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21-3 8§21.3 ANALYSIS SUPPORT MODULES

§21.1. Introduction

This Chapter presents a complete FEM program for analysis of space trusses. Why not start with
plane trusses? Threereasons. First, plane truss code already appeared in Chapter 4, although most
components were tailored to the example truss of Chapters 2-3. Second, the difference between
2D and 3D implementation logic for truss analysisisinsignificant. Finally, space trusses are more
interesting in engineering applications, particularly for orbiting structures in aerospace.

The overall organization of the space truss analysis program is diagramed in Figure 21.1

The description is donein * bottom up”
fashion. That means the element level

modules are presented first, followed sript for each gl e

by midlevel modules, ending with the problem ¥ Utilities:
driver program. This means traversing Anelysis T e
the diagram of Figure 21.1 left to right

and bottom to top. v ¥ v v ¥

Thed é)(;ograrpl incl uolle?JI some simple Assembler ||\ DO Ezﬁ%ign P L
minded graphics, including animation.

The graphic modules are provided in — lpresemedm ””””””””””””””” l """""
the posted Notebook but not described | Soron = Chapter 20 Element Int 1
in detail. Data structures are explained Element Library

aongtheway asthey arise. T

Ficure 21.1. Overal organization of space truss analysis program.

821.2. Analysis Stages

Theanalysisof astructure by the Direct Stiffness M ethod invol vesthree major stages. preprocessing
or model definition, processing, and postprocessing. Thisistrue for toy programs such as the one
presented here, through huge commercial codes. Of course the stages here are very short.

The preprocessing portion of the space truss analysis is done by a driver script, which directly sets
the data structures for the problem at hand.

The processing stage involves three steps:
e Assembly of the master stiffness matrix, with a subordinate element stiffness module.

e Maodification of master stiffness matrix and node force vector for displacement boundary
conditions.

e Solution of the modified equationsfor displacements. For the program presented here the built
in Mathematica function LinearSolve is used.

Upon executing the processing steps, the displacementsare available. Thefollowing postprocessing
steps follow.

e Recovery of forcesincluding reactions, done through a Ku matrix multiplication.
e Computation of internal (axial) forces and stresses in truss members.
e Plotting deflected shapes and member stress levels.
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Chapter 2

1: FEM PROGRAM FOR SPACE TRUSSES

SpaceTrussMaster Sti f f ness[ nodxyz_, el enod_,
el emat _, el efab_, prcopt _]: =Modul e[

{numnel e=Lengt h[ el enod] , nummod=Lengt h[ nodxyz] , nel dof,

e,eftab,ni,nj,i,j,ii,jj,ncoor, Em A, opti ons, Ke, K}

K=Tabl e[ 0, { 3* nummod}, { 3* nummod}] ;

For [e=1, e<=nunele, e++, {ni,nj}=elenod[[e]];
eftab={3*ni -2, 3*ni -1, 3*ni,3*nj-2,3*nj -1, 3*nj };
ncoor ={ nodxyz[[ni]], nodxyz[[nj]]};

Enrel emat[[e] ]; A=el efab[[e]]; options=prcopt;
Ke=SpaceBar 2Sti f f ness[ ncoor, Em A, opti ons];
nel dof =Lengt h[ Ke] ;
For [i=1, i<=neldof, i++, ii=eftab[[i]];
For [j=i, j<=neldof, j++, jj=eftab[[j]
KELGg,ii]]=K[[ii,jjl]+=Ke[[i,j]] ]

s
]; Return[K];

] ;

l;

SpaceBar 2Sti f f ness[ ncoor _, Em , A , options_]: =Mbdul e[
{x1,x2,y1,y2,2z1, 22, x21, y21, z21, EA, numner, L, LL, LLL, Ke},
{{x1,y1, z1}, {x2,y2, z2}}=ncoor; {x21,y21, z21} ={x2- x1, y2-yl,z2-z1};
EA=Ent A; {numer}=options; LL=x217"2+y2172+z2172; L=Sqrt[LL];
I f [numer, {x21,y21, 221, EA LL, L} =N {x21, y21, z21, EA LL, L}]];

If [!nuner, L=PowerExpand[L]]; LLL=Sinplify[LL*L];
Ke=( Emr A/ LLL) *
{{ x21*x21, x21*y21, x21*z21,-x21*x21,-x21*y21, -x21*z21},
{ y21*x21, y21*y21, y21*z21,-y21*x21,-y21*y21,-y21*z21},
{ z21*x21, z21*y21, z21*z21,-z21*x21,-2z21*y21,-z21*z21},
{-x21*x21, - x21*y21, - x21*z21, x21*x21, x21*y21, x21*z21},
{-y21*x21, -y21*y21, -y21*z21, y21*x21, y21*y21, y21*z21},
{-z21*x21, - z21*y21, -z21*z21, z21*x21, z21*y21, z21*z21}};
Ret urn[ Ke] ];

FIGURE 21.2. Master stiffness assembly module for a space truss. The element stiffness
module SpaceBar2Stiffness, already discussed in Chapter 20, is listed for convenience.

§21.3. Analysis Support Modules

214

We begin by listing here modules that support processing steps. These are put into separate cells
for display and testing convenience.

§21.3.1. Assemblingthe Master Stiffness

Module SpaceTrussMasterStiffness, listed in Figure 21.2, assembles the master stiffness ma-
trix of a space truss. It uses the element stiffness formation module SpaceBar2Stiffness dis-
cussed in the previous Chapter. That module is also listed in Figure 21.2 for convenience of the

reader. Th

K = SpaceTrussMasterStiffness[nodxyz,elenod,elemat,elefab,prcopt]

e assembler isinvoked by

The arguments are
Nodal coordinates placed in anode-by-nodelist { { x1,y1,z1},{x2,y2,22}, ...

nodxyz

elenod

{xn,yn,zn}}, wheren isthe total number of nodes of the truss.

(21.1)

Element end nodes placed in an element-by-element list: {{i1,j1}, {i2,j2},

... {ie,je}}, wheree isthetotal number of elements of the truss.

