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23-3 8§23.2 BILINEAR QUADRILATERAL STIFFNESS MATRIX

§23.1. Introduction

This Chapter illustrates, through a specific example, the computer implementation of isoparametric
guadrilateral elements for the plane stress problem. Triangles, which present some programming
quirks, are covered in the next Chapter.

The programming exampleisthat of the four-node bilinear quadrilateral. 1t coversthe computation
of theelement stiffnessmatrix, the consistent nodeforce vector for abody forces, and stressrecovery
at selected points. Theorganization of the computationsistypical of isoparametric-element modules
in any number of space dimensions.

§23.2. Bilinear Quadrilateral Stiffness Matrix

n
We consider heretheimplementation of the 4-nodebilin- n=1 3 (X3, Y3)
ear quadrilateral for planestress, depictedinFigure23.1.  4(X4, Y4)

The element stiffness matrix of simple one-dimensional &=1
elements, such as the ones discussed in Chapters 20—

22, can be easily packaged in a smple module. For &=-1
multidimensional elements, however, it is convenient to
break up the implementation into application dependent 1(X1, Y1) n=-1
and application independent modules, as flowcharted in
Figure 23.2. The application independent modules can
be “reused” in other FEM applications, for example to
construct thermal, fluid or electromagnetic elements.

2(X2, Y2)

Ficure 23.1. The 4-node
bilinear quadrilateral element.

For thebilinear quadrilateral stiffnesscomputations, the separation of Figure23.2isdoneby dividing
the work into three modules:

Quad4IsoPMembraneStiffness. Computes the element stiffness matrix K€ of a four-node
isoparametric quadrilateral element in plane stress.

QuadGuassRuleInfo. Returnstwo-dimensional Gauss quadrature formula of product type.

Quad4IsoPShapeFunDer. Evauates the shape functions of afour-node isoparametric quadrilat-
eraland their x/y derivatives, at a specific point.

These modulesare described in further detail in thefollowing subsections, in a® bottom up” fashion.

§23.2.1. Gauss Quadrature Rule Information

Recall from 817.3 that Gauss quadrature rules for isoparametric quadrilateral elements have the
canonical form

1 1 1 1 P1 P2
| [ Femdedn=[ [ Femde=YY wwFeen. (23.1)

i—1 j=1

Here F = hBTEB J is the matrix to be integrated, whereas p; and p, are the number of Gauss
pointsinthe & and n directions, respectively. Often, but not always, the samenumber p = p; = p2
ischosenin both directions. A formulawith p; = py iscalled anisotropic integration rule because
directions & and n are treated alike.
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Chapter 23: IMPLEMENTATION OF ISO-P QUADRILATERAL ELEMENTS

QuadGaussRuleInfo is an application

independent module that implements the
two-dimensional product Gaussruleswith
1 through 5 points in each direction. Stiffness Module

The number of

may be the same or different. Usage of
this module was described in detail in l
817.3.4. For the readers convenienceitis

h its subordinate module Shape Gauss Quadrature
Function Module Information Module

listed, along wit

LineGaussRuleInfo, in Figure 23.3.

This module is

independent since it can reused for any
guadrilateral element.

APPLICATION DEPENDENT

Element

points in each direction

\

classified as application
APPLICATION INDEPENDENT

QuadGaussRul el nfo[{rul e_, nuner _}, point _]:= Mdul e]

{& n,pl,p2,i,j,wl, w2, minfo={{Null,Null},0}},
If [Length[rule]==2, {pl,p2}=rule, pl=p2=rule];
I f [pl<0, Return[QadNonProduct GaussRul el nf o[
{-p1, nuner},point]]];
If [Length[point]==2, {i,]}=point, mepoint;
j=Floor[(m1)/pl] +1; i=mpl*(j-1) ];
, WL} = LineGaussRul el nfo[ {pl, nuner},il];
, W2} = Li neGaussRul el nfo[ { p2, nuner},j];
fo={{& n}, wi*w2};

{¢
{n
in
If [numer, Return[Ninfo]], Return[Sinplify[info]]];

1

Li

neGaussRul el nfo[ {rul e_, nuner _}, point _]:= Mdul ]
{g2={-1,1}/Sqrt[3],w3={5/9, 8/9, 5/ 9},
g3={-Sqrt[3/5],0,Sqrt[3/5]},
wA={(1/2)-Sqrt[5/6]/6, (1/2)+Sqrt[5/6]/86,
(1/2)+Sqrt[5/6]/6, (1/2)-Sgrt[5/6]/6},
g4={-Sqrt[(3+2*Sqrt[6/5])/7],-Sqrt[(3-2*Sqrt[

6/5])/7],
Sqrt[(3-2*Sqrt[6/5])/7], Sqrt[(3+2*Sqrt[6/5

11,

11}

)/ 71},
3,

g5={-Sqrt[5+2*Sqrt[ 10/ 7]],-Sqrt[5-2*Sqrt[ 10/ 7
Sqrt[5-2*Sqrt[10/7]], Sqrt[5+2*Sqrt[10/7
ws={322-13*Sqrt[70], 322+13*Sqrt [ 70] , 512,
322+13*Sqrt [ 70], 322-13*Sqgrt [ 70] }/ 900,
oint,p=rule,info={{Null,Null},0}},

]
]
0
/

I =p
If [p==1, info={0,2}];
If [p==2, info={g2[[i]], 1}];
If [p==3, info={g3[[i]],wWa[[i]]}]:
If [p==4, info={g4[[i]].wA[[i]]}]
If [p==5, info={g5[[i]].we[[i]l}]:
If [nunmer, Return[Ninfo]], Return[Sinplify[info]]];

FIGURE 23.3. Module to get Gauss-product quadrature
information for a quadrilateral.

