520+

(13+420123)2%) sink /210, Cpg = (1680—4(1+105425) Q%-+(840+3(1+140124) 22) cosk ) /210.
Thecondition (32.37) givesaquadratic equation in Q2 that providestwo dispersion solutions: acous-

tical branch ©2(«) and optical branch Q2(«). Thesewere already encountered in theanalysis of the
3-node bar in 832.2. The acoustical branch represent genuine flexural modes, whereas the optical

one is a spurious byproduct of the discretization. The small-« (long wavelength) expansions of

these roots are

Qi = I{4—|- C6K6 + C8K8+ C]_ol(lo + C12K12 +..., Q(z) = Dg + D2K2 + D4K4 +...,
(32.38)
inwhich Ce = —pu11 — 2120 — 43 + 2u04, Cg = 1/720 + u3) + 4u3, + 2u03/3 + 161204003 +
161435 + 111(1/12 + diuy + 8oz — Ainoa) — [hoa — Biioaitos — 16pu23jia + 4u’,, €tC.; and Do =
2520/(1 + 420122 — 420u24), €tc. Mathematica calculated these series up to Cy4 and Dy.
The continuum dispersion curve is 2 = «*, which automatically matches Q2 as« — 0. Thus
four free parameters offer the opportunity to match coefficients of four powers: {«®, x8, k%0, «1?}.
But it will be seen that the last match is unfeasible if M€ is to stay nonnegative. We settle for a
scheme that agrees up to «1°. Setting Cg = Cg = Ci19 = 0 while keeping 112, free yields two sets
of solutions, of which the useful oneis

p11 = 4z — 67/540 — (4/27),/38/35 — 10812,
o3 = 43/1080 — 2uu2p + /95/14 — 675115,/54, (32.39)
24 = 19/1080 — 1125 + /19/70 — 27122/27.

The positivity behavior of M*, as pz, is varied is shown in Figure 32.9(2). M© is indefinite for
faz < WM = (27— 44/35) /5040 = 0.0006618414419844316. At the other extreme the solutions
of (32.39) become complex if oz > s = 19/1890 = 0.010052910052910053.

Figure 32.9(b) plots Cro(112) = (—111545 — 3008y + 15120(525 + 4y ) 112,) /685843200, with
¥ = /70419 — 1890uz. This has one red root p3, = —0.02830257472322391, but that
gives an indefinite mass matrix. For o in the lega range [5", n55>], Ci2 is minimized for
nb, = (25v/105 — 171)/30240 = 0.0028165928951385567, which substituted gives the optimal
mass matrix:

a;n 1788¢ a;3 —732¢ 0.389589 0.059127¢ 0.110410 —0.024206¢
Me — pAL apl? 7320 apl? A 0.012340¢2 0.024206¢ —0.005548¢2
B ™ 30240 a; 1788¢ | P 0.389589 —0.059127¢
symm aul? 0.012340¢2

(32.40)

inwhich aj; = az; = 12396 — 604/105, aj3 = 2724 4 60v/105, ax = ay = 117 + 25./105 and
aps = —219 4 54/105. For this set, C1p = (25+/105 — 441) /91445760 = —2.0210~%. Another
interesting valueis 2> = 13/3150 = 0.004126984126984127, which substituted in (32.39) yields
rational values for the other parameters. w11 = —piz = 23/2100, n12 = —p1s = —p23 =
23/4200, o4 = 23/4200 and o4 = —17/12600. Replacing into the template gives
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-Wet(m | T

dq \ 5t

=

1B, =0.00281659
1%, =-0.0283026

s L3, =0.004126
005291 1¢ Cipx10°

—qf 00066184
g ‘ ‘ | E _15'. M
-0.03 -0.02 -0.01 0 0.01 -0.03 -0.02 -0.01 0 0.01
FIGURE 32.9. Behavior of Mﬁ as function of w22 when other . parameters are picked
from (32.39): () determinants dy of principal minors of order k of M€, showing legal
positivity range {ua", w2 }; (b) coefficient Caz of x12 in Q2 series.
4818 729¢ 1482 —321¢ 0.382381 0.057857¢ 0.117619 —0.025476¢
Me — pAL 172¢% 321¢ —73¢2 YY) 0.013651¢? 0.025476¢ —0.005794¢2
Q™ 12600 4818 —729¢ | ~ P 0.382381 —0.057857¢
symm 172¢2 symm 0.013651¢?
(32.41)

For thismatrix, C1» = —41/18144000 = —2.25 105, whichisonly about 10% higher than for the
optimal mass. Since the entries are simpler, (32.41) is adopted as custom mass matrix and used as
a baseline for the Timoshenko beam.