214



215 8§21.3 ANALYSIS SUPPORT MODULES

Cl ear Al | [ nodxyz, el emat , el ef ab, el eopt];

nodxyz={{0, 0, 0}, { 10, O, 0}, { 10, 10, 0} };

el enod= {{1,2},{2,3},{1,3}};

el emat = Tabl e[ 100, {3}]; elefab= {1,1/2,2*Sqrt[2]}; prcopt= {Fal se};
K=SpaceTrussMast er Sti f f ness[ nodxyz, el enod, el emat, el ef ab, prcopt];
Print["Master Stiffness of Exanple Truss in 3D:\n", K/ /MatrixForni;
Print["eigs of K", Chop[Eigenvalues[N[K]1]];

Master Stiffness of Example Trussin 3D:

20 10 0 -10 0 O -10 -10| O
10 10 0 O O O -10 -10| O
0 0o 0 0 o0 o0 o 0|0
-10 0 0 10 O O O 0|0
0 0O 0 O 5 0 0 -5|0

0 0o 0 0 o o0 o 00
-10 -10 0 O O O0 10 10 | O
-10 -10 0 O -5 0 10 15| O
0 0O 0 0O O o0 O 0] 0

eigsof K: {45.3577, 16.7403, 7.902, 0, 0, 0O, O, O, 0}

Ficure 21.3. Testing the space truss assembler module.

elemat Element material properties. The only such property required for this analysis is
the elastic modulus E of each element. These are put in an element-by-element list:
{E1, E2, ... Ee}, wheree isthetotal number of elements of the truss.

elefab Element fabrication properties. The only such property required for thisanalysisis
the cross section area A of each element. These are put in an el ement-by-element
list: {A1, A2, ... Ae}, wheree isthetotal number of elements of the truss.

prcopt Processing option list. Only one option isrequired in the assembler and so prcopt
issimply { numer }. Herenumer isalogical flag set to { True } to tell the assembler
to carry out element stiffness computations in floating-point arithmetic. Else set to
{False } to keep computations in exact arithmetic or symbolic form.

The modul e returns the assembled stiffness, stored as afull 3n x 3n matrix, as function value.

Details of the assembly process are discussed in Chapter 25 for more general scenarios. Here we
note that the module uses the freedom-pointer-table technique described in §3.4 for merging each
element stiffness matrix into the master stiffness.

The assembler is tested by the script shown in the top cell of Figure 21.3. The script defines the
example truss of Chapters 2-3 as a 3D structure with its three members placed in the {x, y} plane.
See Figure 21.4. The axial rigidity values EA = 100, 50 and 200+/2 for elements 1, 2 and 3,
respectively, have to be untangled because E is placed in elemat whereas A goesto elefab.

To split EA we take E = 100 for the three elements. Thus elemat = {100,100,100} =
Table[100,{3}] whereaselefab = {1,1/2,2*Sqrt[2] }.

Running the assembler in exact arithmetic gives the 9 x 9 master stiffness shown in the bottom
cell of Figure 21.3. Taking its eigenvalues gives 6 zeros, which is the expected number in three
dimensions.

§21.3.2. Defining Boundary Conditions

The modification process described here refersto the application of displacement boundary condi-
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Chapter 21: FEM PROGRAM FOR SPACE TRUSSES 216

tions on the master stiffness equations. These are assumed to be single-freedom constraints, either
homogeneous such as uyz = 0, or nonhomogeneous such asu, = —0.72.

Boundary condition data in FEM programs is usualy
specified in two levels: nodes at the first level, and
freedoms assigned to that node at the second level. (The
reason is that nodes are highly visible to casual users,
whereas direct access to freedom numbers is difficult.)
This space truss program is no exemption. This data is
organized into two lists: node freedom tags and node
freedom values. Their configuration is best specified
through an example.

Consider again the example truss in 3D shown in
Figure 21.4, which has 3 nodes and 9 freedoms. The

node freedom tag list, internally called nodtag, is Uy = Uz =0
F1GURE 21.4. Theexampletrussinthree
nodtag = {{1,1,1},{0,1,1},{0,0,1}} (21.2) dimensions, used as module tester.

Each first-level entry of thislist pertainsto anode. The second level is associated with freedoms:
displacements in the x, y and z directions. Freedom activity is marked by tag O or 1. A 1-tag
means that the displacement is prescribed, whereas a O-tag indicates that the force is known. Thus
{1,1,1} for node 1 means that the node is fixed in the three directions.

The node freedom value list, internally called nodval, gives the prescribed value of the force or
the displacement. For the example trussit is

nodval = {{0,0,0},{0,0,0},{2,1,0}} (21.3)

For node 1, thetag entry is{1,1,1} and the value entry is{0,0,0}. Thissaysthat uy; = uy; =
Uz = 0. For node 2 it says that fy» = O and uy, = u, = 0. For node 3 it says that f,3 = 2,
fys = 1and u,; = 0. The entries of nodval can be integers, floating point numbers, or symbols,
whereas those in nodtag can only be 0 or 1.1

§21.3.3. Modifyingthe Master Stiffness Equations

The modification of the master stiffness equations K u = f for displacement BCs produces the
modified system K u = f. Thisis done by the two modules listed in Figure 21.5. These modules
are not restricted to space trusses, and may in fact be used for more general problems.

The stiffness modifier isinvoked by

Kmod = ModifiedMasterStiffness[nodtag, K] (21.4)
The arguments are:
nodtag A node by nodelist of freedom tags, as defined in the previous subsection.
K The master stiffness matrix K produced by the assembler module.

