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Implementation of
Iso-P Triangular
Elements
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Introduction to FEM

Peculiarities of Implementation of
|so-P Triangular Elements

Special Gauss quadrature rules needed

Computation of Jacobian and shape function
X-y derivatives complicated by having
3 natural coordinates
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Introduction to FEM

Gauss Rulesfor Straight Sided Triangles

Centroid rule: 1 point, degree 1 3
1 Area A
K/GF(zl,zz,zg) dQ~F(1.4.5)
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02

Three-interior-point rule: 3 points, degree 2
1
PG @) a0~ 3RG 4 4) 4FG ) 4R 3)

Midpoint rule: 3 points, degree 2

1
KerF(zl, (20 4)dQ~3F(3.3,0) 5F(0.3 3) %F(3.03)

For 6 and 7 point rules see Notes - pictures on next dide
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Introduction to FEM

The5 Simplest Gauss Rules Drawn over
Straight Sided Triangles

(number annotated near sample point is the weight)
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Introduction to FEM
Triangles of Arbitrary Geometry
(e.g. Curved Sides)

The element of area, dQ, of an iso-P triangular
element with n nodes can be expressed as

dQ=J d{, d(, A5

where J isthe" Jacobian deter minant™

B 1 1

1 —
0N <N 0N < 9N

Xi — Xi — Xi —

J:%det ; '8y ; 9L, .Z; '3,
. 9N . 9N, ANFIN]
_;y'azl ;y' T 2V 82,
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Introduction to FEM

Triangles of Arbitrary Geometry (cont'd)

Centroid rule

Wl
Wi
Ol

~

_/Qe F(Zl , (s, Zg) dQ ~ J(% ’% ’% )F(

Midpoint rule

/Qe FI,,0,,)da~ L JE,L,0FE ,5,0)
+1J(0,4 3 )F(0.3 2)+#JE,01)F(3,01)

etc. Thiscan be compactly expressed by saying that the
integration ruleisapplied to J F - pictureson next dide
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Introduction to FEM
The5 Simplest Gauss Rules Drawn over
Arbitrary (Curved Side) Triangles

(number annotated near sample point is the weight)
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Introduction to FEM

Triangle Gauss Quadrature Module

TrigGaussRul el nfo[{rul e_, nuner _}, poi nt _]:= Mdul e[
{zeta, p=rul e,i=point,gl,g2,info=Null},
If [p== 1, info={{1/3,1/3,1/3},1}];
If [p==-3, zeta={1/2,1/2,1/2}; zeta[[i]]=0; info={zeta, 1/3}];
If [p== 3, zeta={1/6,1/6,1/6}; zeta[[i]]=2/3; info={zeta, 1/3}];
If [p== 6,
If [i<=3, gl=(8-Sqgrt[10]+Sqrt[38-44*Sqrt[2/5]])/18;
zeta={gl, g1, gl1}; zeta[[i]]=1-2*gl
i nfo={zeta, (620+Sqrt[213125-53320*Sqrt[10]])/3720}];
If [i>3, g2=(8-Sqrt[10]-Sqrt[38-44*Sqrt[2/5]])/18;
zeta={g2, g2,92}; zeta[[i-3]]=1-2*g2;
i nfo={zeta, (620-Sqrt[213125-53320*Sqrt[10]])/3720}]];
p== 7,
f [1==1,info={{1/3,1/3,1/3},9/40} ];
f [1>1&& <=4, zeta=Tabl e[ (6-Sqrt[15])/21,{3}];
zeta[[i-1]]=(9+2*Sqgrt[15])/ 21,
i nfo={zeta, (155-Sqrt[15])/1200}];
If [i>4, zeta=Table[(6+Sqrt[15])/21,{3}];
zeta[[i-4]]1=(9-2*Sqrt[15])/ 21,
i nfo={zeta, (155+Sqrt[15])/1200}]];
If [numer, Return[Ninfo]], Return[Sinplify[info]]];
1;

If [
|
|
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Introduction to FEM

Triangle Gauss Quadrature (cont'd)