§32.7. *Two-Node Timoshenko Beam Element

The last example is far more elaborate than the previous ones. The goal is to construct a mass template for
the prismatic, plane-beam Timoshenko model. This includes the Bernoulli-Euler model as special case, and
consequently results can be crosschecked with those of the previoussection. The continuum Timoshenko model
isfirst examined in some detail, since frequency expansion formulas applicable to template customization by
characteristic root fitting are not easily found in the literature.

§32.7.1. *Continuum Analysis

Consider astructural beam member model ed asashear-fl exible Timoshenko planebeam, asillustrated in Figure
32.10. Thisfigure providesthe notation used below. Section properties{p, E, A, As, |, |r} areconstant along
X. The beam is transversally loaded by line load q(x, t) (not shown in figure), with dimension of force
per length. The primary kinematic variables are the transverse deflection v(x, t) and the total cross-section
rotationf(x, t) = v'(x, t)+y (X, t),wherey = V/(GA,) isthemean shear rotation. Thekinetic and potential
energies in terms of those variables are

L L
T[v, 6] = %/ (pAV* + plg 67) dx, TI[v,0] = / (%EI "%+ %GAS(G—U/)Z — qv> dx. (32.42)
0 0
where superposed dots denote time derivatives. The equations of mation (EOM) follow on forming the
Euler-Lagrange equations from the Lagrangian L = T — IT:

sL sL §
5o =0 GAE —v)+pAi=0q, o =0—EI0' +GAW —0) —plafi=0. (3243
v
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Section-averaged A positive transverse shear
shear rotation Normal to force V= GAgy produces
—y deformed a CCW rotation (+y) of
Deformed longitudinal slope the beam cross section
cross axis V' = dv/dx Yy
t
A secion_\l_—7
----------- M
- p,E G A Al and g
V(X) | constant along beam X
l & X, U Vv \ \+V
> Positive bending
| moment and transverse
| L > shear conventions

F1GURE 32.10. A plane beam member modeled as Timoshenko beam, illustrating notation
followed in the continuum analysis. Transverse load q(x) not shown to reduce clutter.
Infinitesimal deflections and deformations grossly exaggerated for visibility.

An expedient way to eliminate 6 is to rewrite the coupled equations (32.43) in transform space:

pAS® — GAs p GAsp 57_r4
[ GAsp El pZ—GAS—pIRSZ]I:é] = I:O]’ (32.44)

inwhich {p, s, 17~ 9, g} denote transforms of {d/dx, d/dt, v, 8, g}, respectively (Fourier in x and Laplacein
t). Eliminating 6 and returning to the physical domain yields

AEI 2Alg.... El
1Y ) i}” + Y R _ q” +

J q- elr .
GAS GAS B GAS GAS

d. (32.45)

El v+ pAb — (,0|R+

(Note that this derivation does not pre-assume | = |, as usually done in textbooks.) For the unforced case
g = 0, (32.45) has plane wave solutionsv = B exp(i (Ko X — a)ot)). The propagation condition yields a
characteristic equation relating ko and wg. To render it dimensionless, introduce a reference phase velocity
ci = El/(pAL* sothat kg = wo/Co = 27/ Ao, adimensionless frequency Q = wol /¢y and adimensionless
wavenumber k = koL. As dimensionless measures of relative bending-to-shear rigidities and rotary inertia
take

®y = 12E1 /(GAsL?), rd =1Igr/A, Wy =rg/L. (32.46)

The resulting dimensionless characteristic equation is
K — Q7 — (Do + W K* Q7+ LD WG Q* = 0. (32.47)

Thisis quadratic in Q2. Its solution yields two kinds of squared-frequencies, which will be denoted by 2
and Q2 because they are associated with flexural and shear modes, respectively. Their expressions are listed
below along with their small-« (long wavelength) Taylor series:

P—-vQ
Q% = GW =k — (0o + W) k® + (D5 + DoV + Vg) k® 3248
— (5 @5+ 2 PIWE + 20oWg + W) 0+ .. = Au? 4 Ack® + Agk® + ..
P+.JQ 12 12 1
QP2=6 = =+ = ) 2=k (B Do+ WDk® + ... = By+ B2+ ... (3249
S0 gwz T wguz T\ Tz K TR (mPot o o B2k (32.49)

inwhich P = 1+ «?(W2 + 5®) and Q = P? — Z«*®oW32. The dispersion relation Q% («) defines the
flexural frequency branch whereas Q2(«) defines the shear frequency branch. If &, — 0and ¥y — 0, which
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a) b
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FIGURE 32.11. Spectral behavior of continuum Timoshenko beam model for anarrow b x h rectangular cross
section. (a): dispersion curves Q(x) for A = h/¢ = 1/4 and two Poisson’s ratios; Timoshenko flexural and
shear branches in red and blue, respectively; Bernoulli-Euler curve Q = «2 in black. (b) Wavespeed 2/«

reduces the Timoshenko mode! to the Bernoulli-Euler one, (32.47) collapses to Q2 = «* or (in principal
value) Q@ = «2. This surviving branch pertains to flexural motions while the shear branch disappears — or
more precisely, Q2(x) — +oo. It is easily shown that the radicand Q in the exact expressions is strictly
positive for any {®¢ > 0, ¥y > 0, > 0}. Thus for any such triple, sz and Qg are red, finite and distinct
with Q2 () < Q2(«); furthermore {Q3, Q2} increase indefinitely as k¥ — oo. Following the nomenclature
introduced in Figure 32.7, the value Q5 at « = 0 is called the cutoff frequency.

