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Introduction to FEM

| mplementation of Plane (2D) Bar Element
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Introduction to FEM

Global Stiffness M atrix of Plane Bar
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Reason for the last form: symbolic computation. Thelength £ isirrational
function of the node coordinates, and segregation helps simplification.
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Introduction to FEM

Mathematica M odule to Form Stiffness
Matrix of a 2-Node Plane Bar Element

Pl aneBar 2Sti f f ness[ ncoor , Em , A ,options_]:= Mdul e[
{x1,x2,yl,y2,x21,y21, EA nuner, L, LL, LLL, Ke},
{{x1,yl},{x2,y2}}=ncoor; {x21,y21}={x2-x1,y2-yl},
EA=Ent A; {nuner}=options; LL=x21"2+y2172; L=Sqrt][LL];
| f [nuner, {x21,y21, EA LL, L} =N {x21,y21, EA LL,L}]];
I f [!numer, L=PowerExpand[L]]; LLL=Si nplify[LL*L];
Ke=(Ent A/ LLL) *{{ x21*x21, x21*y21,-x21*x21,-x21*y21},
{ y21*x21, y21*y21,-y21*x21,-y21*y21},
{-x21*x21, -x21*y21, x21*x21, x21*y21},
{-y21*x21, -y21*y21, y21*x21, y21*y21}},;
Ret ur n[ Ke]] ;

IFEM Ch 20 — Slide 4




Introduction to FEM

Test of Plane Bar Element with Numerical | nputs

ClearAll[A EmL];

ncoor ={{0, 0}, {30, 40}}; Em=1000; A=5;

Ke= Pl aneBar 2Sti ff ness[ ncoor, Em A, { True}];

Print["Numerical Elem Stiff Matrix: "];
Print[Ke//MtrixForm;

Print["Ei genval ues of Ke=", Chop[ Ei genval ues[N Ke]]]];
Print["Symmetry check=", Sinplify[ Chop[ Transpose[ Ke]-Ke]]];

Numerical Elem Stiff Matrix:
36. 48. -36. —48.
48. 64. -48. -64.
-36. -—48. 36. 48.
-48. —64. 48. 64.

Eigenvalues of Ke={200., 0, O, 0}
Symmetry check={{0, 0, 0, 0}, {0, 0, 0, 0}, {0, 0,0, 0}, {0, 0, O, O} }
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Introduction to FEM

Test of Plane Bar Element with Symbolic I nputs

ClearAl I [A EmL];

ncoor ={{0, 0}, {L, 0}};

Ke= Pl aneBar 2Sti ff ness[ ncoor, Em A, {Fal se}];
kfac=Enr* A/ L; Ke=Si nplify[Kel/kfac];

Print["Synbolic Elem Stiff Matrix: "];

Print[kfac," ", Ke//Matri xForni;

Print["Ei genval ues of Ke=", kfac,"*", Ei genval ues[ Ke]];

Symbolic Elem Stiff Matrix:

1 0 -1 0

AEm O 0 0 O

L -1 0 1 O

O 0 0 O
Eigenvalues of Ke=%1 {0, 0,0, 2}

IFEM Ch 20 — Slide 6




Introduction to FEM

Plane (2D) Beam-Column Element in Local System

uXZ 622 _ _ I _
| Ux1 f_xl
_ 0 -e m
y2 0 — _zl ¢ — _zl
5 _ Ux2 Ux2
\!} > X l]y2 l]y2
N E, A, |, constant| | 622 | Mz |
- 1 O 0O -1 0 07 - 0 0 0 O 0 0 7]
O 0 0O OO 12 6¢ 0 —-12 ©6¢
Ke __EA 0O 0 0 O El 42 0 —6¢ 202
R 1 0 0 3 0 0 O
0O 12 —6¢
| symm 0| | symm 4¢% |
bar contribution Bernoulli-Euler beam contribution

IFEM Ch 20— Slide 7




Introduction to FEM

Plane (2D) Beam-Column Element in Global System
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Introduction to FEM

Mathematica M oduleto Form Stiffness M atrix
of a 2-Node Plane Beam-Column Element