Invoked by saying

{{1, C2, (3}, w}=Tri gGaussRul el nfo[ {rul e, nuner }, poi nt ]

rule = definesGaussrule(l, 3, -3, 6and 7 implemented)
nunmer = Trueor Falsetoget numeric or exact info, resp.
poi nt = index of Gauss point, rangesfrom 1 through Abg[rule]

returns abscissa of sample point and weight
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Introduction to FEM

Computation of Shape Function Derivatives

| llustrated for 6-node
quadratic triangle:

-197 rl1 1 1 1 1 17 ml
Recall the iso-P X XU X2 Xg X4 X5 X6 ||
dement definition: | ¥ |=|v Y2 Yo Yo Y5 ¥ ||\,
Uyx Ux1 Ux2 Ux3 Uxg Uxs Uxe Ne
- Uy —Uy1 Uy2 Uy3z Uyg Uys Uye Ng

N: = 01(2¢1 — 1), Ng = 42102,
N2 = ¢2(2¢2 — 1), N5 = 4203,
N3 = ¢3(2¢3 — 1), N = 4¢3¢81.
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Introduction to FEM

Partial Derivative Computation (Cont'd)

[ 01(200— 1) ]

2(2¢2 — 1)

203 — 1

w = [w1 w2 W3 W4 Ws w6] §3(4§i§2 )
45083
45381

where w =w((,,{,,{3) can beany quantity interpolated
quadratically over thetriangle. Then

8N| aN; o dN; 0 dN; o
__Z :Z ( Cl_i_ §2_|_ Cs)

001 0X 0¢2 0X 0¢3 0X

3N| aN; o aN; o aN; o
__Z :Z ( §1_|_ §2_|_ CB)

d0¢p dy  0¢2 0y  0¢3 9y
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Introduction to FEM

Partial Derivative Computation (Cont'd)

_% %_

X 3y
IN; IN; IN; 06 9% | _rdw Jw
[Zuify TwG Twignll a5y | =lox Gyl

9f3 0983

- 0X  dy -

Make w =1, X, y and stack resultsrowwise:

-y N N, N o o 91 8-
D T D TR P s 3—4;(1 aiyl X  ay
IN; N N 0 0% | _ | 90X 90X
ZX|8—§1' ZX|3—§2' ZXua—gé 8_X2 3—y2 = gx gy
_ . . 983 983 9 9y
_ZM%—Z’ ZM%—?Q ZYi%—Igl,;_ - 9x dy - Lox 9y -
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Partial Derivative Computation (Cont'd)

Asshown in Notes, this system reducesto

1 1 1 - %
X

aN; aN;
ZXI 8§ Z i 8{ Z [ 8§3 _%é;(z
983
Zyl aé‘l Zyl 34“2 Zyl 8{3— "W

unknowns are
grouped here

O r O

Introduction to FEM
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Partial Derivative Computation (Cont'd)

Replacing the shape functions of the 6-node triangle

1
|:X1(4§1 — 1) + 4Xa8o + 4Xsl3  X2(4¢2 — 1) + 4Xsl3 + 4Xal1
Y1(4¢1 — 1) + 4yalo + 4Yelz  Yo(4¢2 — 1) + 4ysi3 + 4Yals

- 081

1 0X
X3(4¢3 — 1) + 4Xsl1 + 4X5§2:| T

Y3(4¢3 — 1) + 4Yss1 +4Ysl2 | | 3¢,
- 0X

or

95

o O

JP=R

where J and R areknown.