1 Other tag values may be implemented in more complicated programs to mark multifreedom constraints, for example.

21-6



217 8§21.3 ANALYSIS SUPPORT MODULES

Modi fi edMaster Sti ffness[nodtag_, K] := Mdul e[
{i,],k,n=Lengt h[ K], pdof, np, Knod=K},
pdof =Pr escDi spl acement DOFTags[ nodt ag] ; np=Lengt h[ pdof ] ;
For [k=1, k<=np, k++, i=pdof[[k]];
For [j=1,j<=n,j++, Kmod[[i,]j]]=Kmod[[j,i]]=0];
Kmod[ [i,i]]=1];
Ret ur n[ Knod] ] ;

Modi fi edNodeFor ces[ nodtag_, nodval _, K ,f_]:= Mdul e[
{i,]j,k,n=Lengt h[ K], pdof, pval , np, d, c, f nnd=f},
pdof =Pr escDi spl acenment DOFTags[ nodt ag] ; np=Lengt h[ pdof ] ;
pval =Pr escDi spl acement DOFVal ues[ nodt ag, nodval ] ; c=Tabl e[ 1,{n}];
For [k=1, k<=np, k++, i=pdof[[k]]; c[[i]]=0];
For [k=1, k<=np, k++, i=pdof[[k]]; d=pval [[Kk]];
frod[[i]]=d; If [d==0, Continue[]];
For [j=1,j<=n,j++, fmod[[j]]-=K[[i,j]]*c[[j]]*d];

Returh[fm)d]] ;

Ficure 21.5. Modules to modify the master stiffness matrix and node force vector
to apply the displacement boundary conditions.

The modified stiffness matrix, which has the same order ask, is returned as function value.
The force modifier isinvoked by

fmod = ModifiedNodeForces[pdof, pval, K, f] (21.5)

The arguments are:
nodtag  The node freedom tag list defined in the previous subsection.
nodval The node freedom value list defined in the previous subsection.

K The master stiffness matrix K produced by the assembler module (before modifica-
tion). Thisisonly used if at least one of the displacement BCsis non-homogeneous.
f The force vector before application of the displacement BCs.

The modified force vector, which has the same order as £, is returned as function value.

The modules are tested by the script listed in the top cell of Figure 21.6. It uses symbolic master
stiffness equations of order 6. Thetest illustrates a not well known feature of Mathematica: use of
Array function to generate subscripted symbolic arrays of one and two dimensions. The results,
shown in the bottom cell of Figure 21.6, should be self explanatory.

Remark 21.1. On entry, the modification modules of Figure 21.5 build auxiliary lists pdof and pval to
simplify the modification logic. pdof isalist of the prescribed degrees of freedom identified by their equation
number in the master stiffness equations. For example, if freedoms 4, 7, 9 and 15 are specified, pdof =
{4,7,9,15}. These indices are stored in ascending order. pval is alist of the prescribed displacement
vaues listed in pdof. These lists are constructed by the modules listed in Figure 21.7. The calls are pdof =
PrescribedDOFTags [nodtag] and pval = PrescribedDOFValues [nodtag,nodval].

Remark 21.2. The logic of ModifiedMasterStiffness is straightforward. Construct pdof, then clear
appropriate rows and columns of K and place ones on the diagonal. Note the use of the Mathematica function
Length to control loops. np=Length[pdof] sets np to the number of prescribed freedoms. Similarly

21-7



Chapter 21: FEM PROGRAM FOR SPACE TRUSSES 21-8

CearAl[K f,vl,v2,v4]; KnFArray[K, {6, 6}];
Print["Master Stiffness: ",Km/MatrixForni;

nodt ag={{1, 1},{0, 1}, {0, 0}}; nodval ={{v1,v2}, {0, v4}, {0, 0}};
Knmod=Mbdi fi edMast er Sti f f ness[ nodt ag, Kni ;
Print["Mdified Master Stiffness:", Knmod// Matri xForni;
fmrArray[f,{6}]; Print["Master Force Vector:",fn;

f mod=Modi f i edNodeFor ces[ nodt ag, nodval , Km fni ;
Print["Mdified Force Vector:", frnod//MatrixForm ;

K[1, 1] K[1,2] K[1,3] K[1,4] K[1,5 K[1,6]
K[2,1] K[2,2] K[2,3] K[2,4] K[2,5] K][2,6]
K[3,1] K[3,2] K[3,3] K[3,4] K[3,5 KI[3,6]
K[4,1] K[4,2] K[4,3] K[4,4] K[4,5 K[4,6]
K[5 1] K[52] K[53] K[54 K[55 KI[5,6]
K[6,1] K[6,2] K[6,3] K[6,4] K[6,5] KI[6,6]

Master Stiffness:

10 0 0 O 0
o1 0 0 o0 0
Modified Master Stiffness; | 0 0 KI3,3] 0 K[3,5] K[3, 6]
00 0 1 0 0
0 0 K[53 0 K[55 K[5,6]
0 0 K[6,3 0 K[6,5 K[6,6]

Master Force Vector: { f[1], f[2], f[3], f[4], f[5], f[6] }
vl
v2
Modified Force Vector: | f[3] V1K1, 3] - V42 K[2,3] -v4K[4,3]
v
f[5] —~V1K[L,5] -Vv2K[2 5] —v4K[4, 5]
fl6] - Vv1K[L 6] -v2K[2.6] - VAK[4 6]

F1GURE 21.6. Testing the displacement boundary condition application modules.

n=Length [K] setsn to the order of the master stiffness matrix K, which is used to bound the row and column
clearing loop. These statements may be placed in the list that declareslocal variables.

Remark 21.3. ModifiedNodalForces hasmore complicated logic becauseit accountsfor nonhomogeneous
BCs. Onentry it constructspdof andpval. If nonzerovauesappear inpval, theoriginal entriesof £ are mod-
ified asdescribed in 84.1.2, and the end result is the effective force vector. Force vector entries corresponding
to the prescribed displacement values are replaced by the latter in accordance with the prescription (4.13). If
there are nonhomomogeneous BCsiit isimportant that the stiffness matrix provided as third argument be the
master stiffness before modification by ModifiedStiffnessMatrix. Thisis because stiffness coefficients
that are cleared by ModifiedStiffnessMatrix are needed for modifying the force vector.

