16-15 Solutions to Exercises

Homework Exercisesfor Chapter 16 - The | soparametric Representation
Solutions

EXERCISE 16.1 Verification of this condition is necessary so that constant functions are interpolated cor-
rectly over the element. If the function happens to be a displacement component such as uy or uy, the constant
value correspondsto arigid body motion, which must be represented exactly. To illustrate this point suppose
that for an n-node element, ¢ = Uy; = Uxz = ... = Uyx,, Which represents a rigid body motion uy = ¢
(constant over the element). Then

n n
Ue = UaNf + UeNS +.. . uaNE= > "ugNE=c) Nf=cx1l=c. (E16.7)
i=1 i=1

EXERCISE 16.2 Check for the 6-node quadratic triangle:

NE = 202 + &7 + & + 20180 + 20083 + 28381) — (§1+ L2 + £3)

M-

(E16.8)
=204+ — (1t L+ =2x1-1=1
where the fact that ¢, + ¢2 + ¢3 = 1 has been used.
EXERCISE 16.3 The complete shape functions of the 9-node biquadratic quadrilateral are:
Nf= 2A-&QA-mén, N§=—-31-E)L~mn,
NS =—20+&A—nén, NE= 3(1+8&€A—ndE, e 2 2
Ng =(1— 1-—7n9. E16.9
Ne= la+eA+men Ne= ia-gd@tqpy oo AT (HE9
Nf=—20-6A+nEn,  Ng=-31-6A-nE,
Check that sum is unity:
4 8 8
DONT=gMP Y ONT=E 4P - 227 Y O NE=g2 4 — 7 (E16.10)
i=1 i=5 i=1
Since N§ = 1 — &2 — n? + £2p%, we see that
8 9
Ne=1-) N, whence » N=1 (E16.11)
i=1 i=1

EXERCISE 16.4 Toconstruct N; assumethe quadratic polynomial Ny (£) = ag+a;£ +a,£2. Theconditions
N, =1,0andOa & = —1,0and 1 (nodes 1, 3 and 2, respectively), yieldag = 0,a, = —1/2anda, = 1/2,
whence N; = —(1/2)& + (1/2)£? = —£(1 — £)/2. A similar technique can be used for N, and N3. The
complete set isgiven in (E16.2).

Unitsumcheck: Ny + N + N3 = —2& + 262+ 26 + 262+ 162 =1

This “brute force” technique for constructing shape functions works well for this 1D element, but leads to

complicated algebrain 2D and 3D. A quicker and more elegant method that directly builds the functions as
product of linear factorsis explained in Chapter 18.
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ClearAll[L, a, &, EA];

Ne={-&*(1-&)/2,&*(1+&)/2,1-§"2}; J=(L-4*L*a*&)/2;

B=Simplify[D[ Ne, §]1/J]; BTBJ=Transpose[{B}].{B}*J; wl=w2=1;

Ke=Si npl i fy[ EA*((wL*BTBJ/ . &->-Sqrt[1/3]) +(wW2*BTBJ/ . &->Sqrt[1/3]))];
Print["Ke=",Ke//MtrixForn;

FicUurke E16.4. Mathematica script for item (c) of Exercise 16.5.

EXERCISE 16.5

(@

(b)

(©)

(d)

From the definition of element geometry in the second row of (E16.3):

X = xaNF + %NS +x3N5 = €[ 36 + 1) + (5 + @)1 - £D)], (E16.12)
we get
3= (3 — 26a)e (E16.13)
5 = . .

(In 1D, the Jacobian is a scalar and is the same as its determinant.) J islinear in &. Consequently its
max/min values over the element occur at the end nodes:

h=deea=CG -2, L=l =G +20)¢ (E16.14)

Both J; and J, are obviously positiveif —3 < o < 2, and if s0 J > O inside the element. If & = 0,
J = 3¢ isconstant over the element.

The strain displacement matrix linking e = B u® is given by

B

_dNe_dNedg_ —1[3Nf INE 3N§]_ 1 (61
= 2

o~ 1 1
dx  d& dx 08 08 0t | ol 20f) £E+3 —2] (E16.15

From Chapter 12 the element strain energy is (12.18). Replacing the e = Bu® of item (b) gives
ue==1we)T f(f BTEBdxue & T(u®TK®u®, whence

L 1 dX 1
Ke:/ BTEde=/ BTEB—dg‘:/ B'EB Jd¢&. (E16.16)
0 -1 d%— —1

For the two-point Gauss rule the Mathematica script of Figure E16.4 gives

EA 7— 16« 1 —-8(1— 2a)
e — m 1 7+ 16« —-8(1+2w) (E16.17)
(3—160%) | _g1_2y) —8(1+ 2a) 16
If o = Othisreducesto
7 1 -8
EA
-8 -8 16