Introduction to FEM
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Introduction to FEM

Partial Derivative Computation (Cont'd)

Solve JP=R for thepartials

- 04 941
X  ay
_ | 9% 9%
P= X a—y
083 983

- 0X 0y -

Plug thesein thechain ruleto get the x-y partial
derivatives of the shape functions, and usetheseto form

the strain-displacement matrix B
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Introduction to FEM

Shape Function Modulefor 6-Node Triangle

Tri g6l soPShapeFunDer [ ncoor ,tcoor_]:= Mdul e[

{1, C2, (3, x1, x2, x3, x4, x5, x6,yl,y2,y3,y4,y5, y6,

dx4, dx5, dx6, dy4, dy5, dy6, Jx21, Jx32, IJx13,Jyl12, Jy23, Jy31

Nf, dNx, dNy, Jdet}, {1, (2, (3}=tcoor;

{{x1,y1}, {x2,y2},{x3,y3}, {x4, y4}, {x5, y5}, {x6, y6} } =ncoor

dx4=x4- (x1+x2)/2; dx5=x5-(x2+x3)/2; dx6=x6-(x3+x1)/2

dyd=y4- (yl+y2)/2; dy5=y5-(y2+y3)/2; dy6=y6-(y3+yl)/?2;

Nf ={ {1*(2*C1-1),{2*(2*(2-1), (3*(2*(3-1),4*(1*(2,4*(2* (3, 4*(3*(1};

JIx21= x2-x1+4* (dx4* ({1-(2) +(dx5-dx6)*(3);

JIx32= x3-x2+4* (dx5*({2-(3) +(dx6-dx4)*(1);

JIx13= x1-x3+4*(dx6*(3-(1)+(dx4-dx5)*(2);

Jyl12= y1-y2+4*(dy4*((2- (1) +(dy6-dy5)*(3);

Jy23= y2-y3+4* (dy5*({3-(2) +(dy4-dy6)*({1);

Jy31= y3-yl+4*(dy6*({1-(3) +(dy5-dy4)*(2);

Jdet = Jx21*Jy31-Jy12*Jx13;

dNx= {(4*C1-1)*Jy23, (4*(2-1)*Jy31, (4*(3-1)*Jyl2, 4*((2*Jy23+(1*Jy3]l),
4* ((3*Jy31+(2*Jy12), 4*({1*Jy12+(3*Jy23)}/ Jdet ;

dNy= {(4*C1-1)*JIx32, (4*C2-1)*JIx13, (4*(3-1)*Ix21, 4*({2*Ix32+(1*Ix13),
4* ((3*Ix13+(2*Ix21), 4*((1*Ix21+(3*Ix32) }/ Jdet ;

Return[ Si npl i fy[ {Nf, dNx, dNy, Jdet }]]

ncoor = Xx-y node coordinates
tcoor = {{y, ZZ, Zg} of point at which S.F.sareto be evaluated
returns shape functions, x-y derivativesand Jacobian deter minant
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Introduction to FEM

Element Stiffness of 6-Node Triangle

Tri g6l soPMenbraneStiffness[ncoor_,Emat _,th_,options_]: =

Modul e[ {i, k, p=3, nuner =Fal se, h=t h, t coor, w, c,
Nf , dNx, dNy, Jdet , Be, Ke=Tabl e[ O, {12}, {12} ]},
I f [Length[options]>=1, nuner=options[[1]]];
If [Length[options]>=2, p= options[[2]]];
[f [!Menmber {1,-3,3,6,7},p], Print["Illegal p"]; Return[Null]];
For [k=1, k<=Abs[p], k++,

{tcoor,w}= TrigGaussRul el nfo[ {p, nuner}, k];

{Nf, dNx, dNy, Jdet } = Tri g6l soPShapeFunDer [ ncoor, tcoor];

I f [numer, {Nf,dNx,dNy, Jdet}=N {Nf, d\Nx, dNy, Jdet}]];

If [Length[th]==6, h=th.Nf]; c=wrJdet*h/2;

Be= {Fl atten[ Tabl e[ {dNx[[i]],O }.{i.,6}11,
Fl att en[ Tabl e[ {0, dNy[[i]11}.{i,6}1],
Flatten[ Tabl e[ {dNy[[i]],dNx[[i]]},{i,6}]]};

Ke+=c* Tr anspose[ Be] . (Enat . Be) ;
]1; If[!numer, Ke=Si nplify[Ke]]; Return[Ke]

For argument & function-return description see Notes
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Introduction to FEM

Test of 6-Node Triangle Stiffness Module

Two geometries tested

S
SIS 2SS
SN SO< <N
e VAVAVAVATS

4(0, —1/(2v/3))