Pl aneBeanCol um2Sti f f ness[ ncoor ,Em,{A ,l1zz_}, options_]:\dul e[
{x1,x2,y1,y2,x21,y21, EA El, nuner, L, LL, LLL, Te, Kebar, Ke},
{{x1,yl},{x2,y2}}=ncoor; {x21,y21}={x2-x1,y2-yl};

EA=Ent A; El =Entlzz; {nuner}=options;

LL=Si npl i fy[x2172+y2172]; L=Sgrt[LL];

I f [numer, {x21,y21, EA EI, LL, L} =N {x21,y21, EA EI, LL,L}]1];

I f [!nunmer, L=PowerExpand[L]]; LLL=Si nmplify[LL*L];

Kebar= (EA/ L) *{

{ 1,0,0,-1,0,0},{0,0,0,0,0,0},{0,0,0,0,0, 0},
{-1,0,0, 1,0,0},{0,0,0,0,0,0},{0,0,0,0,0, 0}} +

(2%El / LLL) *{
{ 0,0,0,0,0,0},{0, 6 3*L,0,-6, 3*L},{0, 3*L, 2*LL, 0, -3*L, LL},
{ 0,0,0,0,0,0},{0,-6,-3*L,0, 6,-3*L},{0,3*L, LL,O,-3*L, 2*LL}};
Te={{x21,y21,0,0,0,0}/L, {-y21,x21,0,0,0,0}/L,{0,0,1,0,0, 0},

{0,0,0,x21,y21,0}/L,{0,0,0, -y21, x21,0}/L,{0,0,0,0,0, 1} };
Ke=Tr anspose[ Te] . Kebar . Te;
Ret urn[ Ke] ];
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Introduction to FEM

Test of Plane Beam-Column
Element with Numerical I nputs

ClearAll[L,EmA Iz2z];

ncoor ={{0, 0}, {3, 4}}; Em=100; A=125; |2zz=250;

Ke= Pl aneBeantCol um2Sti f f ness[ ncoor, Em {A | zz},{True}];
Print["Numerical Elem Stiff Matrix: "];

Print[ Ke//MatrixForm;

Print["Ei genval ues of Ke=", Chop[ Ei genval ues[ Ke]]];

Numerical Elem Stiff Matrix:
2436. 48. -4800. -2436. —-48. —-4800.

48. 2464. 3600. —-48. -2464. 3600.
-4800. 3600. 20000. 4800. -3600. 10000.
-2436. —-48. 4800. 2436. 48. 4800.

—-48. -2464. -3600. 48. 2464. -3600.
-4800. 3600. 10000. 4800. -—-3600. 20000.

Eigenvalues of Ke = {34800., 10000., 5000., 0, 0, 0}
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Introduction to FEM

Test of Plane Beam-Column
Element with Symbolic I nputs

ClearAll[L,EmA lzz];

ncoor ={{0, 0}, {3*L/5,4*L/5}};

Ke= Pl aneBeanCol um2Sti f f ness[ ncoor, Em {A, | zz}, {Fal se}];
Print["Synbolic Elem Stiff Mtrix:"]; kfac=Em

Ke=Si npl i fy[Ke/ kfac]; Print[kfac," ",Ke//MatrixForni;
Print["Ei genval ues of Ke=", kfac,"*", Ei genval ues[ Ke]];

Symbolic Elem Stiff Matrix:

3 (64 Izz +3 AL?) 12 (=12 1zz +AL2) _241zz _3(641zz +3AL?) _12 (12 1zz +AL?) _ 241z
25 L3 25 L3 512 25 L3 25 L3 512
12 (-12 1zz +AL2) 4 (27 1zz +4 AL?) 18 Izz _ 12 (-12 1zz +AL2) _4(27 1zz +4 AL?) 18 Izz
25 L3 25 L3 512 25 L3 25 L3 512
_24 12z 18 1zz 4 1zz 24 1zz _ 18 lzz 2 1zz
Em 52 512 L 52 512 L
_3(641zz +3AL2) _ 12 (-12 1zz +AL?) 24 l1zz 3 (64 1zz +3AL2) 12 (-12 Izz +AL2?) 24 17z
25 L3 25 L3 512 25 L3 25 L3 512
_12 (-12 17z +AL2) _A4(27 12z +4 AL?) _181zz 12 (12 1zz +AL?) 4(27 17z +4 AL2) _181zz
25 L3 25 L3 512 25 L3 25 L3 512
_ 2412z 18 1zz 2 1zz 24 l1zz _ 18 lzz 4 1zz
512 512 L 52 512 L