§21.3.4. Displacement Solution and Reaction Recovery

Thelinear systemK u = f, whereK andf arethe modified stiffness and force matrices, respectively,
is solved for displacements by a built-in linear algebraic solver. InMathematica LinearSolveis
available for this purpose:

u = LinearSolve[Kmod, fmod] (21.6)

At thispoint postprocessing begins. The nodeforcesincluding reactionsare obtained fromf = K u.
This can be done ssimply as a matrix product:

f =K.u (21.7)
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Pr escDi spl acenent DOFTags[ nodt ag_]: = Modul e [
{j , n, numod=Lengt h[ nodt ag] , pdof ={}, k=0, n},
For [n=1, n<=nummod, n++, mrLengt h[ nodtag[[n]]];
For [j=1,j<=mj++, |If [nodtag[[n,]j]]>0,
AppendTo[ pdof , k+j]1];
1, k+=m
]; Return[pdof]];
Pr escDi spl acenent DOFVal ues[ nodt ag_, nodval _]: = Mdul e [
{j, n, numod=Lengt h[ nodt ag] , pval ={}, k=0, n},
For [n=1, n<=nummod, n++, n¥Length[nodtag[[n]]];
For [j=1,j<=mj++, |f [nodtag[[n,]]]>O0,
AppendTo[ pval , nodval [[n,j]]]1];
1. k+=m
]; Return[pval]];

FIGURE 21.7. Modulesto build auxiliary lists pdof and pval from node-by-node BC data.

where K isthe original master stiffness matrix before modification, and u the displacement vector
computed by LinearSolve.

§21.3.5. Flattening and Partitioning Node-Freedom Vectors

In the analysis process one often needs displacement and force vectorsin two different list formats.
For example, the computed node displacement vector produced by (21.6) for the example trussin
3Dis

u={0,0,0,0,0,0,0.4,-0.2,0} (21.8)
Following the terminology of Mathematica thiswill be called the flat form of the displacement

vector. For postprocessing purposes (especially printing and plotting) it is convenient to rearrange
to the node by node form

noddis = {{0,0,0},{0,0,0},{0.4,-0.2,0}} (21.9)

Thiswill be called the node-partitioned form of the displacement vector. Similar dual formats exist
for the node force vector. Inflat form thisiscalled £ and in node-partitioned form nodfor.

FI at NodePart Vector[nv_]: =Fl atten[ nv];

NodePart Fl at Vector[nfc_,v_]:= Mdul e [
{i,k, mn,nv={}, numod},
If [Length[nfc]==0, nv=Partition[v,nfc]];
If [Length[nfc]>0, numod=Length[nfc]; n=0;
nv=Tabl e[ O, { nutmod} ] ;

For [n=1, n<=nummod, n++, k=nfc[[n]];
nvi[n]]=Table[v[[m+i]],{i,1, k}];
m=k] ] ;

Return[nv]];

FIGURre 21.8. Utility modulesto flatten and node-partition node-DOF vectors.

The utility moduleslisted in Figure 21.8 can be used to pass from one format to the other. To flatten
the node-partitioned form of avector, say nv, say

= FlatNodePartVector [nv] (21.10)

21-9
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SpaceTr ussl nt For ces[ nodxyz_, el enod_, el emat _, el efab_,
noddi s_, prcopt _]: = Modul e[{ numod=Lengt h[ nodxyz],
nunel e=Lengt h[ el enod], e, ni, nj, ncoor, Em A, opti ons, ue, p},
p=Tabl e[ O, { nunel e}];

For [e=1, e<=nunele, e++, {ni,nj}=elenod[[e]];
ncoor ={nodxyz[[ni]],nodxyz[[nj]]};
ue=Flatten[{ noddis[[ni]],noddis[[nj]] }1;
Emrel emat [[e]]; A=elefab[[e]]; options=prcopt;
p[ [ e] ] =SpaceBar 21 nt For ce[ ncoor, Em A, ue, opti ons]

Returh[p]];

SpaceBar 21 nt Force[ ncoor _, Em , A ,ue_,options_]:= Mdul e[
{x1, x2,y1,y2,z1, z2,x21,y21, 221, EA, numer, LL, pe},
{{x1,y1, z1},{x2,y2,z2}}=ncoor; {x21,y21, z21}={x2-x1,y2-y1,2z2-z1};
EA=Ent A; {nuner}=options; LL=x2172+y2172+z21"2;
I f [nuner, {x21,y21, z21, EA, LL} =N[ {x21, y21, z21, EA LL}]];
pe=(EA/ LL) *(x21*(ue[[4]]-ue[[1]]) +y21*(ue[[5]]-ue[[2]]) +
+z21*(ue[[6]]-ue[[3]]));
Ret urn[ pe] ];

SpaceTrussStresses[el efab_, el efor_, prcopt _]: = Mdul e[

{nurel e=Lengt h[ el ef ab], e, el esi g}, el esi g=Tabl e[ 0, { nunel e}];
For [e=1, e<=nunele, e++, elesig[[e]]=elefor[[e]]/elefab[[e]] ];
Return[el esig]];

FIGURE 21.9. Modulesto compute internal forces and stresses in a space truss.

To node-partition aflat vector v say
nv = NodePartFlatVector [nfc,v] (21.11)

wherenf c isthe number of freedoms per node. For spacetrussesthisis 3 so appropriate conversion
cdlsarenoddis = NodePartFlatVector[3,u] andnodfor = NodePartFlatVector[3,f].

Remark 21.4. FlatNodePartVector can be directly done by the built-in function Flatten whereas
NodePartFlatVector — for a fixed number of freedoms per node — can be done by Partition. The
reason for the “wrappers’ is to guide the conversion of Mathematica code to alower level language such as
C, where such built-in list functions are missing.

Remark 21.5. Theadditional codeinNodePartFlatVector catersto the case where the number of freedoms
can vary from node to node, in which case nfc isalist (not a number) called the node freedom count, hence
the abbreviation. That facility is useful in more advanced courses.

§21.3.6. Internal Force Recovery

The calculation of internal forces and stresses in a space truss involves computing axial forcesin
the bar elements. The modules that do those cal cul ations given the displacement solution are listed
in Figure 21.9. Module SpaceTrussIntForces computes the internal forces (axial forces) in all
truss members. It isinvoked by

elefor = SpaceTrussIntForces[nodxyz,elenod,elemat, elefab,noddis,prcoptl
(21.12)

21-10
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Cl ear Al | [ nodxyz, el enod, el emat , el ef ab, noddi s] ;

nodxyz={{O0, 0, 0}, {10, O, 0}, {10, 10, 0}}; elenod={{1,2},{2,3},{1,3}};

el emat = Tabl e[ 100, {3}]; elefab= {1,1/2,2*Sqart[2]};

noddi s={{0, 0,0}, {0,0,0}, {4/10,-2/10,0}}; prcopt={False};

el ef or=SpaceTr ussl nt For ces[ nodxyz, el enod, el emat, el ef ab, noddi s, prcopt ] ;
Print["Int Forces of Exanple Truss:",elefor];

Print["Stresses:", SpaceTrussStresses| el ef ab, el efor, prcopt]];

Int Forces of Example Truss: { 0, -1, 2*Sgrt[2] }
Stresses: { 0, -2, 1}

F1GURE 21.10. Test of the internal force recovery module.