234

F1cURE 23.2. Separation of element stiffnessmodul esinto
application-dependent and application-independent levels.




235 823.2 BILINEAR QUADRILATERAL STIFFNESS MATRIX

Quad4l soPShapeFunDer [ ncoor , gcoor _]: = Mdul e[
{Nf, dNx, dNy, dN¢, dNn, i ,J11,J12,J21, J22, Jdet, &, n, X, V},
{&. n}=qcoor;

Nf={(1-&)*(1-n), (1+&)*(1-n), (1+§)*(1+n), (1-&)*(1+n)}/ 4;
dNe ={-(1-n), (1-n),(1+n),-(1+n)}/4;

d\n= {-(1-¢),-(1+8), (1+&), (1-&)}/4;

x=Tabl e[ ncoor[[i,1]],{i,4}]; y=Table[ncoor[[i,2]],{i,4}];
J11=dNg. x; J12=dN§.y; J21=dNn.x; J22=dNn.y;

Jdet =Si mpl i fy[J11*J22-J12*J21];

dNx= ( J22*dNg-J12*dNn)/Jdet; dNx=Sinplify[dNx];

dNy= (-J21*dN{+J11*dNn)/Jdet; dNy=Si nmplify[dNy];

Ret ur n[ { Nf , dNx, dNy, Jdet }]

F1GURE 23.4. Shape function module for 4-node bilinear quadrilateral.

§23.2.2. Shape Function Evaluation

Quad4IsoPShapeFunDer isan application independent module that computes the shape functions
NS, i =1,2 3 4anditsx-y partial derivatives at the sample integration points. The logic, listed
in Figure 23.4, is straightforward and follows closely the description of Chapter 17.

The arguments of the module are the {x, y} quadrilateral corner coordinates, which are passed in
ncoor, and the two quadrilateral coordinates {&, n}, which are passed in gcoor. The former have
the same configuration as described for the element stiffness modul e below.

The quadrilateral coordinates define the element location at which the shape functions and their
derivatives are to be evaluated. For the stiffness formation these are Gauss points, but for strain and
stress computations these may be other points, such as corner nodes.

Quad4IsoPShapeFunDer returnsthetwo-level list { Nf ,Nx,Ny, Jdet }, inwhich thefirst three are
4-entry lists. List Nf collects the shape function values, Nx the shape function x-derivatives, Ny the
shape function y-derivatives, and Jdet is the Jacobian determinant called J in Chapters 17.

§23.2.3. Element Stiffness

Module Quad4IsoPMembraneStiffness computes the stiffness matrix of afour-noded isopara-
metric quadrilateral element in plane stress. The module configuration is typical of isoparametric
elements in any number of dimensions. It follows closely the procedure outlined in Chapter 17.
The module logic is listed in Figure 23.5. The statements at the bottom of the module box (not
shown in that Figure) test it for specific configurations.

The moduleisinvoked as

Ke=Quad4IsoPMembraneStiffness[ncoor,Emat,th,options] (23.2)
The arguments are:
ncoor Quadrilateral node coordinates arranged in two-dimensional list form:

{{x1,y1},{x2,y2},{x3,y3},{x4,y4}}.
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Chapter 23: IMPLEMENTATION OF ISO-P QUADRILATERAL ELEMENTS 236

Quad4l soPMenbr aneSti ffness[ ncoor _, Emat _,th_,options_]: =
Modul e[ {i, k, p=2, nuner =Fal se, h=t h, qcoor, c, w, Nf,
dNx, dNy, Jdet , Be, Ke=Tabl e[ 0, {8}, {8}]},
I f [Length[options]==2, {nuner, p}=options,{nuner}=options];
I f [p<l|]|p>4, Print["p out of range"]; Return[Null]];
For [k=1, k<=p*p, k++,
{qcoor, w} = QuadGaussRul el nf o[ { p, nuner}, k] ;
{Nf, dNx, dNy, Jdet } =Quad4l soPShapeFunDer [ hcoor, gcoor] ;
If [Length[th]==4, h=th.Nf]; c=w*Jdet*h;

Be={ Fl att en[ Tabl e[ {dNX[[i]], o}, {i,4}11,
Fl att en[ Tabl e[ {0, dNy[[i]11},{i,4}]11.,
Flatten[ Tabl e[ {dNy[[i]],dNx[[i]]},{i,4}]1};

Ke+=Si npl i f y[ c* Transpose[ Be] . (Emat . Be) ] ;
]; Return[Sinplify[Ke]]
1

F1GURE 23.5. Element stiffness formation module for 4-node bilinear quadrilateral.

Emat A two-dimensional list storing the 3 x 3 plane stress matrix of elastic moduli:
E;y Ep Egs
E13 E23 E33

arranged as { {E11,E12,E33},{E12,E22,E23},{E13,E23,E33}}. This matrix
must be symmetric. If the material isisotropic with elastic modulus E and Poisson’s
ratio v, it reduces to

E 1 v 0
E=——-|v 1 0 (23.9)
1-—2 1
0 0 5(1—-v)
th The plate thickness specified either as a four-entry list: {h1,h2,h3,h4} or asa

scalar: h.