To see how branches look like, consider a beam of narrow rectangular cross section of width b and height
h, fabricated of isotropic material with Poisson’s ratio v. We have E/G = 2(1 + v) and As/A = 5/6.
[Actualy a more refined Ags/A ratio would be 10(1 + v)/(12 + 11v), but that makes little difference in
the results] We have A = bh, | = Ig = bh3/12, 13 = Ig/A = h?/12, ¥ = r3/L? = £h?/L? and
o = 12E1 /(GAsL?) = 12(1 + v)h?/(5L?). Since ®o/12 = 12(1 + v) Wz/5, the first-order effect of shear
on Q32, as measured by the «® term in (32.48), is 2.4 to 3.6 times that from rotary inertia, depending on v.
Replacing into (32.48) and (32.49) yields

Q? } 60 + k*(17 4 12v)A” F \/ (604 12(17 + 120) A2)” — 2404 (L + 1) A*

Qg 2(1 4+ v)A*4
4 1 2,6 1 2 4.8 (3250)
=1 60+ (17 + 12v)A%2% — (1 + V)A*k* + ...
(1+v)A?

inwhichA = h/L. DispersioncurvesQ («) for A = h/L = 1/4andv = {0, 1/2} areplottedin Figure32.11(a).
Phase velocities 2/« are shown in Figure 32.11(b). Thefigure a so showsthe flexural branch of the Bernoulli-
Euler model. The phase velocities of the Timoshenko model tend to finite values in the shortwave, high-
frequency limit « — oo, which is physically correct. The Bernoulli-Euler model is wrong in that limit
because it predicts an infinite propagation speed.
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§32.7.2. *Beam Element Y,V y 2

The shear-flexible plane beam member of Figure 32.10 2
is discretized by two-node elements. An individual ele- |- ' =[av/dx],
ment of thistypeis shown in Figure 32.12, which illus- \
trates its kinematics. The element has four nodal free-

- X, U
doms arranged as Vi=[dvidd, o1 I 2075
W =[v 61 vy 6] (32.51) ' ¢ !
F1GURE 32.12. Two-node element for Timo-
Here 6, = vi + y1 and 0, = v; + v, are the total cross shenko plane beam, illustrating kinematics.

section rotations evaluated at the end nodes.

The dimensionless properties (32.46) that characterize relative shear rigidity and rotary inertia are redefined
using the element length:

® = 12E1 /(GA?), r2 =1Igr/A, U =rg/L. (32.52)

If the beam member isdividedinto Ne elementsof equal length, £ = L/Newhence ® = ®oNZ2and ¥ = WoNe.
Thus even if &y and Wy are small with respect to one, they can grow without bound as the mesh is refined.
For exampleif ®; = 1/4 and W2 = 1/100, which are typical valuesfor amoderately thick beam, and we take
Ne = 32, then ® ~ 250 and ¥? ~ 10. Those are no longer small numbers, afact that will impact performance
as N increases. The stiffness matrix to be paired with the mass template is taken to be that of the equilibrium
element:

12 6¢ —12 60
__El 6 ((4+d) —6C (22— )
e —
T B0+ | —12 —6¢ 12 _6¢ (32.53)

60 (°Q2—®) —6¢ 24+ D)
This is known to be nodally exact in static analysis for a prismatic beam member, and therefore an optimal
choicein that sense.

§32.7.3. *Setting Up the Mass Template

FEM derivations usually split the 4 x 4 mass matrix of thiselement into M® = M? + My, where M? and M
comefromthetranslational inertiaand rotary inertiaterms, respectively, of thekinetic energy functional T[v, 6]
of (32.42). The most general mass template would result from applying a entry-weighted parametrization of
those two matrices. This would require a set of 20 parameters (10 in each matrix), reducible to 9 through
11 on account of invariance and conservation conditions. Attacking the problem this way, however, leads to
unwieldy algebrai c equations even with the hel p of acomputer algebrasystem, while concealing the underlying
physics. A divide and conquer approach works better. Thisis briefly outlined next and covered in more detail
in the next subsections.

(1) Express M® as the one-parameter matrix-weighted form M® = (1 — o) M§ + uoM3. Here M% isfull
and includes the CMM asinstance, whereas M § is 2 x 2 block diagonal and includesthe DLMM as instance.
Thisisplainly ageneralization of the LC linear combination (32.2).