Five of the arguments. nodxyz, elenod, elemat, elefab and prcopt, are the same used in the
call (21.1) to the stiffness assembler. The additional argument, noddis, contains the computed
node displacements arranged in node-partitioned form

noddis = {{uxl,uyl,uzl},{ux2,uy2,uz2}, ... {uxn,uyn,uzn}} (21.13)

This form can be obtained from the computed displacement solution through the utility module
(21.11). Asfunction value SpaceTrussIntForces returnsalist of element axial forces

{pl, p2 ... pe } (21.14)

SpaceTrussIntForces makes use of SpaceBar2IntForce, which computes the internal force
in an individual bar element. Thisisinvoked as SpaceBar2IntForce

p = SpaceBar2IntForces[ncoor,Em,A,ue,options] (21.15)

Arguments ncoor, Em, A and options are the same as in the call to SpaceBar2Stiffness
described in 820.2.2. The additional argument, ue, contains the flat list of the six element node
displacements in the global system arranged as { ux1,uyl,ux1,ux2,ux2,uz2}. The recovery
eguation is the subject of Exercise 21.4.

Thelast modulein Figure 21.9 computes the member stresses simply by dividing theinternal forces
by the cross section areas. It isinvoked as

elesig = SpaceTrussStresses[elefab,elefor,prcopt] (21.16)
Here elefab and prcopt are as before, and elefor contains the element forces computed by
SpaceTrussIntForces. The element axial stresses are returned as function value.

The statements of the top cell of Figure 21.9 exercise the internal force recovery for the example
trussin 3D, requesting exact calculiations. Array p is printed in the bottom cell. The axial forces
of 0,, —1 and 2+/2 agree with those determined in Chapter 3.

§21.3.7. The Solution Driver

It is convenient to package the sequence of operations desribed in the previous subsections, namely
assembly, modification, solution, force and stress recovery, into one module called the solution
driver. Thisislisted in Figure 21.11. It isinvoked by saying

{noddis,nodfor,elefor,elesig}= SpaceTrussSolution[nodxyz,elenod,
elemat,elefab,nodtag,nodval,prcopt] (21.17)
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All arguments. nodxyz, elenod, elemat, elefab, nodtag, nodval and prcopt, have been
described in previous subsections. The module returns four lists:

noddis Computed node displacement in node partitioned format.

nodfor  Recovered node forces including reactionsin node partitioned format.
elefor Element internal forces.

elesig  Element stresses.

Note that the listing of SpaceTrussSolution in Figure 21.11 has two commented out eigenvalue
computations, onefor the master stiffnessk and onefor the modified stiffnesskmod. Decommenting
those commands comes in handy when setting up and running anew problem if errors are detected.

SpaceTrussSol uti on[ nodxyz_, el enod_, el emat _, el ef ab_, nodt ag_, nodval _,
prcopt _]:= Mdul e[ {K, Knod, f, f nod, u, noddi s, nodf or, el ef or, el esi g},
K=SpaceTrussMast er Sti f f ness[ nodxyz, el enod, el enat, el ef ab, prcopt];
(* Print["eigs of K=", Chop[Ei genval ues[ NN KI]1]; *)

Knmod=Mbdi fi edMast er Sti f f ness[ nodt ag, K] ;

f =Fl at NodePar t Vect or [ nodval ] ;

f nod=Mbdi f i edNodeFor ces[ nodt ag, nodval , K, f];

(* Print["eigs of Knod=", Chop[Ei genval ues[ N Knod]]]]; *)

u=Li near Sol ve[ Knod, f nod] ; u=Chop[u]; f=Chop[K u, 10.07(-8)];

nodf or =NodePart Fl at Vector[ 3, f]; noddi s=NodePart Fl at Vector[ 3, u] ;

el ef or =Chop[ SpaceTr ussl nt For ces[ nodxyz, el enod, el enmat, el ef ab,
noddi s, prcopt]];

el esi g=SpaceTrussStresses| el ef ab, el efor, prcopt];

Ret ur n[ { noddi s, nodf or, el efor, el esi g}];

Ficure 21.11. The anaysis driver module

§21.4. Utility Print Modules

Utility print modules are used to display input and output datain tabular form. The following six modules are
provided in Cell 6 of the SpaceTruss.nb notebook.

To print the node coordinates in nodxyz:
PrintSpaceTrussNodeCoordinates[nodxyz,title,digits] (21.18)
To print the element nodesin elenod, element materialsin elemat and element fabricationsin elefab:
PrintSpaceTrussElementDatal[elenod,elemat,elefab,title,digits] (21.19)
To print the freedom activity datain nodtag and nodval:
PrintSpaceTrussFreedomActivity[nodtag,nodval,title,digits] (21.20)
To print the node displacements in noddis (configured in node-partitioned form):
PrintSpaceTrussNodeDisplacements[noddis,title,digits] (21.21)
To print the node forcesin nodfor (configured in node-partitioned form):

PrintSpaceTrussNodeForces [nodfor,title,digits] (21.22)
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To print the element internal forcesin elefor and element stressesin elesig:
PrintSpaceTrussElemForcesAndStresses[elefor,elesig,title,digits] (21.23)

Inall cases, title isan optional character string to be printed as atitle before the table; for example "Node
coordinates of bridge truss". Toeiminatethetitle, specify "" (two quote marks together).

The last argument of the print modules: digits, isoptiona. If setto {d,f } it specifies that floating point
numbers are to be printed with room for at least d digits, with £ digits after the decimal point.