Thefirst form is used to specify an element of variable thickness, in which case the
entries are the four corner thicknesses and h is interpolated bilinearly. The second
form specifies uniform thickness.

options Processingoptions. Thislist may contain two items. { numer,p } or one: { numer }.

numer iSalogica flag with value True or False. If True, the computations are
donein floating point arithmetic. For symbolic or exact arithmetic work set numer
to False.l

p specifies the Gauss product rule to have p points in each direction. p may be 1
through 4. For rank sufficiency, p must be 2 or higher. If p is 1 the element will be
rank deficient by two.? If omitted p = 2 is assumed.

1 The reason for this option is speed. A symbolic or exact computation can take orders of magnitude more time than a
floating-point evaluation. This becomes more pronounced as elements get more complicated.

2 Therank of an element stiffnessis discussed in Chapter 19.
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237 823.3 TEST OF BILINEAR QUADRILATERAL

@ 4 3 (b) 4|‘_ a =,

2
B 2a N 1]« 2a -

FIGURE 23.6. Test quadrilateral element geometries.

The module returns Ke as an 8 x 8 symmetric matrix pertaining to the following arrangement of
nodal displacements:

T
U® = [Ux1 Uyp Uyx2 Uy Uyxz Uyz Uys Uya] . (23.5)

§23.3. Test of Bilinear Quadrilateral

The stiffness module is tested on the two quadrilateral geometries shown in Figure 23.6. Both
elements have unit thickness and isotropic material. The left one is a rectangle of base 2a and
height a. Theright oneisaright trapezoid with base 2a, top width a and height a.

The two geometries will be used to illustrate the effect of the numerical integration rule.

§23.3.1. Test of Rectangular Geometry

Thescript listed in Figure 23.7 computes and displaysthe stiffness of the rectangular element shown
in Figure 23.6(a). Thisis arectangle of base 2a and height a. The plate has unit thickness and
isotropic material with E = 96 and v = 1/3, giving the stress-strain constitutive matrix

108 36 O
E= |: 36 108 O i| (23.6)
0 0 36

Using a2 x 2 Gauss integration rule returns the stiffness matrix

- 42 18 -6 0 —-21 -18 -15 07
18 78 0O 30 -18 -39 0 —69
—6 0 42 -18 -15 0 —-21 18

0O 30 -18 78 0O -69 18 -39
-21 -18 -15 0O 42 18 -6 0
-18 -39 0O -69 18 78 0 30
-15 0 -21 18 -6 0 42 -18

. 0 -69 18 -39 0O 30 -18 78l

K® = (23.7)

Notethat therectangledimensiona doesnot appear in (23.7). Thisisagenera property: thestiffness
matrix of plane stress elements is independent of in-plane dimension scalings. This follows from
the fact that entries of the strain-displacement matrix B have dimensions 1/L, where L denotes a
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Chapter 23: IMPLEMENTATION OF ISO-P QUADRILATERAL ELEMENTS 23-8

ClearAl |l [Em nu, a, b, e, h, p, nuner]; h=1;

Em=96; nu=1/3; (* isotropic nmaterial *)

Emat =Em ( 1- nu~2)*{{1, nu, 0}, {nu, 1, 0},{0, 0, (1-nu)/ 2}};

Print["Emat=", Enat//Matri xForm ;

ncoor ={{0, 0}, {2*a, 0}, {2*a, a},{0,a}}; (* 2:1 rectangul ar geometry *)
p=2; (* 2 x 2 Gauss rule *)numer=Fal se; (* exact synbolic arithnmetic *)
Ke=Quad4l soPMenbr aneSti f f ness[ ncoor, Emat, h, { nuner, p}];

Ke=Si mpl i fy[ Chop[Ke]]; Print["Ke=", Ke//MatrixForni;

Print["Ei genval ues of Ke=", Chop[ Ei genval ues[ N[ Ke]], .0000001]];

Ficure 23.7. Driver for stiffness calculation of rectangular element of Figure 23.6(a) for 2 x 2 Gaussrule.

characteristic inplane length. Consequently entries of BT B have dimension 1/L2. Integration over
the element area cancels out L2.

Using a higher order Gauss integration rule, such as 3 x 3 and 4 x 4, reproduces exactly (23.7).
Thisisaproperty characteristic of the rectangular geometry, since in that case the entries of B vary
linearly in & and 1, and J is constant. Thereforetheintegrand hB™ E BJ is at most quadratic in &
and n, and 2 Gauss points in each direction suffice to compute the integral exactly. Usingal x 1
rule yields arank-deficiency matrix, aresult illustrated in detail in §23.2.2.

The stiffness matrix (23.7) has the eigenvalues
[223.64 90 78 46.3603 42 0 0 O] (23.8)
This verifiesthat K has the correct rank of five (8 total DOFs minus 3 rigid body modes).

