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16-3 816.2 ISOPARAMETRIC REPRESENTATION

§16.1. Introduction

The procedure used in Chapter 15 to formulate the stiffness equations of the linear triangle can
be formally extended to quadrilateral elements as well as higher order triangles. But one quickly
encounters technical difficulties:

1. The construction of shape functions that satisfy consistency requirements for higher order
elements with curved boundaries becomes increasingly complicated.

2. Integrals that appear in the expressions of the element stiffness matrix and consistent nodal
force vector can no longer be evaluated in simple closed form.

Thesetwo obstacl es can be overcomethrough the concepts of isoparametric el ementsand numerical
guadrature, respectively. The combination of thesetwo ideastransformed thefield of finite element
methods in the late 1960s. Together they support a good portion of what is presently used in
production finite element programs.

In the present Chapter the concept of isoparametric representation is introduced for two dimen-
sional elements. This representation is illustrated on specific elements. In the next Chapter these
techniques, combined with numerical integration, are applied to quadrilateral elements.

816.2. Isoparametric Representation

§16.2.1. Motivation

Thelinear triangle presented in Chapter 15 is an isoparametric element although was not originally
derived as such. The two key equations are (15.10), which defines the triangle geometry, and
(15.16), which defines the primary variable, in this case the displacement field. These equations
are reproduced here for convenience:

1 1 1 1 l1
[x:|=|:x1 Xo x3:| [Q] (16.1)
y Yi Y2 Yad L¢3

e e e
Uy = qu Nl + uX2 N2 + UX3 N3 = UX1§1 + UX2§2 + UX3§3,

Uy = Uys N + Uy NS 4 UysNg = U8 + Uyply + Uyals. (162
The interpretation of these equations is as follows.
Thetriangul ar coordinates define the el ement geom-
etry via (16.1). The displacement expansion (16.2) Triangular Geomelry
is defined by the shape functions, which are in turn C‘zordz'”atzes —_— 1L,xy
expressed interms of thetriangular coordinates. For S
the linear triangle, shape functions and triangular
coordinates coal esce. i
These relations are diagrammed in Figure 16.1. r— SERETE
Evidently geometry and displacements are not functions > interpolation
treated equally. If we proceed to higher order N© Uy, Uy

triangular elements while keeping straight sides,
only the displacement expansion is refined whereas
the geometry definition remains the same.

FIGURE 16.1. Superparametric rep-
resentation of triangular element.
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Chapter 16: THE ISOPARAMETRIC REPRESENTATION 164

Geometry
/ Lxy
Triangular Shape
coordinates — functions
Zly ng Z3 Ni(e)
. [Displacement
interpolation
Uy, Uy

FIGURE 16.2. |soparametric representation of triangular elements.

Elements built according to the foregoing prescription are called superparametric, a term that
emphasizes that unequal treatment.

816.2.2. Equalizing Geometry and Displacements

On first ingpection (16.2) and (16.1) do not look aike. Their inherent similarity can be displayed,
however, if the second one is rewritten and adjoined to (16.1) to look as follows:

1 1 1 1 1 1 1

X X1 X2 X3 & X1 X2 X3 N

Y| =|Yn Y V¥ [ 52} =l Y1 Y2 VY3 [ NS} : (16.3)
Ux Uyp Uy Uy {3 Uyp Uyxo Uy NS?

Uy Uy Uy Uy Uy Uy Uy

Thisform emphasizes that geometry and displacements are given by the same parametric represen-
tation, as shown in Figure 16.2.

The key ideaisto use the shape functions to represent both the element geometry and the problem
unknowns, whichinstructural mechanicsaredisplacements. Hencethe nameisoparametric element
(“1s0” means equal), often abbreviated to iso-P element. This property may be generalized to
arbitrary elements by replacing the term “triangular coordinates’ by the more general one “natural
coordinates” This generalization isillustrated in Figure 16.3.