(I1) Decompose the foregoing mass componentsasM§ = Mg +MeggrandM$ = M3 +M{,, where T and
R subscripts identify their source in the kinetic energy functional: T if coming from the translational inertia
term 2pAv? and R from the rotary inertiaterm 2 p1g 62.

(111) Both componentsof M ¢ are expressed as parametrized spectral forms, whereasthose of M §) are expressed
asentry-weighted. The main reasonsfor choosing spectral formsfor thefull matrix are reduction of parameters
and physical transparency. No such concerns apply to M 3.

Theanalysisfollowsa“bottom up” sequence, in order (111)-(11)-(1). This hasthe advantage that if a satisfactory
custom mass matrix for a target application emerges during (I11), stages (I1) and (1) need not be carried out,
and that matrix directly used by setting the remaining parameters to zero.
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§32.7.4. *Full Mass Parametrization

Asnoted above, one startswith full-matrix spectral forms. Let & denote the natural coordinate that variesfrom
—1at node 1to +1 at node 2. Two element transverse displacement expansions in generalized coordinates
are introduced:

vr(§) = Li(§)Cr1+ La(§) cra + La(§) Cra+ La§) Cra =Ly Cr,
vRr(§) = L1(§) Cr1 + L2(§) Crz + L3(§) Cra + E4(§) Cra = LRCR,
Li(§) = 1 La(§) =&, La(§) = 3(36% = 1), La() = 5(56° — 3%),
La(6) = 1(55% — (5+ 100)8) = L4(§) — (1 + 50)%.
The vt and vg expansions are used for the translational and rotational parts of the kinetic energy, respectively.
The interpolation function set {L;} used for vt is formed by the first four Legendre polynomials over & =

[—1, 1]. Theset used for vy isthe same except that L4 is adjusted to f4 to produce a diagonal rotational mass
matrix. All amplitudes cr; and cr; have dimension of length.

Unliketheusual Hermite cubic shapefunctions, thepolynomialsin (32.54) haveadirect physical interpretation.
L,: translational rigid mode; L,: rotational rigid mode; L3: pure-bending mode symmetric about & = O; L4
and L,4: bending-with-shear modes antisymmetric about & = 0.

With the usual abbreviation (.)’ = d(.)/dx = (2/£)d(.)/d&, the associated cross section rotations are

(32.54)

br =vi +yr=LiCr+yr, Or=vgr+yr=LgxCr+yr, (32.55)
in which the mean shear distortions are constant over the element:
P2 109 dr? 109
= — V= Z""cq4, = — v = —Cpa. 32.56
YT 12 Ut 7 T4 YR 12 VR 7 R4 ( )

The kinetic energy of the element in generalized coordinatesis

e 1

. V4 .

Te=%/ (pAv$+p|R0§)dx=Z/ (pAY% + plg 03) d& = 3¢] Dy &1 + 3CEDrCr. (3257
0 -1

in which both generalized mass matrices turn out to be diagona as intended:

Dr = pAtdiag[1 £ 1], Dgr=4pAc¥?diag[0 1 3 5].

To convert D and D to physical coordinates (32.51), vr, vg, 61 and 6y are evaluated at the nodes by setting
& = £1. This establishes the transformations u® = Gt ¢y and u® = Ggrcg. Inverting: ¢ = Hy u® and
cr = HrUe withHy = G;* and Hr = GR'. A symbolic calculation yields

C 30(1+®) 561+ P) 301+ D) —50(1+ D)
Ho 1 —36 — 30 -3¢ 36 + 30 —3¢
T~ 60(1+ @) 0 —5¢(1 + ) 0 5¢(1+ @)
6 3¢ -6 3¢
- (32.58)
301+ ®) 5¢6(1+P) 301+ D) —50(1+ D)
He o 1 —-30 15¢® 30 15¢d
R~ 60(1+ @) 0 —5¢(1+ ) 0 5¢(1+ @)
6 3¢ —6 3¢

Matrices Hr and Hg, differ only in the second row. This comes from the adjustment of L4 to f4 in (32.54).
To render thisinto a spectral template inject six free parametersin the generalized masses while moving 4W?2
inside Dgy,:

Dr, = pAtdiag[ 1l %MTl %MTz %MTs], Dr. = pAldiag[0 pr1 3ure Surs]- (32.59)
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The transformation matrices (32.58) are reused without change to produce M¢ = HIDy, Ht + HLDg, Hr.
If ot = o = 3 = 1and pur1 = wre = rs = 4W2 one obtains the well known consistent mass matrix
(CMM) of Archer, listed in [201, p. 296], as avaluable check. The configuration (32.59) already accounts for
linear momentum conservation, which iswhy the upper diagona entries are not parametrized. Imposing also
angular momentum conservation requires 1 = 1 and pr: = 4¥?, whence the template is reduced to four
parameters:

1 (1) 0 0 0O O 0 0
0 = 0 0 0 4v? 0 0
e __ T 3 T
Mi = pACLH; 00 éHTZ 0 Hr + pACHL 0 0 3um 0 Hrg. (32.60)
00 0 %uTg 0 O 0 SiR3

Because both Ht and H r are nonsingular, choosing all four parametersin (32.60) to be nonnegative guarantees
that M% is nonnegative. This useful property eliminates lengthy a posteriori checks.