Ifa =0, fromitem(a) J = %E is constant whereas B islinear in £. Because E A isconstant, EAB' B J
isaquadratic polynomial in &. Thisis exactly integrated by a Gauss rule with 2 or more points.
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ClearAl[L,a,¢, EAl;
Ne={-&*(1-&)/2,&*(1+§)/2,1-§"2}; J=(L-4*L*a*&)/2;
B=Simplify[{D[Ne, §]/J}]; Print["B=",B];
Ke = Sinplify[lntegrate[ EA*Transpose[B].B*J, {&, -1, 1},
Assunptions -> EA>0 && L>0 & a > 0 && a < 1/2]];
Print["Ke exact:", Ke];
Print["Ke exact for oa=0:",(Ke/.a->0)//MtrixForm ;
Keseri es=Nornal [ Seri es[Ke, {a, 0, 2}]1;
Print["Keseries=", Keseries//MtrixForm;
Print["Ke series for a=0:",
Si mpl i fy[ Keseries/.a->0]//MatrixForni;

Fi1cure E16.5. Mathematica script for Exercise 16.6.

1-2¢ 1+2¢ 4
B:{{7L+4Lag’ L-4La&’ _L74La§}}
Ke exact:{{EA(]in—Sa—4]17roz+32a2+4J'17Ta2—(132—5022L0g[—1+4a}+(l—2a)2Log[1+4a])’
o
EA (-8a+ (-1+4c®)Log[l-4a]l + (1-40%) Log[l+4a])
32Lad '
EA (-1+20a) (8a+Log[l-4a]-Log[l+4al)
h 16Lo3 b
EA (-8a+ (-1+4c®?)Log[l-4a] + (1-40%) Log[l+4a])
{ 32Lod '
EA (1 (m(1+2a)2+8ia(l+4a)) - (1+2a)?Log[-1+4a]+ (1+2a)?2Log[l+4a])
32Lad ’
EA(1+2a) (8a+Log[l-4a] -Log[l+4a]) EA (-1+2a) (B8a+Log[l-4a] -Log[l+4a])
16L a3 } {7 16 L a3 '
EA (1+2a) (8a+Log[l-4a] -Log[l+4a]) EA (8a+Log[l-4a] -Log[l+4a])
16 L o3 ' 8Lad3 }}

(bunch of error messages deleted to save space)

Indeterm nate | ndeterm nate | ndeterm nate
Ke exact for a=0: | Indeterm nate Indeterm nate |ndeterni nate
Indeterm nate |ndeterm nate | ndeterm nate

7 _ 16EAa  272EAQ? EA , 112 EAo? _B8EA , 16EAa _ 128 EAo?
3L 3L 15 L 3L 15 L 3L 3L 5L
. 2 2 2
Keseri es= EA , 112 EAa 7EA | 16EAa , 272 EAa _BEA _ 16EAa _ 128 EAa
3L YT 15L 3L Y TsL YT 1sL 3L 3L 5L
_BEA , 16EAa _ 128EAo® _8EA _ 16EAa _ 128 EAd? 16 EA , 256 EAo?
3L 3L 5L 3L 3L 5L 3L 5L
7EA EA _8EA
3L L 3L
i -0: EA 7EA  _BEA
Ke series for «a=0: 1 o o
_BEA _BEA 16EA
3L 3L 3L

FI1GURE E16.6. Results of running the script of Figure E16.5 under Mathematica 4.2.

EXERCISE 16.6 The script used for thisitem is shown in Figure E16.5. Results of running the script under
Mathematica 4.2 are given in Figure E16.6.

The stiffness entries given by exact integration are typified by K1, = (EA/(32030))(im — 8a — dimo +
320% + dima? — (1 —2)210g(da — 1) + (1 — 2)?log(1 + 4a)), K1o = (EA/(320:3€)) (8(ax + (4o —
1) log(1—4a)+(1—4a?) log(1+4a), etc. Theentriesare complex expressionsbecause of the particular
choice of path integration made by Mathematica to integrate rational functionsin&. Evaluationat o = 0
fails because entries become 0/0.
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These indeterminate limits can be resolved by expanding K€ in Taylor series about « = 0, and then

evaluating the series at « = 0. This reproduces the result (E16.18). All these numerical difficulties and
gyrations are bypassed with 2-point Gauss quadrature.

CearAl[L, 0L ER;
Ne={-&*(1-&)/2,&*(1+&)/2,1-&"2}; J=(L-4*L*a*&)/2;
fe=Ful |l Simplify[lntegrate[q*Ne*J, {&, &L, ER}]];
Print["fe:", fe];

Print["fe for full bar with a=0:",Sinplify[fe/.{{L->-1,&R>1,a->0}]];

F1GURE E16.7. Mathematica script for Exercise 16.6.

EXERCISE 16.7 The Mathematica script of Figure E16.7 gives the complicated result:

gL [ 3L — 20+ 48] + e + Ex(—3+ 2(1+ a(4 — 3r))ER)
=24 | ~36L+ (24 8a)g] + Bag(’ + £p(3 — 2r(—1 + a(4+ 36r)) (E16.19)
—4(&L (B — E2 + 3k (—24 £P)) — BER + Bk} + £5 — BaER)
Ifa=0,& = —1and &g = 1 s0 theload extends over the whole bar, this expression simplifies to
fe = % [1 1 4]". (E16.20)

Thisisnothing but Simpson’s rule for integration.
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