Geometry
/ 1, X,y
Shape
Natural _
coordinates | =P func’ill.(%gls
1

\ Displacement

interpolation
Uy, Uy

FIGURE 16.3. Isoparametric representation of arbitrary two-dimensional
elements: triangles or quadrilaterals. For 3D elements, expand the geometry
list to {1, X, y, z} and the displacements to {uyx, Uy, uz}.
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16-5 816.4 TRIANGULAR ELEMENTS

Under this generalization, natural coordinates (triangular coordinates for triangles, quadrilateral
coordinates for quadrilaterals) appear as parameters that define the shape functions. The shape
functions connect the geometry with the displacements.

Remark 16.1. The terms isoparametric and superparametric were introduced by Irons and coworkers at
Swansea in 1966. See Notes and Bibliography at the end of this Chapter. There are also subparametric
elements whose geometry is more refined than the displacement expansion.

§16.3. General |soparametric Formulation

Thegeneralization of (16.3) toan arbitrary two-dimensional element withn nodesisstraightforward.
Two set of relations, one for the element geometry and the other for the element displacements, are
required. Both sets exhibit the same interpolation in terms of the shape functions.

Geometric relations:

n n n
1= Z NF, x= Z XN,y = Z yi NP (16.4)
i=1 i=1 i=1

Displacement inter polation:

n n
UX == Z UX| Nie, Uy - Z Uy| Nie. (16.5)
i=1 i=1
These two sets of equations may be combined in matrix form as
1 1 1 ... 1[N
Ne
X X; Xp ... X, 2
Y=Y Yo .- VY Col- (16.6)
Uy Ug Uy ... Uy,
Uy Uyl Uy2 oo Uyn Nﬁ

The first three scalar equations in (16.6) express the geometry definition, and the last two the
displacement expansion. Note that additional rows may be added to this matrix expression if more
variables are interpolated by the same shape functions. For example, suppose that the thickness h
and atemperature field T are both interpolated from the n node values:

m 1 1 1 ... 17
Ne
X Xp Xy .. X, Nle
y Y1 Y2 - W 2
Uy | =] Uy Uy ... Uy, (16.7)
Uy uyl uy2 uyn
h hy hy ... hy | Lne
Tl Lt T, ... T,

Note that the column of shape functions does not change.

To illustrate the use of the isoparametric concept, we take a look at specific 2D isoparametric
elements that are commonly used in structural and non-structural applications. These are separated
into triangles and quadrilaterals because different natural coordinates are used.

16-5



Chapter 16: THE ISOPARAMETRIC REPRESENTATION
§16.4. Triangular Elements

816.4.1. TheLinear Triangle

The three-noded linear triangle, studied in Chapter 15 and

picturedin Figure 16.4, may be presented asan isoparametric
element:

1 1 1 1

X X, X, Xg N

Y=Y Y2 ¥ |: N7 i| : (16.8)
Ux Uyp Uy Uyg N??

Uy uyl uy2 uy3

The shape functions are simply the triangular coordinates:

Nf = 21, N5 = ¢o,

Ng = (3.

166

1

F1GURE 16.4. The 3-node linear triangle.

(16.9)

Thelinear triangle is the only triangular element that is both superparametric and isoparametric.

816.4.2. TheQuadratic Triangle

Thesix nodetriangleshowninFigure 16.5isthe next
complete-polynomial member of the isoparametric
triangle family. The isoparametric definition is

- NS
1 1 1 1 1 1 1 Ng
X X, X, X3 Xg Xs Xg NE
Y| = Y1 Y2 Y3 Ya ¥5 ¥ Ng
Ux Uyg Uyo Uyz Uyy Uys Uyg N5e
Uy Uys Uyz Uyg Uys Uys Uye Ng
(16.10)

The shape functions are

Ny =¢1(251— 1), N§j=10(20—-1),
Nj =418, NS =423, N§ =430

N$ = ¢3(2¢3 — 1),

(b) 3
5
6
y!
1

FIGURE 16.5. The 6-node quadratic triangle:
() the superparametric version, with straight
sides and midside nodes at midpoints; (b) the

isoparametric version.