If digits isspecified asavoid list: { }, apreset default isused for d and £.
§21.5. Utility Graphic Modules

Graphic modules that support preprocessing are placed in Cells 4 and 5 of the SpaceTruss.nb notebook.
These display unlabeled elements, elements and nodes with labels, deformed shapes and element stresslevels.

§21.5.1. Plot Module Calls

To plot elements only:

PlotSpaceTrussElements [nodxyz,elenod,title,{view,aspect,{ }}] (21.24)
To plot element and nodes with optional 1abeling:

PlotSpaceTrussElementsAndNodes [nodxyz,elenod,title,{view,aspect,labels}] (21.25)

To plot deformed shape of the truss under computed node displacements:

PlotSpaceTrussDeformedShape [nodxyz,elenod,noddis,amplif,box,title,
{view,aspect,colors}] (21.26)

To plot element axial stress levels using a coloring scheme:

PlotSpaceTrussStresses[nodxyz,elenod,elesig,sigfac,box,title,
{view,aspect,{ }}] (21.27)

In the foregoing nodxyz, elenod, noddis, noddfor elefor and elesig have been described above. The
other arguments are as follows.

view A list configured asalist of two 3D vectors. {{Vhat1,Vhat2,Vhat3},{W1,W2,W3}}. Vector
W with global components {W1,W2,W3} specifies the view direction whereas vector V, with
globa components {V1,V2,V3}, specifies the up direction for the plot view, as discussed in
§21.5.2. If avoid list is provided for the argument, the default is{{0,1,0},{0,0,1}}; this
means that view direction is along the —z axis whereas the up directionisthe y axis.

aspect Vertical-to-horizontal aspect ratio of theplot asit appearson aNotebook cell. Threepossibilities.
If set to —1, the Mathematica default Aspect->Automatic ischosen. If set to zero, an aspect
ratio is computed by the plot module as appropriate. If set to a positive number, the aspect ratio
is set to that number.

labels Only used in PlotSpaceTrussElementsAndNodes. A list with the following configuration:
{{nlabels,frn,fex,fey}, {elabels,fre},{fntfam,fntsiz,fntwgt,fntslt}}.

nlabels A logical flag. Set to True to get node labelsin plot.
frn Radius of circle drawn around each node expressed as percentage of plot size.
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V=y, Horizontal
Up vector, aka screen direction
vertical screen C
direction

S eye point, aka

Nz camera point,
observer point,

: view reference point
Global coordinate system (FEM)

World coordinate system (graphics)

Mathematica cell

F1GURE 21.12. Plot view in 3D as mapping of world to screen coordinates.

fex Horizontal eccentricity in points of node label from node location.

fex Vertical eccentricity in points of node label from node location.

elabels A logical flag. Set to True to get element labelsin plot.

fre Radius of circle drawn around each element number expressed as percentage of

plot size. from node location.
fntfam Font family used for labels, for example "Times"
fntsiz Sizein points of font used for labels; usually 10 through 14.

fntugt Font weight used for element labels. Typical settings are "Plain" or "Bold".
Node labels are dways drawn in boldface.

fntslt Font slant used for element labels. Typical settings are "Plain", "Italics" or
"Slanted". Node labels are dways drawn in Plain.

amplif The displacement amplification factor to be used by P1lotSpaceTrussDeformedShape. Usu-
aly avaue much larger than one (say 100 or 1000) is necessary to visuaize displacementsin
actual structures. Becomes alist if the call isto draw several shapes (for example undeformed
and deformed). For example setting amplif to {0,100 } will draw two shapes: the undeformed
configuration and one with magnification of 100. If more than one shape is to be drawn the
colors specification comesin handy.

box A list of points, specified by their {X, y, z} global coordinates, that forms abox that enclosesthe
plot. Used in PlotSpaceTrussDeformedShape and PlotSpaceTrussStresses. Theboxis
converted to aframe by the view projector. Thisisuseful for various purposes, one being to do
realistic animations by drawing a sequence of deformed shapes moving inside this box.

colors Defines element colors to be used by PlotSpaceTrussDeformedShape, specified as lower
case character string. Legal ones are "black", "red", "blue", "green" and "white’. If the
call isto draw several shapes (for example undeformed and deformed), this argument can be a
list, suchas{ "black","red" }, in which case the colors are in oneto one correspondence with
the amplification valuesin amplif. If no color is specified, black is assumed.

sigfac A stressscaling factor for PlotSpaceTrussStresses. Normaly set to 1.

Because of the confusing way Mathematica handles plots, (some features do scale with plot size while others,
such as font sizes, do not), some interactive experimentation with dimension specs seems inevitable.
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§21.5.2. Plot View Specification

Plotting 3D objects, such as the space trusses considered here, involves mapping the coordinates given in
the FEM global system {X, y, z} into screen coordinates {Xs, Vs, Zs} in which z; = 0. Objects are rendered
using screen coordinates. Construction of this mapping is based on the view specification, which appears as
argument of all plotting routines described in the foregoing subsection.

The viewing ingredients are shown in Figure 21.12. In computer graphics, the 3D space spanned by the FEM
global system {x, v, z} is caled the world space for obvious reasons. The screen coordinates {Xs, Vs, Zs} are
defined by two vectors, which in computer graphics are typically identified as W and V: the view direction
and up direction, respectively.

The view direction is the line defined by joining the eye position at C with the origin O of {x, y, z}. The
screen plane passes through O and is normal to W. Screen coordinates x5 and ys are in the screen plane and
going along the horizontal and vertical directions, respectively. In computer graphics the xs and ys directions
are called U and V, respectively. When the plot isrendered in a Mathematica cell, U = X5 goes horizontally
from left toright. Axes{u = x5, V = Y5, W = z5} form a RHS Cartesian coordinate system. Mappings from
screen to pixel coordinates are handled by the plotting system, and need not be discussed here.