Mathematicaest script for left element (superparametric
triangle) with E =288,v=1/3andh =1

ClearAll[Emv, a,b,e, h]; h=l; Em=288; v=1/3;

ncoor ={{0, 0}, {6, 2},{4, 4},{3, 1}, {5, 3},{2, 2} };

Emat =Em (1-v~2) *{{1,v,0},{v,1,0},{0,0,(1-v)/2}};
Print["Emat =", Emat// Mat ri xFor nj

Ke=Tri g6l soPMenbr aneSti f f ness[ ncoor, Emat, h, { Fal se, 3}];
Ke=Si nplify[Ke]; Print[Chop[Ke]//MtrixForm;
Print["eigs of Ke=", Chop[Ei genval ues[ N Ke]]]];
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Introduction to FEM

Test of 6-Node Superparametric Triangle

Computed stiffnessmatrix for Gaussintegration rules p=3,-3,60r 7
(thep =1 rulereturnsarank deficient matrix):

- 54 27 18 0 0 9 72 0 0 0 0 —36 7]
27 54 0 —18 9 36 0 72 0 0 -—-36 -—-144
18 0 216 -108 54 -36 72 0 216 144 0 0
0 —-18 -108 216 —36 90 0 72 144 —-360 0 0
0 9 54 -36 162 -81 0 0 -—-216 144 0 -36
9 36 —36 90 -81 378 0 0 144 -360 —-36 —144

—72 0 —72 0 0 0 576 —-216 0 —72 —432 288
0 72 0 72 0 0 -216 864 —-72 -—-288 288 -720
0 0 216 144 -216 144 0 72 576 -216 -—-144 0
0 0 144 -360 144 -360 -—-72 -—-288 —-216 864 0 144
0 —36 0 0 0 —36 —432 288 -144 0 576 —-216
| —36 —144 0 0 —-36 -—-144 288 720 0 144 -216 864 |

Eigenvalues of stiffness matrix:

[197166 141675 69482 54572 3677 17523 15768 5754 12899 0 0 (

Verifiesthat the computed stiffness hasthe correct rank.
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Introduction to FEM

Test of " Parabolic Circle" Trianglefor 4 Rules

Mathematicaest statementswith E =504, v=0, h =1 going over
4 rank-sufficient integration rules (3, -3, 6 and 7):

ClearAll[Emv, h]; h=1;, Em=7*72; v=0; h=1;
{x1,y1}={-1,0}/2; {x2,y2}={1,0}/2; {x3,y3}={0,Sqrt[3]}/2;
{x4,y4}={0,-1/Sqrt[3]}/2; {x5,y5}={1/2,1/Sqrt[3]};
{x6,y6}={-1/2,1/Sqrt[3]};
ncoor= {{x1,y1}, {x2,y2},{x3,y3}, {x4, y4}, {x5,y5}, {x6,y6}};
Emat =Em’ (1-v"*2)*{{1,v,0},{v,1,0},{0,0,(1-v)/2}};
For [i=2,i<=5,i++ p={1,-3,3,6,7}[[i]];

Ke=Tri g6l soPMenbr aneSti f f ness[ ncoor, Enat, h, { True, p}];

Ke=Chop[ Si npl i fy[ Ke]];

Print["Ke=", SetPrecision[Ke,4]//MtrixForni;

Print["Ei genval ues of Ke=", Chop[ Ei genval ues[ N Ke]],.0000001] ]

I

For stiffness matrices see Notes. The eigenvaluesare

Rule Eigenvaluesof K¢

3 70283 665.11 553.472 553472 481.89 429.721 429.721 118.391 118391 0 O O
—3 1489.80 1489.80 702.833 665.108 523.866 523.866 481.890 196.429 196.429 0 0 O
6 177553 1775.53 896.833 768.948 533.970 533.970 495570 321.181 321.181 0 0 O
7 172711 1727.11 880.958 760.719 532.750 532.750 494.987 312.123 312123 0 0 O
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