(16.11)

The element may have parabolically curved sides defined by thelocation of the midnodes4, 5 and 6.
The triangular coordinates for a curved triangle are no longer straight lines, but form a curvilinear

system as can be observed in Figure 16.5(b).
§16.4.3. *The Cubic Triangle

The cubic triangle hasten nodes. This shape functions of thiselement are the subject of an Exercisein Chapter

18. Theimplementation is studied in Chapter 24.
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167 816.5 QUADRILATERAL ELEMENTS

§16.5. Quadrilateral Elements

816.5.1. Quadrilateral Coordinatesand Iso-P Mappings

Before presenting examples of quadrilatera
elements, we must introduce the appropriate
natural coordinate systemfor that geometry.
The natural coordinates for a triangular
element are the triangular coordinates ¢,
¢ and ¢3. The natura coordinates for a
quadrilateral element are & and n, which are
illustrated in Figure 16.6 for both straight
sided and curved side quadrilaterals. These
are called quadrilateral coordinates. FIGURE 16.6. Quadrilateral coordinates.

These coordinates vary from —1 on one side to +1 at the other, taking the value zero over the
guadrilateral medians. This particular variation range (instead of taking, say, 0 to 1) was chosen by
Irons and coworkers to facilitate use of the standard Gauss integration formulas. Those formulas
are discussed in the next Chapter.

Remark 16.2. In some FEM derivations it is convenient to visualize the quadrilateral coordinates plotted as
Cartesian coordinates in the {£, n} plane. Thisiscalled the reference plane. All quadrilateral elementsin the
reference plane become a square of side 2, called the reference element, which extendsover £ € [—1,1], n €
[—1, 1]. The transformation between {&, n} and {x, y} dictated by the second and third equations of (16.4),
is called the isoparametric mapping. A similar version exists for triangles. An important application of this
mapping is discussed in §16.6; see Figure 16.9 there.

§16.5.2. TheBilinear Quadrilateral

The four-node quadrilateral shown in Figure 16.7 is the
simplest member of the quadrilateral family. It is defined by

1 1 1 1 1 NE

X X; X, Xy Xy N% 1 -

Y= Y1 Y2 Y3 W NE |- (16.12) n=-1 5

Uyx u u u u

u UX1 UXZ UX3 UX4 Nf FIGURE 16.7. The 4-node
y yl y2 Yy3 Hya 7.

bilinear quadrilateral.

The shape functions are

Nf=21-&@—n), NS =21+ &)1 —n),

e 1 e 1 (16.13)
Ny =71 +8A+n), Ny =71 =81 +n).

These functions vary linearly on quadrilateral coordinate lines& = const and n = const, but are
not linear polynomials as in the case of the three-node triangle.
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Chapter 16: THE ISOPARAMETRIC REPRESENTATION 168

(b) X‘ 3
4 n=1V

6
8 SR
&=-1 £=1
17 n=-1lg
2

FIGURE 16.8. Twowidely used higher order quadrilaterals: (a) thenine-node biquadratic
quadrilateral; (b) the eight-node “serendipity” quadrilateral.

816.5.3. The Biquadratic Quadrilateral

Thenine-nodequadrilateral showninFigure 16.8(a) isthe next complete member of thequadrilateral
family. It has eight external nodes and one internal node. It is defined by

1 1 1 1 1 1 1 1 1 1[N

X X, Xy Xg X, Xs Xg X, Xg X5 || N2

Y= Y1 Y2 Y5 Ya Y5 Y5 Y2 Ys Yo C. (16.14)
Ux Uyp Uyxo Uyz Uy Uys Uy Uyz Uyg Uyg

Uy Uy Uy Ug Uy Ug Ug Uz Ug Ug Ng

This element is often referred to as the Lagrangian quadrilateral in the FEM literature, a term
explained in the Notes and Bibliography. Its shape functions are

Nf= ZA—-&)A—mEn, NE=-31-H1L—-nn,
NS =—31+86A-ntn. N&= JA+6)A-nHE. Ng=(1-£HL-n> (16.15)

o Uo

Thesefunctionsvary quadratically along the coordinatelinesé = const and » = const. The shape
function associated with the internal node 9 is called a bubble function because of its geometric
shape, which is pictured in §18.4.2.

