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Introduction to FEM

Prescribed Nonzer o Displacements
In Example Truss

Uy]_: _05
going down =¥"going up

no horizontal motion
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Introduction to FEM

Prescribed Nonzer o Displacements

Recall the master stiffness equations

" 20 10 -10 0 —10 —107[ual [ fa”
10 10 0 0 —10 —10|| uyp fy1
~10 0 10 0 0 0 ||ue| | fe
0 0 0 5 0 -5 /||ua| |fp
~10 =10 0 0 10 10 || uxs fua

| -10 -10 0 -5 10 15 |us| [ fia_

The displacement B.Csare now
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Introduction to FEM

Prescribed NZ Displacements (cont'd)

20 10 -10 0 —-10 —107[ O 7 [ fu
10 10 0 0 -10 -10]|| -05 fy1
10 0 10 0 O0 O ue | | O
o 0O 0 5 0 -5 04 |~ | fy
~10 -10 0 0 10 10| uys 2

| -10 -10 0 -5 10 15 [ ug | | 1 |

Removerows 1,2,4 but (for now) keep columns
-0 -

10 0 10 0 O O _UO'S
~10 -10 0 0 10 10 X2 —

-10 -10 0 -5 10 15 04

N O
I
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Introduction to FEM

Prescribed NZ Displacements (cont'd)

Transfer effect of known displacementsto RHS, and delete columns;

10 0 07 [ue 0
0 10 10||us|=]|2]|-
0 10 15| | uys 1

(-10)x 0+ Ox (-0.5) + Ox 0.4 0
{ (-10) x 0 + (-10)x (-0.5) + Ox 0.4 } — {3}
—2

(-10) x 0 + (-10)x (-0.5) + (-5)x 0.4

U, 0
UX3 = _0.5
Uys 0.2

Solving gives
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Introduction to FEM

Prescribed NZ Displacements (cont'd)

U, 0
UX3 — _0.5
Uys 0.2

Complete the displacement vector with known values
-0 -
—0.5
0
0.4
—0.5
| 0.2 |
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Introduction to FEM

Prescribed NZ Displacements (cont'd)

Recovery of reaction forces and internal
member forces proceeds as before

In summary, the only changesto the DSM
Isin the application of displacement
boundary conditions befor e solve
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Introduction to FEM

Initial Force Effects (also called Initial Strain
& Initial Stress Effectsby FEM authors)

« Thermomechanical effects

« Moisture effects
e Prestresseffects
e Lack of fit

e Residual stresses

o Internal actuators (" smart" structures)

For specificity we will study in detail only thefirst one:
thermomechanical effects
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Introduction to FEM

Thermomechanical Effects on Bar Element

fxi, Uxi (e) X fxj, Uy

\

J“I A-‘\ J“I A-‘\ J“I “‘\ J“I “‘\ J_‘I “‘\ p\ "_‘\ p\ "_‘\ p\ A“I ‘-‘\"l
— F «—— @~~fiRARARARKAARRANN . @—>

!
PR ARV VR VR AVR VRV A RVRLVR LRSS |

L

L +dw +dr

A
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Introduction to FEM

Thermomechanical Effects on Bar
Element (Cont'd)

Axial strain is sum of mechanical and thermal:
er = dT/L =oa AT

e=eM+eT:%-|-ozAT
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Introduction to FEM

Thermomechanical Effectson
Bar Element (cont'd)

e=d/L d = Oyj — Ui

Uxj — Ux; o}
= — AT
L E-I—oz

EA _ _
T(ij—uxi)=Aa—|—EAoeAT:pM-|—pT:F

EA g

F=—"[-1 0 1 Q|
L uyi
L Uy;j -
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Introduction to FEM

| ncor porating Thermomechanical Effects
Into the Element Stiffness Equations

|:=ij:_fxi, fyi:fyj:O

f:i ] § f:Mxi 1 T f:Txi ] B f:Mxi i -1
1:yi 1:Myi nyi 1:Myi 0
=1 ¢ +|1 2V =] ¢ +EA AT
fxi fwix; frxi Fhixj * 1
fyj . _ fMyj . - nyi = - fl\/lyj . . 0 _
1 0 —1 O] [ Gy |
_EA| 0 0 0 Of]f dy
L | -1 0 1 O] Gy
0 0 0 Of LGy |
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Introduction to FEM