Setting (1, = 13 = Uy = Mgz = 0and & = 0 yields the correct mass matrix for arigid beam, including
rotary inertia. This simple result highlights the physical transparency of spectral forms.

§32.7.5. *Block-Diagonal Mass Parametrization

Template (32.60) has aflaw: it does not include the DLMM. To remedy the omission, ablock diagonal form,
with four free parameters. {vr1, vr2, Vr1, VRz}. IS Separately constructed:

1/2 v11l 0 0 0 vril 0 0

e __ _ VT]_E VT2£2 0 0 UR]_E VRZBZ 0 0
MD = MDT +MDR —pA@ 0 0 1/2 _lez +,0A£ 0 0 0 —VR]_K (3261)

0 0 — VT]_E VTQZZ 0 0 —VR]_E UR2€2
Four parameters can be merged into two by adding:
1/2 vl 0 0
2

MS = pA¢ | 26 & 00 (32.62)

0 0 1/2 — Vlﬁ
0 0 — Ulg U2€2

where v; = vry + vry and v, = v + Vro. SOmetimes it is convenient to use the split form (32.61), for
example in lattices with varying beam properties or lengths, atopic not considered there. Otherwise (32.62)
suffices. If vy = 0, M is diagonal. However for computational purposes a block diagonal form is just as
good and provides additional customization power. Termsin the (1,1) and (3,3) positions must be as shown to
satisfy linear momentum conservation. If angular momentum conservation isimposed a priori it is necessary
toset v, = %\112, and only one parameter remains.

The general template is obtained as alinear combination of Mg and M,:
M® = (1— puo)ME + uoM$ (32.63)

Summarizing there is atotal of 7 parameters to play with: 4in Mg, 2in M§, plus uo. Thisis less that the
9-to-11 that would result from a full entry-weighted parametrization, so not al possible mass matrices are
included by (32.63).
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§32.7.6. *Fourier Analysis

Aninfinitelattice of identical beam elementsof length £ isset up. Planewaves of wavenumber k and frequency
w propagating over the lattice are represented by

v(x,t) = Byexp(i (kx — wt), 0(x, 1) = Byexp(i (kx — wt) (32.64)

At each typical lattice node j there are two freedoms: v; and 6;. Two patch equations are extracted, and
converted to dimensionless form on defining x = k¢ and Q = wc/¢, inwhichc = El /(p A¢*) isareference
phase velocity. (Do not confuse with ¢p). The condition for wave propagation gives the characteristic matrix
equation

va Cv9
Cev CGO

where the coefficients are complicated functions not listed there. Solving the equation providestwo equations:
Q2 and ©2, where a and o denote acoustic and optical branch, respectively. These are expanded in powers of
« for matching to the continuum. For the full mass matrix one obtains

det | =cucu-cuci =0 (32.65)

Q2 =k*+ Cek® + Car® + Ciox ™+ ..., Q2=Dg+ Da?+... (32.66)

Coefficients up to «*? were computed by Mathematica. Relevant ones for parameter selection are

Co=—d/12 — ¥2,
Cs = [2— 15urs — pt12 + 5@ (1 + @) + 60(1 + 30)W? + 720W* | /720,
Cpo = [ — 44 + 35112 — 3uts — 2820 + 5251 R (1 + @) — 105uprs(1+ @)+
1575 po® (1 + @) — ®(3uts — 35uT2(4 + 3®) + 35 (17 + 50 (3 + D))+
(—2940 + 126004 ro (1 + ®) + 420(2u12(1 4 D) — 5P (7 + 6D (2 + D)) W2 —
25200(2 + (7 + 60))W* — 302400(1 + @) W*® |/[302400(1 + @)],
Do = 25200(1 + @)/[7 + 1054z + 3urs + 21000%W?],
D, = [2100(1 + ®)(—56 — 3572 + 373 — 63® + 3u7sd + 105ups(1+ ) —
525uRro(1+ @) — 3547, (2 + D)) + 2100(1 + ) (33609 + 63002+
21000%) W2 + 529200000 (1 + &) W*]/[7 + 105k, + 3urs + 21000°w?]°

(32.67)

For the block-diagonal template (32.62):
Q4 = k* + Fox® + Fak® + Fiok™ +..., Q3= Go+ Gok?+... (32.68)

where
2880v, — 5& + 360v,d — 1 — 50 + 52
F6 = —241)2 — CD, Fg = b2 + b2 +
720
6 24v, + ® — 2

T LA+ D) ~ 20,1+ 0

(32.69)

Go 2=

The expansions for the 7-parameter template (32.63) are considerably more complicated than the above ones,
and are omitted to save space.
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Table 32.3. Useful Template I nstances for Timoshenko Beam Element

Instance Description Comments
name
CMM Consistent mass matrix of Archer. A popular choice. Fairly inaccurate, however,
Matchesflexural branchupto O («©). as beam gets thicker. Grossly overestimates
intermediate frequencies.