Figure 16.8(a) depicts a widely used eight-node variant called the “serendipity” quadrilateral. (A
name that originated from circumstances surrounding the element discovery.) Theinterna nodeis
eliminated by kinematic constraints as worked out in an Exercise of Chapter 18.

§16.6. Completeness Properties of | so-P Elements

Some general conclusions as regards the range of applications of isoparametric elements can be
obtained from a completeness analysis. More specifically, whether the general prescription (16.6)
that combines (16.4) and (16.5) satisfiesthe completenesscriterion of finiteelement trial expansions.
Thisisone of the conditions for convergence to the analytical solution. The requirement is treated
generaly in Chapter 19, and is stated here in recipe form.
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16-9 816.6 COMPLETENESS PROPERTIES OF ISO-P ELEMENTS
§16.6.1. *Completeness Analysis

The plane stress problem has variational index m = 1. A set of shape functionsis complete for this problem
if they can represent exactly any linear displacement motions such as

Uy = g + a1X + oY, Uy = Bo + B1X + B2y. (16.16)
To carry out the check, evaluate (16.16) at the nodes
U,, = ag+ a1X + ooy in = Bo + B1Xi + B2Vi, i=1 ...n (16.17)

Insert this into the displacement expansion (16.5) to see whether the linear displacement field (16.16) is
recovered. Here are the computations for the displacement component uy:

n
o= (@o+onx +ay)NE=ao Y Ne+as Z X N® + o, Z yiNE = ap + a1X + apy. (16.18)
1 1

i=1 i

For the last step we have used the geometry definition relations (16.4), reproduced here for convenience:

n n n
1=) N&, x=) xN& y=) yN® (16.19)
i=1 i=1 i=1

A similar calculation may be madefor uy. It appearsthat the isoparametric displacement expansion represents
(16.18) for any element, and consequently meets the completeness requirement for variational order m = 1.
The derivation carries without essential change to three dimensions.!

Can you detect a flaw in this conclusion? The fly in the cintment is the last replacement step of (16.18),
which assumesthat the geometry relations (16.19) areidentically satisfied. Indeed they arefor all the example
elements presented in the previous sections. But if the new shape functions are constructed directly by the
methods of Chapter 18, a posteriori checks of those identities are necessary.

816.6.2. Completeness Checks

Thefirst check in (16.19) iseasy: the sum of shape functions must be unity. Thisisalso called the
unit sum condition. It can be easily verified by hand for simple elements. Here are two examples.

Example 16.1. Check for the linear triangle: directly from the definition of triangular coordinates,

NF+N;+NS=t+0+8=1 (16.20)

1 This derivation is dueto B. M. Irons. See for example [145, p. 75]. The property was known since the mid 1960s and
contributed substantially to the rapid acceptance of iso-P elements.
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Chapter 16: THE ISOPARAMETRIC REPRESENTATION 16-10

&-n plane good mapping bad mapping
- on—o (compatible) (incompatible)
2

(el) ¢

- lo——02

FIGURE 16.9. Good and bad isoparametric mappings of 4-node quadrilateral
fromthe {&, n} reference plane onto the {Xx, y} physical plane.

Example 16.2. Check for the 4-node bilinear quadrilateral:

Nf+ NS+ Ns+Nf=2(L—&—n+&n+3A+E—n—E£n (16.20)
+IA+E+n+Ep+id-—E+n—£n =1 '

For more complicated elements see Exercises 16.2 and 16.3.

The other two checks are less obvious. For specificity consider the 4-node bilinear quadrilateral.
The geometry definition equations are

4 4
X = Zl: xNEE, m), Y= ; yiNEE, ). (16.22)

Given the corner coordinates, {x;, i} and a point P(x, y) one can try to solve for {&, n}. This
solution requires nontrivial work because it involves two coupled quadratics, but can be done.
Reinserting into (16.22) simply gives back x and y, and nothing is gained.?

The correct question to pose is. is the correct geometry of the quadrilateral preserved by the
mapping from {&, n} to {x, y}? In particular, are the sides straight lines? Figure 16.9 illustrate
these questions. Two side-two squares. (el) and (e2), contiguousin the {&, n} reference plane, are
mapped to quadrilaterals (el) and (e2) in the {x, y} physical plane through (16.22). The common
side 1-2 must remain a straight line to preclude interelement gaps or interpenetration.