§23.3.2. Test of Trapezoidal Geometry

ClearA | [Emnu, h,a, p]; h=1;

Emr48*63* 13*107; nu=1/3;

Emat =Enl (1- nu”2) *{{1, nu, 0}, {nu, 1,0},{0, 0, (1-nu)/2}};

ncoor={{0, 0}, {2*a, 0},{a, a}, {0, a}};

For [p=1, p<=4, p++,
Ke=Quad4l soPMenbr aneSti f f ness[ ncoor, Emat, h, { True, p}];
Ke=Rat i onal i ze[ Ke, 0. 0000001]; Print["Ke=",Ke//MatrixForni;
Print["E genval ues of Ke=", Chop[ Ei genval ues[ N Ke]], . 0000001]]

l;

FI1GURE 23.8. Driver for stiffness cal cul ation of trapezoidal element of Figure23.6(b)
for four Gauss integration rules.

The trapezoidal element geometry of Figure 23.6(b) is used to illustrate the effect of changing the
p x p Gaussintegration rule. Unlike the rectangular case, the element stiffness keeps changing as
p isvaried from 1 to 4. The element is rank sufficient, however, for p > 2 in agreement with the
analysis of Chapter 19.

Thecomputationsaredrivenwiththescript shownin Figure23.8. Thevalueof pischangedinaloop.
The flag numer is set to True to use floating-point computation for speed (see Remark 23.1). The
computed entries of K€ are transformed to the nearest rational number (exact integersin this case)
usingthebuilt-infunctionRationalize. Thestrangevalueof E = 48x 63 x 13 x 107 = 4206384,
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in conjunction with v = 1/3, makes all entries of K€ exact integers when computed with the first
4 Gauss rules. This device facilitates visual comparison between the computed stiffness matrices:

€ —
lel -

1840293 1051596 —262899
1051596 3417687 —262899
—262899 —262899 1051596
—262899 1314495 525798
—1840293 —1051596 262899
—1051596 —3417687 262899
262899 262899 —1051596
262899 —1314495 525798

2062746 1092042 —485352
1092042 3761478 —303345
—485352 —303345 1274049
—303345 970704 —485352

e —
K2x2= | _1395387 —970704 —182007

Ke

Ke

—970704 —2730105 182007
—182007 182007 —606690
182007 —2002077 606690

2067026 1093326 —489632
1093326 3764046 —304629
—489632 —304629 1278329
—304629 968136 —484068
3x3 = | —1386827 —968136 —190567
—968136 —2724969 179439
—190567 179439 —598130

179439 —2007213 609258

2067156 1093365 —489762
1093365 3764124 —304668
—489762 —304668 1278459
—304668 968058 —484029
4x4 = | —1386567 —968058 —190827
—968058 —2724813 179361
—190827 179361 —597870

179361 —2007369 609336

—262899 —1840293 —1051596
1314495 —1051596 —3417687

—525798
1051596
262899
—1314495
525798
—1051596

—303345
970704
—485352
1395387
182007
—2002077
606690
—364014

—304629
968136
—484068
1397955
179439
—2007213
609258
—358878

—304668
968058
—484029
1398033
179361
—2007369
609336
—358722

262899
262899
1840293
1051596
—262899
—262899

—1395387
—970704
—182007

182007
2730105
1213380

—1152711

—424683

—1386827
—968136
—190567

179439
2747225
1218516

—1169831

—429819

—1386567
—968058
—190827

179361
2747745
1218672

—1170351

—429975

262899

262899

262899 —1051596

—1314495 525798

1051596 —262899

3417687 —262899

—262899 1051596

1314495 525798
—970704 —182007
—2730105 182007
182007 —606690
—2002077 606690
1213380 —1152711
4792851 —424683
—424683 1941408
—60669 —364014
—968136 —190567
—2724969 179439
179439 —598130
—2007213 609258
1218516 —1169831
4803123 —429819
—429819 1958528
—70941 —358878
—968058 —190827
—2724813 179361
179361 —597870
—2007369 609336
1218672 —1170351
4803435 —429975
—429975 1959048
—71253 358722

262899
—1314495
525798
—1051596
—262899
1314495
—525798

1051596 _|

182007 1
—2002077
606690
—364014
— 424683
—60669
—364014

2426760 _|

179439
—2007213
609258
—358878
—429819
—70941
—358878

2437032 _|

179361
2007369
609336
—358722
—429975
—71253
358722

2437344

(23.9)

(23.10)

(23.11)

(23.12)

As can be seen entries change substantially in going from p = 1to p = 2, then more slowly. The
eigenvalues of these matrices are:

Rule

Eigenvalues (scaled by 107°) of K€

1x1
2x2
3x3
4x4

8.77276 3.68059
8.90944 4.09769
8.91237 4.11571
8.91246 4.11627

2.26900
3.18565
3.19925
3.19966

0

2.64521
2.66438
2.66496

0

1.54678
1.56155
1.56199

[oNeNelNe)

[oNeoNeNe)

[oNeNolNe)

(23.13)

The stiffness matrix computed by the one-point rule is rank deficient by two. The eigenvalues do
not change appreciably after p = 2. Because the nonzero eigenvalues measure the internal energy
taken up by the element in deformation eigenmodes, it can be seen that raising the order of the
integration makes the element stiffer.
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Chapter 23: IMPLEMENTATION OF ISO-P QUADRILATERAL ELEMENTS 23-10