In the plot modules used here, the eye point C is assumed to be at infinity.> Thus only the view direction
W, as specified by three direction numbers, is used. For example, the specification {1,1,1} says that
W is the trisector of the {x, y, z} octant. To define the up direction V = ys one has to enter a second
“indication” vector: V, which must not be parallel to W. Since V is not necessarily normal to W, V is
constructed by orthogonalization: V = V — (V' W,)W,, where W, is W normalized to length one. For
example if V and and W are specified by view argument {{0,1,0},{2,2,1}}, thenV = [0,1,0] —
([0,1,01"[2/3,2/3,1/3)[2/3,2/3,1/3] = [0, 1, 0] — (2/3)[2/3, 2/3,1/3] =[-4/9,5/9, —2/9]. Note that
VTW = 0.

§21.6. Example 1: Bridge Plane Truss Example

This example deals with the analysis of the 6-bay bridge truss problem defined in Figure 21.13.
This truss has 12 nodes and 17 elements. It is contained in the {X, y} plane and can only move in
that plane. It isfixed at node 1 and on rollers at node 12.

The driver is listed in Figure 21.14. Preprocessing statements appear on top, with light green
background. These define the problem through specification of the following data structures.®

NodeCoordinates Same configuration asnodxyz
ElemNodes Same configuration as elenod
ElemMaterials Same configuration as elemat

ElemFabrications Same configuration as elefab. Thislist is built up from four repesting
crosssectional areas: Abot, Atop, Abat and Adia, for the areas of bottom
longerons, top longerons, battens and diagonal s, respectively.

2 Graphicswheretheeyepoint C isat afinite distance produce perspective plots. The Graphics3D system of Mathematica
allows perpective plotting. However the plots described here use only the 2D graphics subset.

3 Note the use of longer mnemonic names in the problem driver. For example NodeCoordinates instead of nodxyz.
This simplifies the preparation of problem solving assignments since driver scripts are more self-documenting. It also
helps grading returned assignments.
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(a) Elastic modulus E = 1000
Cross section areas of bottom longerons: 2,

top longerons: 10, battens: 3, diagonals: 1 topjointslie
on parabolic_

profile

9

@ 5 O

7 4 ® 11 ()

@3 9

<

FicURE 21.13. Six-bay bridge plane truss used as example problem: (@) truss structure
showing supports and applied loads; (b) finite element idealization as pin-jointed truss.
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NodeDOFTags Same configuration as nodtag. Initialized to {0,0,1} for al nodes
on creation so as to fix all z displacements. Then the support condi-
tions in the {x, y} plane are specified at supported nodes. For example,
NodeDOFTags[[1]1] = {1,1,1} saysthat the three node displacement

components Uy1, Uy1 and U, of node 1 are specified.

NodeDOFValues Same configuration asnodval. Initializedto {0,0,0 } on creation for all
nodes. Then the value of nonzero applied loads is set at nodes 3, 5, 7,
9 and 11. For example NodeDOFValues[[7]] = {0,-16,0} specifies

The input data structures can be shown in tabular form for convenient inspection using print utility

modules. Printed tables are shown on the left of Figure 21.15.

Running the solution module returns computed displacements, node forces including reactions,
internal forces and member stress. These are printed with utility modules. These results are shown

on theright of Figure 21.15.
Output plot results are collected in Figure 21.16.
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21-17 8§21.7 EXAMPLE 2: AN ORBITING TRUSS STRUCTURE

NodeCoor di nat es={{0, 0, 0}, {10, 5, 0}, {10, 0, 0}, {20, 8, 0}, {20, 0, 0}, {30, 9, 0},
{30, 0, 0}, {40, 8, 0}, {40, 0,0}, {50, 5, 0}, {50, 0, 0}, {60, 0,0}};
El emNodes={{1, 3},{3,5},{5,7},{7,9},{9, 11}, {11, 12},
{1, 2},{2,4},{4,6},{6, 8}, {8, 10}, {10, 12},
{2,3},{4,5},{6,7},{8, 9}, {10, 11},
{2,5},{4,7},{7,8},{9,10}};
Pri nt SpaceTrussNodeCoor di nat es[ NodeCoor di nat es, "Node coordi nates: ", {}];
numod=Lengt h[ NodeCoor di nat es]; nunel e=Lengt h[ El enNodes] ;
Em=1000; Abot =2; Atop=10; Abat=3; Adi a=1;
El emvat eri al s= Tabl e[ Em { nunel e}];
El enfabri cati ons={ Abot , Abot, Abot , Abot , Abot, Abot , At op, At op, At op, At op,
At op, At op, Abat , Abat , Abat , Abat , Abat, Adi a, Adi a, Adi a, Adi a};
Pri nt SpaceTrussEl enent Dat a[ El emNodes, El eniVat eri al s, El enfabri cati ons,
"El enent data:",{}];
ProcessOpti ons= {True};

view={{0, 1, 0},{0,0,1}};

| abel s={{True, 0.06,-1.5,1.5},{True, 0. 12}, {"Ti nes", 11, "Roman"}};

Pl ot SpaceTr ussEl ement sAndNodes[ NodeCoor di nat es, El enmNodes,
“bridge nmesh", {view, -1, 1abel s}];

NodeDOFTags= Tabl e[ {0, 0, 1}, {nummod}];

NodeDOFVal ues=Tabl e[ {0, 0, 0}, { nummod}];

NodeDOFVal ues[[3]]={0, - 10, 0} ; NodeDOFVal ues[[5]]= {0, -10, 0};

NodeDOFVal ues[[ 7] ] ={0, - 16, 0} ;

NodeDOFVal ues[[9]]1={0, - 10, 0} ; NodeDOFVal ues[[ 11]]={0, - 10, 0};

NodeDOFTags[[1]]= {1, 1, 1}; (* fixed node 1 *)

NodeDOFTags[ [ nummod] 1 ={0, 1, 1}; (* hroller @node 12 *)

Pri nt SpaceTrussFr eedomActi vi t y[ NodeDOFTags, NodeDOFVal ues,
"DOF Activity:",{}];

{NodeD spl acenent s, NodeFor ces, El enfor ces, El enStresses} =
SpaceTrussSol uti on[ NodeCoor di nat es, El enNodes, El enVateri al s,
El enfabri cati ons, NodeDOFTags, NodeDOFVal ues, ProcessOpti ons ];

Pri nt SpaceTrussNodeDi spl acenent s[ NodeDi spl acenent s,
"Comput ed node di spl acenents: ", {}];