FBMS Flexural-branch matched to O(x1°) Converges faster than CMM. Performance de-
with spectral (Legendre) template grades as beam gets thicker, however, and
(32.60). element becomes inferior to CDLA.

SBMO Shear branchmatchedto O (x°%) while Custom application: to roughly match shear
flexure fitted to O (k1°) branch and cutoff frequency as mesh is refined.

Danger: indefinite for certain ranges of ¢ and
W, Use with caution.

SBM2 Shear branchmatchedto O (x?) while Custom application: to finely match shear

flexure fitted to O («®) branch and cutoff frequency as mesh is refined.
Danger: indefinite for wide rangesof ® and W.
Use with extreme caution.

DLMM Diagonally lumped mass matrix with Obvious choice for explicit dynamics. Accu-
rotational masspickedto matchflexural racy degrades significantly, however, as beam
branch to O(«9). gets thicker. Underestimates frequencies. Be-

comes singular in the Bernoulli-Euler limit.

CDLA Averageof CMM and DLMM. Matches Robust al-around choice. Less accurate than
flexure branch to O («8). FBMS and FBMG for thin beams, but becomes

top performer as aspect ratio increases. Easily
constructed if CMM and DLMM available in
code.

FBMG Flexural branch matched to O (k*°) Known to be the globally optimal positive-
with 7-parameter template (32.63). definite choice for matching flexure in the

Bernoulli-Euler limit. Accuracy, however, is
only marginally better than FBMS. As in the
caseof thelatter, performancedegradesasbeam
gets thicker.

§32.7.7. *Template Instances

Seven useful instances of the foregoing templates are identified and described in Table 32.3. Table 32.4 lists
the template signatures that generate those instances. These tablesinclude two existing mass matrices (CMM
and DLMM) re-expressed in the template context, and five new ones. The latter were primarily obtained by
matching series such as (32.67) and (32.68) to the continuum ones (32.48) and (32.49), up to a certain number
of terms as described in Table 32.3.

For the spectral templateit is possible to match the flexure branch up to O («*°). Trying to match O («*?) leads
to complex solutions. For the diagonal template the choice is more restrictive. It is only possible to match
flexure up to O(x®), which leads to instance DLMM. Trying to go further gives imaginary solutions. For
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Table 32.4. Template Signatures for Mass Matrices of Table 32.3.

Instance | Templ. Template signature Fit to continuum fregs.
name form | w2 wrs MR2 UR3 V1 V2 Mo sz (flexural) 2 (shear)
CMM (3260 1 1 4yp? 4yp? upto «© none
FBMS | (3260)| 2 26/3 4¥°4®/3 ¢ up to «1° none
SMBO | (3260)| 2 —7/3 4¥W24+d/3 20dW? up to «° up to «©
SMB2 | (3260)| 2 -7/3 Co 200 W? up to «8 up to «?

DLMM | (32.62) 0 w2 up to «® none

CDLA | (3263)| 1 1 4yp? 42 0 3W? 1/2 upto 8 none

FBMG | (3263)| c3 ¢4 Cs 6 1/12 1u? ¢ up to «1° none

¢ = (250° + 12002 + 92(45 — 300W?) + 3 (7 — 2002 + 120004)) /(15(1 + D)),

C2 = (— 19+ 100%(90W2 — 1) — 30D (1 — 26W2 + 120W4)) /(75(1 + ®)?),

Cs = (94 +/105)/10, ¢4 = (614/105 — 483)/18, s = (+/105 — 1)d/30,

Co = ( — 48d + 72702 + 8409° + 22128W2 + 19848d W2 — 100802 W2 — 11304004
+120960DW* + 5¢/105 (48D + 8702 + 40d3) — 24(6 4 21P + 20d2) W2
+720(3 + 80)W*)/(60(21 + v105)(1+ ®)), ¢; = (3—5/5/21)/8.

the 7-parameter template (32.63) it is again possible to match up to O («k*°) but no further. The instance that
exhibits least truncation error while retaining positivity is FBMG. Thisis globally optimal for the Bernoulli-
Euler limit ® = ¥ = 0, but the results are only slightly better for the reasons discussed in 32.6.9. Matching
both flexure and shear branches leads to instances SBMO0 and SBM2, which have the disadvantages noted in
Table 32.3.