Quad4l soPMenbr aneBodyFor ces[ ncoor _,rho_,th_, options_, bfor_]:=
Modul e[ {i, k, p=2, nuner =Fal se, h=t h,
bx, by, bx1, by1, bx2, by2, bx3, by3, bx4, by4, bxc, byc, gcoor,
c,w, Nf, dNx, dNy, Jdet, B, gct ab, fe=Tabl e[ 0, {8}]},
If [Length[options]==2, {nuner, p}=options, {nuner}=options];
|
[ Lengt h[ bf or] ==2, { bx, by} =bf or ; bx1=bx2=bx3=bx4=bx; by1=by2=by3=by4=by] ;
I f [Length[bfor]==4, {{bx1, byl}, {bx2, by2}, {bx3, by3}, { bx4, by4}}=bfor];
If [p<l]|p>4, Print["p out of range"]; Return[Null]];
bxc={bx1, bx2, bx3, bx4}; byc={byl, by2, by3, by4};
For [k=1, k<=p*p, k++,
{qcoor, w} = QuadGaussRul el nfo[ { p, nuner}, k] ;
{Nf, dNx, dNy, Jdet } =Quad4l soPShapeFunDer [ ncoor, qcoor] ;
bx=Nf . bxc; by=Nf.byc; If [Length[th]==4, h=th.Nf];
c=wtJdet * h;
bk=Fl atten[ Tabl e[ {Nf[[i]]*bx, Nf[[i]]*by},{i,4}]1];
f e+=c* bk;
]; Return[fe]
l;

F1GURE 23.9. Module for computation of consistent node forces from a given
body force field.

Remark 23.1.

The formation of the trapezoidal element stiffness using floating-point computation by setting numer=True
took 0.017, 0.083, 0.15 and 0.25 seconds for p = 1, 2, 3, 4, respectively, on a Mac G4/867. Changing
numer=False t0 do exact computation increases the formation time to 0.033, 1.7, 4.4 and 44.6 seconds,
respectively. (The unusually large value for p = 4 is due to the time spent in the simplification of the highly
complex exact expressions produced by the Gauss quadrature rule.) This underscores the speed advantage of
using floating-point arithmetic when exact symbolic and algebraic cal culations are not required.

§23.4. *Consistent Node Forcesfor Body Force Field

Themodule Quad4IsoPMembraneBodyForces listed in Figure 23.9 computes the consistent force associated
with a body force field b = {by, by} given over a 4-node iso-P quadrilateral in plane stress. The field is
specified per unit of volume in componentwise form. For example if the element is subjected to a gravity
acceleration field (self-weight) in the —y direction, b, = 0 and by = —pg, where p isthe mass density.

The arguments of the module are are exactly the same asfor Quad4IsoPMembraneStiffness except for the
following differences.
mprop Not used; retained as placeholder.

bfor Body forcesper unit volume. Specified asatwo-item one-dimensional list: {bx,by }, or as
a four-entry two-dimensional list: {bx1,byl},{bx2,by2}, {bx3,by3},{bx4,bys}.
In the first form the body force field is taken to be constant over the element. The second
form assumes body forces to vary over the element and specified by values at the four
corners, from which the field is interpolated bilinearly.

Themodulereturnsfe asan 8 x 1 onedimensiona array arranged { £x1,fyl,fx2,fy2,fx3,fy3,
fx4,fy4 } to represent the vector

e = [ fxl 1:yl 1:x2 1:y2 fx3 fy3 fx4 fy4]T . (23'14)
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Quad4l soPMenbr aneStresses[ncoor _, Emat _,th_,options_,udis_]:=
Modul e[ {i, k, nuner =Fal se, qcoor, Nf,
dNx, dNy, Jdet , Be, qct ab, ue=udi s, si ge=Tabl e[ 0, {4}, {3}]},
thab:{{-l!-1}1{11-1}!{1! 1}!{-11 1}}1
nuner =options[[1]];
I f [Length[udis]==4, ue=Flatten[udis]];
For [k=1, k<=Length[sige], k++,
qcoor=qctab[[k]]; If [numer, qcoor=N qcoor]];
{Nf, dNx, dNy, Jdet } =Quad4l soPShapeFunDer [ ncoor, qcoor];

Be={ Flatten[Tabl e[ {dNx[[i]], 0}, {i,4}]1,
Fl att en[ Tabl e[ {0, dNy[[i11},€{i,4}]1,
Flatten[ Tabl e[ {dNy[[i]],dNx[[i]]1},{i,4}11};

sige[[k]] =Emat. (Be. ue);
]; Return[sige]

FIGURE 23.10. Module for calculation of corner stresses.

§23.5. *Recovery of Corner Stresses

Akthough the subject of stress recovery istreated in further detail in alater chapter, for completeness a stress
computation module called Quad4IsoPMembraneStresses for the 4-node quad islisted in Figure 23.10.

The arguments of the module are are exactly the same asfor Quad4IsoPMembraneStiffness except for the
following differences.

fprop Not used; retained as placeholder.

udis The 8 corner displacements components. these may be specified as a 8-entry one-
dimensional list form:
{uxl,uyl, ux2,uy2, ux3,uy3, uxd,uyd},
or as a4-entry two-dimensional list:
{uxl,uyl},{ux2,uy2},{ux3,uy3},{uxd,uys}.
The module returns the corner stresses stored in a 4-entry, two-dimensional list:
{{sigxx1l,sigyyl,sigxyl},{sigxx2,sigyy2,sigxy2}, {sigxx3,sigyy3,sigxy3},
{sigxx4,sigyy4,sigxy4}} to represent the stress array

Oxx1 Oxx2 Oxx3 Oxx4

e

0°=| 0Oy1 Oypo Oys Oyya (23.15)
Oxyl Oxy2 Oxy3 Oxy4

The stresses are directly evaluated at the corner points without invoking any smoothing procedure. A more
elaborated recovery schemeis presented in alater Chapter.
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§23.6. *Quadrilateral Coordinates of Given Point

Thefollowinginverse problem arisesin some ap-
plications. Given a4-node quadrilateral, defined
by the Cartesian coordinates {x;, y;} of its cor-
ners, and an arbitrary point P(xp, yp), find the
quadrilateral coordinatesép, np of P. Inanswer-
ing this question it is understood that the quadri-
lateral coordinates can be extended outside the
element, asillustrated in Figure 23.11.