Pri nt SpaceTrussNodeFor ces[ NodeFor ces,
"Node forces including reactions:",{}];

Pri nt SpaceTrussEl enfor cesAndSt r esses| El enfor ces, El enft r esses,
"Int Forces and Stresses:",{}];

view={{0,1,0},{0,0,1}}; box={{O0,-4,0},{60,-4,0},{60, 10,0}, {0, 10,0}};

Pl ot SpaceTr ussDef or redShape[ NodeCoor di nat es, El emNodes, NodeDi spl acenent s,
{0, 1}, box, "def ormed shape (unit magnif)", {view -1, {"black", "blue"}}];

Pl ot SpaceTr ussStresses[ NodeCoor di nat es, El emNodes, El enfst r esses, 1, box,
"axial stresses in truss nmenbers", {view, O, | abel s}];

Ficure 21.14. Driver script for analysis of the 6-bay plane bridge truss. Preprocessing statements
in light green background. Processing and postprocessing statementsin light blue.

§21.7. Example2: An Orbiting Truss Structure

To be included in the final version of the Chapter.
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F1GURE 21.15. Bridgetrussexample: tabular printed output. Ontheleft: node, element and freedom
data. On theright: computed displacements, node forces, internal forces and member stresses.
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axial stresslevel plot
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FicUure 21.16. Bridge truss example: graphic output collected in one figure.
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Notes and Bibliography

The dominant philosophy in FEM implementation is to construct general purpose programs that can solve
a wide range of problems. For example, static and dynamic response of arbitrary structures with linear or
nonlinear behavior. This path was naturally taken once the Direct Stiffness Method became widely accepted
in the mid 1960s. It isreflected in the current crop of commercial FEM programs. Their source code by now
has reached into millions of lines.

These codes do have a place in undergraduate engineering education, starting at the junior level. At thislevel
students should be taught rudiments of modeling and how to use those black box programs as tools. This
exposure provides also basic knowledge for capstone senior projects that require finite element analysis.

At the graduate level, however, students should understand what goes on behind the scene. But access to
innards of commercia programs is precluded (and even if it were, it would be difficult to follow given their
complexity). The philosophy followed here is to use specia purpose codes written in a high level language.
These may be collectively called grey level codes. A high level language such as Mathematica conceals utility
operations such as matrix products, linear solvers and graphics, but permits the application code logic to be
seen and studied.

Asaresult acomplete FEM program istiny (typically afew hundredslines), it can be built and debugged in a
few hours, and may be understood as awhole by one person. On the down side of course these toy programs
can do only very limited problems, but for instructional use simplicity outweights generality.
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Homework Exercisesfor Chapter 21
FEM Program for Space Trusses

EXERCISE 21.1 [D:10] The logic of SpaceTrussMasterStiffness cannot be used for structures other
than space trusses. Justify this assertion.

EXERCISE 21.2 [D:10] Thelogic of ModifiedMasterStiffness and ModifiedNodeForces isnot re-
stricted to space trusses, but can be used for any FEM program that stores K and f as full arrays. Justify this
assertion.

EXERCISE 21.3 [D:20] Thelogic of PrescDisplacementDOFTags and PrescDisplacementDOFValues
is not restricted to a fixed number of DOF per node. Justify this assertion.

EXERCISE 21.4 [A:15] Show that the longitudinal elongation of a space bar can be computed directly from
the global displacements Uy, Uy, . .. Uz, from

d = (Xa1 Uxz1 + Ya1 Uy2r + Zo1 Uz21) /4, (E21.1)

inwhich X,; = X, — Xg, Uxor = Uyx — Uyg, €tc, and £ is the bar length. Hence justify the formula used in
module SpaceBar2IntForce listed in Figure 21.9 to recover the axial force p = (EA/£)d.

EXERCISE 21.5 [C:25] Analyze the structure shown in Figure E21.1. Thisisapin-jointed truss model of a
200-in-high (5m) transmission tower originally proposed by Fox and Schmit in 1964 [96] as atest for early
automated-synthesis codes based on FEM. It became a standard benchmark for structural optimization.

The truss has 10 joints (nodes) and 25 members (elements). The truss geometry and node numbering are
defined in Figure E21.1(a). Joints 1 and 2 at the top of the tower lie on the {x, z} plane. The truss (but not the
loads) is symmetric about the {y, z} and {X, z} planes. Figure E21.1(b) gives the e ement numbers.

a
Coordinates: 1 (1) 2
node 2 ( 37.5,0,200)
node 1 (-37.5,0,200) 5
75 n (14) joins 3-10 7
(20) joins 5-10 )

8

FiGUurE E21.1. 25-member space truss model of a transmission tower. (a): Geometry definition and
node numbers; (b) element numbers. For member properties and loads see Tables E21.1 and E21.2.
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TableE21.1 Crosssection areas of transmission tower members

Element A(sgin) Element A(sqin) Element A (sqin)
1 0.033 10 0.010 19 1.760
2 2.015 11 0.010 20 1.760
3 2.015 12 0.014 21 1.760
4 2.015 13 0.014 22 2.440
5 2.015 14 0.980 23 2.440
6 2.823 15 0.980 24 2.440
7 2.823 16 0.980 25 2.440
8 2.823 17 0.980
9 2.823 18 1.760

TableE21.2 Applied load casefor transmission tower

Node x-load(Ib) y-load (Ib) z-load (Ib)

1 1000 10000 —5000
2 0 10000 —5000
3 500 0 0
6 500 0 0

Applied forces at al other nodes are zero.
Own-weight loads not considered.

The members are aluminum tubes with the cross sections listed in Table E21.1.# The modulus of elagticity is
E = 107 psi for all members. The specific weight is 0.1 Ib/in®. The applied load case to be studied is given
in Table E21.2.

Analyze the transmission tower using the program provided in the SpaceTruss . nb Notebook (downloadable
from Chapter 21 Index). Results to report: driver program cell, node displacements and element stresses.
(More details on HW assignment sheet.) Note: as a quick check on model preparation, the total weight of the
tower should be 555.18 Ib.

4 Data taken from an optimal design reported by Venkayya, Khot and Reddy in 1968 [253].
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