Physical I nterpretation of
Thermal Force Vector

Think of afully restrained bar when heated
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Introduction to FEM
Matrix Form of Element Stiffness Equations
In Local System

f:fM —|—f'|'=|2ljl

or — _ _
Here fr istheelement thermal force vector
- _1-
- 0
fr = EAx AT 1
- 0 _
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Introduction to FEM

Assembly Ruleswith
Thermomechanical Effects

1. Compatibility: Thejoint displacements of all
members meeting at ajoint must bethe same

2. Equilibrium: The sum of effective forces exerted
by all membersthat meet at ajoint must
balance the external force applied to that joint.

No changein application of 1. To account for 2,
the thermal forces are globalized and added to the
mechanical for ces during the mer ge process
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Introduction to FEM

Master Stiffness Equationswith
Ther momechanical Effects

Ku=fy +fr =1

effective for ce vector

Solve for node displacementsu. If you want to retrieve
the mechanical node for cesincluding reactions subtract
the thermal force:

f|\/| :KU—fT

For computation of internal forces and stresses see
wor ked out Examples
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Worked Out Example #1 in Notes

E=1000,A=12,a =0.0005 for botk
members: AT = 28 AT® =1

Tyﬂy
X Il x

—

1) N (2

_ 2)_

Thermal forces ~L=4 L7=6 >
_ ~(1) )
oM [ fr1 ] @D @ (1)[—1] _ [—150

0
F@ _ sz]_ @ 72, @) (2)[—1]_[ 60]
fT_[f_%)_E Aa@aT®[ 7| =] 20
Element stiffness equations

1 —17ra®1 1 fY —150
3000 7 1] [agl)] = #8]+ | 150]

1 —171a? f 60
2000[—1 1] [0(22)] = [ f_'\(AZ%] + [—60]

Introduction to FEM

IFEM Ch 29 — Slide 17



Introduction to FEM

Worked Out Example #1 in Notes (cont'd)

Assembled master stiffnessequations

3 -3 0 (VL] fM]_ —-150 fMl —-150
0 -2 2 Us fM3 —-60 fMg —60

Reduced stiffness equations upon applying BCs:
5000u; = fyz+210= 90+4210= 300

Solution for unknown displacement
u, = 300/5000= +0.06
Recovery of internal member forces

E @ AD
L@

E @ AQ)
p@ =~ (Uz — Uz) - EPADe@AT® = 2000x (—0.06) — 12000x 0.0005x (—10) = —72

p® = (uz — ug) — EQAYMATY = 3000% 0.06 — 12000x 0.0005x 25 = 60

Member stresses o — 60/12 = 5 (T)

o@ = —72/112 = —6 (C)
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Introduction to FEM

Generalization: Initial Force Effectsin the DSM

jr
Wher e does f| comefrom? Thermal effects, moisture,
prestress, lack of fit, residual stresses, some nonlinearities.

KU=f|\/| f|=f

Initial force vector effective for ce vector

Common property: if displacements U vanish mechanical
X reactions
f|\/| _I_ f| — O fM —_— —p
There are (self-equilibrating) mechanical reactionsin the
absence of displacements
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Introduction to FEM

Summary: Treating Initial Force
Effectsin the DSM

Disconnection
L ocalization _
Member (Element) Relations  =3—— Include fle

Globalization =1—— Transform to f
Merge =—— Assemble into f
Application of BCs

Solution

Recovery of Derived Quantities =3—— SubtraCt_|F
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