Thegoverningequationsarexp = X3 N1+XoNo+
XgN3 + X4Ng and yp = Y1 N1 + Y2Na + y3N3 +
y4Ns, where N; = 3 (1—£&p)(1—1np), etc. These
bilinear equations are to be solved for {&p, np}.
Elimination of say, &p, leadsto aquadratic equa-

e P(¢?.n?)

FIGURE 23.11. Quadrilateral coordinates can be
extended outside the element to answer the problem

tioninne: ang + bne + ¢ = 0. It can be shown posed in §23.6. The six yellow-filled circles identify
that b > 4ac so there are two real roots: 7, and the four corners plus the intersections of the opposite
n2. These can be back substituted to get &; and sides. This six-point set defines the so-called complete
&. Of thetwo solutions: {&1, 1} and {&5, n,) the quadrilateral, whichisimportant in projectivegeometry.
oneclosest to £ = 0, n = 0isto betaken. The evolute of the coordinate lines is a parabola.

Although seemingly straightforward, the process is prone to numerical instabilities. For example, if the
quadrilateral becomes a rectangle or parallelogram, the quadratic equations degenerate to linear, and one of
the roots takes off to co. In floating point arithmetic severe cancellation can occur in the other root. A robust
numerical algorithm, which works stably for any geometry, is obtained by eliminating & and » in turn, getting
the minimum-modulus root of an? + bnp + ¢ = 0 with the stable formula® 7" = b/(b + /b2 — 4ac),
forming the other quadratic equation, and computing its minimum-modul us root the sameway. Inaddition, Xp
and yp arereferred to the quadrilateral center as coordinate origin. The resulting algorithm can be presented
asfollows. Given {Xy, Y1, ... Xs, Y4} and {Xp, Yp}, COMpute

Xp=X1—=X2+X3—=X4, Yo=Y1—Y2+Y3—VYa, Xex=X1+X2—X3—X4, Yex=Y1+Y2—Y3— Vs,
Xee=XL— X2 —Xa+Xa, Yee=Y1—Y2—Ya+V¥a A= 3F((x3—X)(Ys—Y2)— (Xa — X2)(¥3 — Y1),
Ji= (X3 —Xa) (Y1 — Y2) — (X1 — X2)(Y3 — Ya), J2 = (X2 — X3)(Y1 — Ya) — (X1 — Xa) (Y2 — ¥3),
Xo=3(X1+X2+Xa+Xs), Yo=3(Y1+Y2+Y3s+Ya. Xpo=Xp—Xo, Yro=Yp— Yo

b: = A—XpoYo+ YPoXo, DB, =—A—XpoYo+ YPoXb, C: = Xpo Yox — YP0O Xcx,
2c 2c,

, NP = .
—./ bg - 2\]105 - bg \Y b% + ZJZCVI - b'?
(23.16)

One common application is to find whether P isinside the quadrilateral: if both &r and np are in the range
[—1, 1] the point is inside, else outside. This occurs, for example, in relating experimental data from given
sensor locations® to an existing FEM mesh.

A Mathematica module that implements (23.16) islisted in Figure 23.12.

Cy = Xp0o Yee — YPO Xces &p =

3 See Section 5.6 of [203].

4 While at Boeing in 1969 the writer had to solve a collocation problem of this nature, although in three dimensions.
Pressure data measured at awind tunnel had to be transported to an independently constructed FEM quadrilateral mesh
modeling the wing skin.
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QuadCoordi natesOf Point[ {{x1 ,y1l },{x2_,y2 },{x3_,y3 },
{x4_,y4 }},{x_,y_}]:= Modul e[ {A JO,J1,J2,
xb=x1- x2+x3- x4, yb=y1- y2+y3-y4, xc§=x1+x2- x3- x4, yc&=yl+y2-y3-y4,
xcn=x1- x2- x3+x4, ycn=y1l-y2-y3+y4, b&, bn, c&, cn,
X0=(x1+x2+x3+x4)/ 4, yO=(yl+y2+y3+y4)/ 4, dx, dy, &, n},
JO=(x3-x1) *(y4-y2)-(x4-x2)*(y3-yl); A=J0/2;
J1=(x3-x4)*(yl-y2)-(x1-x2)*(y3-y4);
J2=(x2-x3)*(yl-y4)-(x1-x4)*(y2-y3);
dx=x-x0; dy=y-yo0;
b&=A- dx*yb+dy*xb; bn=- A- dx*yb+dy*xb;
cé&= dx*yc&-dy*xc&; cn=dx*ycn-dy*xcn;
&=2*c&/ (-Sqrt[bgnr2-2*J1*c&]-bg);
n=2*cn/ ( Sqrt[bn*2+2*J2*cn]-bn);
Return[{& n}]];

Ficure 23.12. A Mathematica module that implements the algorithm (23.16).