Wearethereforelead to consider geometric compatibility upon mapping. Butthisisequivalenttothe
guestion of interelement displacement compatibility, which is stipulated asitem (C) in 818.1. The
statement “the displacement along a side must be uniquely determined by nodal displacements on
that side” trandlatesto “the coordinates of aside must be uniquely determined by nodal coordinates
on that side” Summarizing:

2 This tautology is actually a blessing, since finding explicit expressions for the natural coordinates in terms of x and y
rapidly becomes impossible for higher order elements. See, for example, the complications that already arise for the
bilinear quadrilateral in §23.3.
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16-11 816. References

Unit-sum condition + interelement compatibility — completeness. (16.23)

This subdivision of work significantly reduces the labor involved in el ement testing.

§16.6.3. *Completenessfor Higher Variational Index

The completeness conditions for variational index 2 are far more demanding because they involve quadratic
motions. No simple isoparametric configurations satisfy those conditions. Consequently isoparametric for-
mulations have limited importance in the finite element analysis of plate and shell bending.

§16.7. 1so-P Elementsin Oneand Three Dimensions

The reader should not think that the concept of isoparametric representation is confined to two-
dimensional elements. It applieswithout conceptual changesto one and threedimensionsaslong as
the variational index remains one.®> Three-dimensional solid elements are covered in an advanced
course. The use of the isoparametric formulation to construct a 3-node bar element is the topic of
Exercises 16.4 through 16.7.

Notes and Bibliography

A detailed presentation of the isoparametric concept, with annotated references to the original 1960 papers
may be found in the textbook [145].

This matrix representation for isoparametric elements used here was introduced in [66].

Theterm Lagrangian element in the mathematical FEM literatureidentifies quadril ateral and hexahedra (brick)
elements that include all polynomial terms &'l (in 2D) or &' »l uX (in 3D) withi < n, j < nandk < n,
as part of the shape function interpolation. Such elements have (n + 1)2 nodesin 2D and (n + 1)3 nodesin
3D, and the interpolation is said to be n-bicomplete. For example, if n = 2, the biquadratic quadrilateral with
(24 1)2 = 9 nodes is Lagrangian and 2-bicomplete. (The qualifier “Lagrangian” in this context refers to
Lagrange's interpolation formula, not to Lagrange multipliers.)

References
Referenced items have been moved to Appendix R

3 A limitation explained in §16.6.3.
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Homework Exercisesfor Chapter 16
The I soparametric Representation

EXERCISE 16.1 [D:10] Whatisthephysical interpretation of the shape-function unit-sum condition discussed
in 816.6? Hint: the element must respond exactly in terms of displacements to rigid-body trandationsin the
x and y directions.

EXERCISE 16.2 [A:15] Check by algebra that the sum of the shape functions for the six-node quadratic
triangle (16.11) is exactly one regardless of natural coordinatesvalues. Hint: show that the sum is expressable
as2S — S, where S = 41 + 42 + 3.

EXERCISE 16.3 [A/C:15] Completethetable of shapefunctions(16.23) of the nine-node biquadratic quadri-
lateral. Verify that their sum is exactly one.

EXERCISE 16.4 [A:20] Consider athree-node bar element referred to the natural coordinate &. Thetwo end
nodes and the midnode are identified as 1, 2 and 3, respectively. The natural coordinates of nodes 1, 2 and 3
areé = —1,& =1land & = 0, respectively. The variation of the shape functions Ny (£), N2(¢) and N3(&) is
sketched in Figure E16.1. These functions must be quadratic polynomialsin &:

NF(E) = 8o + &g + @  N3(§) = bo+big +b8?  N3(§) = Co + C1§ + CoE . (E16.1)
e
N (®) N(®) ) Jl L®
3 02 lo 3 02

3 2
F=-1 £=0 g1 &1 =0 £=1 %2—1 320 £21

FicUurke E16.1. Isoparametric shape functions for 3-node bar element (sketch). Node 3 has been
drawn at the 1-2 midpoint but it may be moved away from it, asin Exercises E16.5 and E16.6.