The exact dispersion curves of these instances are shown in Figure 32.13 for & = 48/125 and W? = 1/75,
which pertains to a thick beam. On examining Figure 32.13(c) it is obvious that trying to match the shear
branch is difficult; the fit only works well over atiny range near « = 0.

§32.7.8. *Vibration Analysis Example

The performance of the seven instances of Tables 34 for vibration analysisis evaluated on asimply supported
(SS) prismatic beam of length L divided into N, equal elements. The cross section is rectangular with
width b and height h. The material is isotropic with Poisson’s ratio v = 0. Three different height-to-span
ratios h/L, characterizing a thin, moderately thick and thick beam, respectively, are considered. Results for
these configurations are collected in Figures 32.14, 32.15 and 32.16, respectively, for the first three vibration
frequencies. All calculations are rendered dimensionless using the scaling techniques described previously.

Vibration accuracy is displayed aslog-log plots of dimensionless natural frequency error versus Ne. The error
is displayed as d = 100;4(|2comp — S2exact|, Which gives at a glance the number of correct digits d, versus
log, Ne for Ne = 1to 32. Should the error be approximately controlled by atruncation term of theform oc «™,
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F1GURE 32.13. Dimensionless dispersion curves of Timoshenko mass matricesinstances of Tables 32.3-32.4 for
a thick beam with &g = 48/125 = 0.384 and qu = 1/75 = 0.0133. (a) Curves for standard consistent and
diagonally-lumped matrices CMM and DLMM; (b) curvesfor the flexural-branch-matched FBMSand CDLA, (d)
curves for the shear-branch-matched SBM0 and SBM2; (€) curve for flexure branch globally optimized FBMG.

the log-log plot should be roughly a straight line of Sope o« m, sincex = kf = KL /Ne.

The results for the Bernoulli-Euler model, shown in Figure 32.14, agree perfectly with the truncation error in
the Q2 branch aslisted in Table 32.4. For example, top performers FBMG and FBM S gain digitstwice as fast
asCMM, DLMM and SBM2, since the formers match Q2 to O («'°) whereas the latter do that only to O (x©).
Instances CDLA and SMBO, which agree through O («8), come in between. The highly complicated FBMG
isonly dslightly better than the smpler FBMS. Their high accuracy case should be noted. For example, four
FBMSelementsgive 2, tosix figures: 9.86960281 . . . versus? = 9.86960440. . ., whereas CMM givesless
than three; 9.87216716.... The “accuracy ceiling” of about 11 digits for FBMS and FBMG observable for
Ne > 16 is due to the eigensolver working in double precision (~ 16 digits). Rerunning with higher (quad)
floating point precision, the plots continues marching up as straight line before leveling at 25 digits.

On passing to the Timoshenko model, the well ordered Bernoulli-Euler world of Figure 32.14 unravels. The
culpritsare ® and W. These figure prominently in the branch series and grow without bound as N increases,
as discussed in 32.6.2. Figure 32.15 collects results for a moderately thick beam with h/L = 1/8, which
corresponds to ®, = 3/80 and W2 = 1/768. The Bernoulli-Euler top performers, FBMS and FBMG,
gradually slow down and are caught by CDLA by Ne = 32. All other instances trail, with the standard ones:
CMM and DLMM, becoming the worst performers. Note that for Ne = 32, CMM and DLMM provide only
1 digit of accuracy in Q3 athough there are 32/1.5 ~ 21 elements per wavelength.

Figure 32.16 collectsresultsfor athick beamwithh/L = 2/5, corresponding to & = 24/625and W2 = 1/75.
The foregoing trends are exacerbated, with FBMS and FBMG running out of steam by N = 4 and CDLA
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Ficure 32.14. Accuracy of first 3 natura vibration frequencies of SS prismatic beam using mass matrices of
Tables 32.3-32.4. Bernoulli-Euler model with ®y = W = 0. Exact (12-decimal) frequencies Q; = 72 =

9.869604401089, 2, = 472 = 39.478417604357 and Q3 = 972 = 88.826439609804. Cutoff frequency +oo.

12 5‘12 12
3 g g
10 g1 810
g < g
s FBMG B s
Ss — B3 Sg
B /‘ 2 B
5 FBMS 3 2
s c >
B6 ///CDL'f‘, g; 6 FBMS— =3
= P <
= / o~ c FBMS|\ = CDLA
% N/ o, % CDLA % FBMS |
g Vs - 4 > sy g FBMGHA
3 4 -2 3 A =1 2
Q /- / Q P Q
3] / V. s / s k » g / SB%/Ilz
5 2 < B 2 =] 5 2 (A== SBMO
2 /f" {<";:CMM 2 7% M o 2| | | AT r
k=2 ‘s ‘ k=2 74 — DLMM k= (17 L <DLMM
a (/7] PLmm a v”/pACMM | fa) AN =T e

2 71 8 16 a2 2 4 8 16 a2 L 2 71 8 16 22
Number of elements along span Number of elements along span Number of elements along span