Notes and Bibliography

For an outline of the history of the 4-node quadrilateral, see Notes and Bibliography in Chapter 17. The
element is called the Taig quadrilateral in the early FEM literature, recognizing his developer [237]. This
paper actually uses the exactly integrated stiffness matrix.

Gauss numerical integration for quadrilaterals was advocated by Irons [143,147], who changed the range of
the quadrilateral coordinatesto [—1, +1] to fit tabulated Gauss rules.

References
Referenced items moved to Appendix R.
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Homework Exercisesfor Chapter 23
Implementation of |so-P Quadrilateral Elements

EXERCISE 23.1 [C:15] Figures E23.1-2 show the Mathematica implementation of the stiffness modulesfor
the 5-node, “bilinear+bubble” iso-P quadrilateral of Figure E18.3. Module Quad5IsoPMembraneStiffness
returnsthe 10 x 10 stiffness matrix whereas module Quad5IsoPShapeFunDer returns shape function values
and Cartesian derivatives. (The Gauss quadrature module is reused.) Both modules follow the style of the
4-node quadrilateral implementation listed in Figures 23.4-5. The only differences in argument lists is that
ncoor hasfive node coordinates: {{x1,y1},{x2,y2},{x3,y3},{x4,y4},{x5,y5}}, and that avariable
plate thicknessin fprop (one of the two possible formats) is specified as{ h1,h2,h3,h4,h5}.

Quad5l soPMenbr aneSti ffness[ ncoor ,Emat _,th_,options_]:=
Modul e[ {i, ], k, p=2, nuner =Fal se, h=t h, gcoor, c, w, Nf,
dNx, dNy, Jdet , B, Ke=Tabl e[ 0, {10}, {10} ]},
I f [Length[options]==2, {nuner, p}=options, {nuner}=options];
If [p<l||p>4, Print["p out of range"]; Return[Null]];
For [k=1, k<=p*p, k++,
{qcoor, w} = QuadGaussRul el nfo[ { p, nuner}, k] ;
{ Nf , dNx, dNy, Jdet } =Quad5Il soPShapeFunDer [ ncoor, qcoor];
If [Length[th]>0, h=th.Nf]; c=w‘Jdet*h;

B={ Flatten[Tabl e[ {dNx[[i]], 0}, {i,5}11].
Fl atten[ Tabl e[ {0, dNy[[i]11},{i.5}1,
Flatten[ Tabl e[ {dNy[[i]],dNx[[i]]},{i,5}]]};

Ke+=Si npl i fy[ c*Transpose[ B] . (Emat. B) ] ;
]; Return[Ke];

FIGURE E23.1. Stiffness module for the 5-node “bilinear+bubble”’ iso-P quadrilateral.

Quad5I| soPShapeFunDer [ ncoor _, gcoor _]: = Mdul e[
{Nf, dNx, dNy, dN¢, dNn, Nb, dNb&, dNbn, J11, J12, J21, J22, Jdet, &, n, X, y},
{&, nt=qgcoor; Nb=(1-&"2)*(1-n"2); (* Nb: node-5 "bubble" function *)
dNb&=2*&(Nn"2-1); dNbn=2*n*(&"2-1);
Nf= { ((1-&)*(1-n)-Nb)/4, ((1+&)*(1-n)-Nb)/4,
((1+§)*(1+n)-No)/ 4, ((1-&)*(1+n)-Nb)/4, Nb};
dN¢={- (1-n+dNb&)/ 4, (1-n-dNbg)/4,
(1+n-dNb&)/ 4, - (1+n+dNb&)/ 4, dNb&};
dNn={- (1- &+dNbn)/ 4, - (1+&+dNbn)/ 4,
(1+&-dNon)/4, (1-&-dNbn)/4, dNbn};
x=Tabl e[ ncoor[[i,1]],{i,5}]; y=Table[ncoor[[i,2]],{i,5}];
J11=dNg. x; J12=dNg.y; J21=dNn.x; J22=dNn.y;
Jdet =Si npl i fy[J11*J22-J12*J21];
dNx= ( J22*dNg-J12*dNn)/Jdet; dNx=Sinplify[dNx];
dNy= (-J21*dNE+J11*dNn)/Jdet; dNy=Sinplify[dNy];
Ret ur n[ { Nf , dNx, dNy, Jdet }]

Ficure E23.2. The shape function module for the 5-node “bilinear+bubble” iso-P quadrilateral.

Test Quad5IsoPMembraneStiffness for the 2:1 rectangular element studied in §23.3.1, with node 5 placed
at the element center. Use Gaussrules1 x 1,2 x 2and 3 x 3. Take E = 96x30 = 2880 inlieuof E = 96to
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Quad5Il soPMenbr aneCondsSt i f f ness[ Ke5_]: =
Modul e[ {i, ], k, n, c, Ke=Ke5, Kc=Tabl e[ 0, {8}, {8}]},
For [n=10, n>=9, n--,
For [i=1,i<=n-1,i++, c=Ke[[i,n]]/Ke[[n,n]];
11 For [j=1,j<=i,j++ Ke[[j,i]]=Ke[[i,j]]=Ke[[i,j]]-c*Ke[[n,j]];

For [i=1,i<=8,i++, For [j=1,j<=8,j++ Kc[[i,jl]l=Ke[[i,j]1]111;
Ret ur n[ Kc]
1K

FIGURE E23.3. A mystery module for Exercise 23.2.

get exact integer entriesin K® for all Gauss rules while keeping v = 1/3 and h = 1. Report on which rules
giverank sufficiency. Partial result: Ky = 3380 and 3588 for the 2 x 2 and 3 x 3 rules, respectively.