2
Eigenvalues of Ke = Em{0, 0, 0, % 2'LZZ, 6(4'ZZL’;'ZZL )
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Introduction to FEM

Space (3D) Bar Element
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Ke: EA
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Introduction to FEM

Global Stiffness of 3D Bar Element
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Introduction to FEM

Mathematica M oduleto Form Stiffness
Matrix of a 2-Node Space Bar Element

SpaceBar 2Sti f f ness[ ncoor_, Em , A , opti ons_]: =Modul e[
{x1,x2,y1,y2,21,22,x21,y21, z21, EA, nuner, L, LL, LLL, Ke},
{{x1,y1, z1},{x2,y2,z2}}=ncoor; {x21,y21, 221} ={x2-x1,y2-y1l, z2- z1};
EA=Ent A; {nuner}=options; LL=x21"2+y21"2+z21"2; L=Sqrt|[LL];
| f [numer, {x21,y21, z21, EA, LL, L} =N {x21, y21, z21, EA LL, L}]];
I f [!nuner, L=PowerExpand[L]]; LLL=Sinmplify[LL*L];
Ke=( Enmr A/ LLL) *
{{ x21*x21, x21*y21, x21*z21,-x21*x21,-x21*y21, -x21*z21},
{ y21*x21, y21*y21, y21*z21,-y21*x21,-y21*y21,-y21*z21},
{ z21*x21, z21*y21, z21*z21,-z221*x21,-z21*y21,-2z21*z21},
{-x21*x21, -x21*y21, -x21*z21, x21*x21, x21*y21, x21*z21},
{-y21*x21, -y21*y21, -y21*z21, y21*x21, y21l*y21, y21*z21},
{-221*x21, -z21*y21, -z21*221, z21*x21, z21*y21, z21*z21}};
Ret ur n[ Ke] ;
l;
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Introduction to FEM

Test of Space Bar Element with Numerical I nputs

ClearAl[A EM;

ncoor={{0,0,0},{2,3,6}}; Em343; A=10;

Ke= SpaceBar 2Sti ff ness[ ncoor, Em A, { True}];
Print["Nunmerical Elem Stiff Mtrix: "];
Print[Ke//MtrixForm;

Print["Ei genval ues of Ke=", Chop[ Ei genval ues[ Ke]]];

Numerical Elem Stiff Matrix:

40. 60. 120. —-40. -60. —-120

60. 90. 180. -60. -90. —-180
120. 180. 360. -120. -180. -360.
—-40. -60. -120. 40. 60. 120.
-60. -90. —-180. 60. 90. 180.
-120. -180. -360. 120. 180. 360

Eigenvalues of Ke={980,, 0, 0, 0, 0, 0}

IFEM Ch 20 — Slide 15




Introduction to FEM

Test of Space Bar Element with Symbolic I nputs

ClearAll [A EmL];

ncoor ={{0, 0, 0}, {L, 2*L, 2*L}/ 3};

Ke= SpaceBar2Stiffness[ncoor, Em A, {Fal se}];
kfac=Enr A/ (9*L); Ke=Si nplify[ Ke/kfac];
Print["Synbolic Elem Stiff Matrix: "];

Print[kfac," ",Ke//MatrixForm;

Print["Ei genval ues of Ke=", kfac,"*", Ei genval ues[ Ke]];

Symbolic Elem Stiff Matrix:

1 2 2 -1 -2 -2

2 4 4 -2 -4 -4

AEm| 2 4 4 -2 -4 -4

oL | -1 -2 -2 1 2 2

-2 -4 -4 2 4 4

-2 -4 -4 2 4 4
A Em

Eigenvalues of Ke = oL [{0,0,0,0,0, 18}
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Introduction to FEM

Space Beam Element
(Detailsin Notes & HW Exercises)

Orientation node /t—”’fp\?\\(x3’y3’z3)
defining plane X,y )
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