Ficure 32.15. Accuracy of first 3 natura vibration frequencies of SS prismatic beam using mass matrices of

Tables 32.3-32.4. Timoshenko model with &y = 3/80 = 0.0375 and \Ilg = 1/768 = 0.00130, pertaining to a

rectangular x-section with h/L = 1/8 and v = 0. Exact (12-decimal) frequencies Q1 = 9.662562122511, Q, =
36.507937703548 and Q23 = 75.894968024537. Cutoff frequency Qcyt = 12/ (d>o\IJ§) = 495.741868314549.
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F1GURE 32.16. Accuracy of first 3 natural vibration frequencies of SS prismatic beam using mass matrices of
Tables 32.3-32.4. Timoshenko model with &g = 24/625 = 0.384 and \I/S = 1/75 = 0.0133, pertaining
to arectangular x-section with h/L = 2/5and v = 0. Exact (12-decimal) frequencies 1 = 8.287891683498,
Qo = 24.837128591729 and 23 = 43.182948411234. Cutoff frequency Qeyt = 12/ (CDO\IJCZ)) = 48.412291827593.

32-28



32-29 832. References

emerging as best for Ne > 8. Again DCLM and CMM trail badly.

The reason for the performance degradation of FBMS and FBMG as the Timoshenko beam gets thicker is
unclear. Eigensolver accuracy is not responsible since rerunning the cases of Figures 32.15 and 32.16 in quad
precision did not change the plots. A numerical study of the Q2 truncation error showsthat FBMSand FBMG
fit the continuum branch better than CDLA even for very thick beams. Possible contamination of vibration
mode shapes with the shear branch was not investigated.

Notes and Bibliography

The template approach addresses the deficiencies of the conventiona mass models by using a parametrization
approach that permits customization of that matrix to the problem and solution method at hand. The method
was originally developed to construct high-performance stiffness matrices; a historical account and pertinent
references are provided in arecent tutorial [89]. For stiffness-mass pairsit was used in [82,85] for aBernoulli-
Euler plane beam using Fourier analysis. One idea developed in those papers but not pursued here was to
include the stiffness matrix template in the customization process. This provides more flexibility but has a
negative side: highly optimized stiffness-mass pairs become sensitive to mesh distortion.

The symbolic derivation scheme used for the EOM (32.45) is due to Flaggs [92]; see also [185].

Making K and M frequency dependent was first proposed by Przemieniecki [201], who expanded both K*®
and M® as Taylor seriesin w?. The idea was applied to eigenfrequency analysis of bars and beams, but not
pursued further. The approach can be generalized to the template context by making free parametersfrequency
dependent, asillustrate in the two-node bar example. This may be of interest for problems dominated by a
single driving frequency, as in some electronic and optical components. For more general use keeping the
parameters frequency independent, as donein the last two examples, appears to be more practical.

Two powerful customization techniques used regularly for templates are Fourier methods and modified differ-
ential equations (MoDE). Fourier methods are limited to separable systemsbut can be straightforward to apply,
requiring only undergraduate mathematics. (As tutorials for applied Fourier methods Hamming's textbooks
[123,124], arerecommended.) MoDE methods, first published in correct formin 1974 [258] arelessrestrictive
but more demanding on two fronts: mathematical ability and support of a computer algebra system (CAS).
Processing power limitations presently restrict MoDE to two-dimensional elements and regular meshes. The
selection of template optimization criteriais not yet on firm ground. For example: is conservation of angular
momentum useful in mass templates? The answer seems to depend on the element complexity.

Results for regular lattices of structural el ements have direct counterparts in a very different area: molecular
physics. More precisely, the wave mechanics of crystalline solids created in the XX Century by particle
mechanicians; e.g., [33,278]. In crysta models, lattice nodes are occupied by molecules interacting with
adjacent ones. Thus the “element dimension” ¢ acquires a physical meaning of molecular gap. In those
applications masses are always lumped at molecule locations, and atoms vibrate as harmonic oscillators in
the potential well of the force fields of their neighbors. Dispersion curves govern energy transmission. In a
linear atomic chain, the wavenumber range « € [, ] is called the first Brillouin zone [34,147]. Such a
connection may be of interest as FEM and related discretization methods are extended into nano-mechanics.

References
Referenced items moved to Appendix R.
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Homework Exercisesfor Chapter 32
Customized MassMatricesof 1D Elements

EXERCISE 32.1 [A:10]. Express the Nyquist frequency for the 2-node bar lattice as function of .

EXERCISE 32.2 [A:30]. Investigate the behavior of an infinite 2-node bar lattice where element lengths
alternate. Use either Fourier or MoDE.

EXERCISE 32.3 [A:25]. Investigate customized mass matrices for the 3-node bar without preimposing the
angular moment conservation condition 1 = us. UseFourier analysison alattice, stating from a 3-parameter
mass template.
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