EXERCISE 23.2 [D:10] Module Quad5IsoPMembraneCondStiffness in Figure E23.3 is designed to re-
ceive, asonly argument, the 10 x 10 stiffnessKe computed by Quad5IsoPMembraneStiffness, and returns
asmaller (8 x 8) stiffness matrix. State what the function of the module is but do not describe programming
details.

EXERCISE 23.3 [C:20] Repeat Exercise 17.3 for the problem illustrated in Figure E17.4, but with
the 5-node “bilinear+bubble” iso-P quadrilateral as the 2D element that models the plane beam. Skip
item (a). Use the modules of Figures E23.1-3 to do the following. Form the 10 x 10 stiffness ma-
trix Ke5 using Quad5IsoPMembraneStiffness with p = 2 and numer=False. Insert this Ke5 into
Quad5IsoPMembraneCondStiffness, which returns a 8 x 8 stiffness Ke. Stick this Ke into equations
(E17.6) and (E17.7) to get Uguad. Show that the energy ratio is

- _ Yaaa _ 2L+ 0)(24 72— )

= = E23.1
Ubeam 1+ VZ)Z ( )

Compare this to the energy ratio (E17.8) for y = 1/10 and v = 0 to conclude that shear locking has not been
eliminated, or even mitigated, by theinjection of the bubble shape functions associated with the interior node.®

EXERCISE 23.4 [C:25] Implement the 9-node biquadratic element for plane stressto get its 18 x 18 stiffness
matrix. Follow the style of Figures 23.3—4 or E23.1-2. (The Gauss quadrature module may be reused without
change.) Test it for the 2:1 rectangul ar element studied in §23.3.1, with nodes 5-8 placed at the side midpoaints,
and node 9 at the element center. For the elastic modulustake E = 96x39x 11x55x 7 = 15855840 instead
of E = 96, dlong withv = 1/3and h = 1, so as to get exact integer entries in K€, Use both 2 x 2 and
3 x 3 Gauss integration rules and show that the 2 x 2 rule produces arank deficiency of 3 in the stiffness. (If
the computation with num=False takestoo long on aslow PC, set num=True and Rationalize entriesasin
Figure 23.8.) Partia result: K;; = 5395390 and 6474468 for the 2 x 2 and 3 x 3 rules, respectively.

EXERCISE 23.5 [C:25] An element is said to be distortion insensitive when the discrete solution does not
appreciably change when the mesh is geometrically distorted while keeping the same number of elements,
nodes and degrees of freedom. It is distortion sensitive otherwise. A distortion sensitivity test often found in
the FEM literature for plane stress quadrilateral elementsis pictured in Figure E23.4.

5 Even the addition of an infinite number of bubble functions to the 4-node iso-P quadrilateral will not cure shear locking.
This“bubblefutility” has been known since the late 1960s. But memories are short. Bubbles have been recently revived
by some FEM authors for other application contexts, such as multiscale modeling.
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FiGURE E23.4. Two-element cantilever model for assessing distortion sensitivity, for
Exercise E23.5.

The cantilever beam of span a, height b and narrow rectangular cross section of thickness h depicted in Figure
E23.4 isunder an applied end moment M. If the material isisotropic with elastic modulus E and Poisson ratio
v = 0 the end vertical deflection given by the Bernoulli-Euler beam theory iS vpeam = Ma?/(2El,,), where
I, = hb®/12. Thisis also the exact solution given by elasticity theory if the surface tractions over the free
end section match the beam stress distribution.®

The problem isdiscretized with two 4-nodeisoP bilinear quadrilateralsasillustrated in Figure E23.4(b), which
show appropiate displacement and force boundary conditions. The mesh distortion is parametrized by the
distance e, which defines the slope of interface 3-4. If e = 0 thereis no distortion.

Obtain thefiniteelement solutionfora=10,b=2,h=E =M =1ande =0, 1, 2, 3, 5and record the end
deflection vquaq as the average of the vertical displacements uys and uys. Definetheratior (€) = vguad/Vbeam
and plot g(e) = r (e)/r (0) asfunction of e. This function g(e) characterizes the distortion sensitivity. Show
that g(e) < 1 aseincreases and thus the mesh stiffness further as aresult of the distortion. Conclude that the
4-node bilinear e ement is distortion sensitive.

EXERCISE 23.6 [C:25] Repeat the steps of Exercise 23.5 for the mesh depicted in Figure E23.4(c). The
cantilever beam is modeled with two 9-node biquadratic quadrilaterals integrated by the 3x 3 Gauss product
rule. Itisimportant to keep the side nodes at the midpoints of the sides, and the center node at the crossing of
the medians (that is, the 9-node elements are superparametric). Show thatr = 1forany e < %a. Thus not
only this element is exact for the regular mesh, but it is also distortion insensitive.

6 This statement would not be true if v # 0 since the fixed-displacement BC at the cantilever root would preclude the
lateral expansion or contraction of the cross section. However, the support condition shown in the models (b) and (c)
allow such changes so the results are extendible to nonzero v.
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