Determinethe coefficientsag, through ¢, using the node val ue conditionsdepicted in Figure E16.1; for example
Ny =1,0andOfor £ = —1, 0and 1 at nodes 1, 3 and 2, respectively. Proceeding this way show that

NF(§) = —36(1— ), N3 (&) = 361+ ), N5(§) = 1— &2 (E16.2)
Verify that their sum isidentically one.

EXERCISE 16.5

[A/C:15+10+15+5] A 3-node straight bar element is defined by 3 nodes: 1, 2 and 3, with axia coordinates
X1, X2 and Xs, respectively, as illustrated in Figure E16.2. The element has axial rigidity EA and length
£ = Xy — X;. The axia displacement is u(x). The 3 degrees of freedom are the axial node displacements u,,
U, and uz. The isoparametric definition of the element is

1 1 1 1 \by
X=X X X3 NS |, (E16.3)
u Uy Us Uz N3

in which Nf(&) are the shape functions (E16.2) of the previous Exercise. Node 3 lies between 1 and 2 but is
not necessarily at the midpoint x = %Z. For convenience define

X1 =0, Xo = £, Xs = (3 + o)L, (E16.4)
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axia rigidity EA
O > X, U
f f
1(&=-1) 3(8=0) 2(&=1)
X1=0 Xg=L2+0l  Xp=1{

—— £=L® —

FIGURE E16.2. The 3-node bar element initslocal system.

where —% <a< % characterizes the location of node 3 with respect to the element center. If « = 0 node 3

islocated at the midpoint between 1 and 2. See Figure E16.2.

(& From (E16.4) and the second equation of (E16.3) get the Jacobian J = dx/d¢ intermsof ¢, « and &.
Show that: (i) if —3 < a < 7 then J > 0 over thewhole element —1 < & < 1; (i) if = 0, J = ¢/2
is constant over the element.

(b) Obtain the 1 x 3 strain-displacement matrix B relating e = du/dx = Bu€, where u® is the column
3-vector of node displacements u;, U, and us. The entries of B are functions of ¢, « and £&. Hint:
B = dN/dx = J"1dN/d&, whereN = [ N; N, N3] and J comes from item (a).

() Show that the element stiffness matrix is given by

l 1
Kezf EABTde:f EAB'B Jdé¢. (E16.5)
0 -1

Evaluate the rightmost integral for arbitrary o but constant E A using the 2-point Gauss quadrature rule
(E13.7). Specialize the result to « = 0, for which you should get Ky; = Ky = 7TEA/(30), Kzz =
16EA/(3¢), K1z = EA/(3¢) and Ki3 = Ky = —8EA/(3¢), with eigenvalues {8EA/¢, 2EA/¢, 0}.
Note: use of a CASisrecommended for thisitem to save time.

(d) What isthe minimum number of Gauss points needed to integrate K ® exactly if « = 0?
EXERCISE 16.6 [A/C:20] ThisExerciseisacontinuation of the foregoing one, and addresses the question of

why K © was computed by numerical integrationinitem (c). Why not use exact integration? The answer isthat
the exact stiffness for arbitrary « is numerically useless. To see why, try the following script in Mathematica:

ClearAll[EA,L,alpha,xi]; (* Define J and B={{B1,B2,B3}} here *)

Ke=Simplify[Integrate [EA*Transpose[B] .BxJ,{xi,-1,1},
Assumptions->alpha>0&&alpha<1/4&&EA>0&&L>0]] ;

Print["exact Ke=",Ke//MatrixForm];

Print["exact Ke for alpha=0",Simplify[Ke/.alpha->0]//MatrixForm];

Keseries=Normal [Series[Ke,{alpha,0,2}]];

Print["Ke series about alpha=0:",Keseries//MatrixForm];

Print["Ke for alpha=0",Simplify[Keseries/.alpha->0]//MatrixForm];

At the start of this script define J and B with the results of items (a) and (b), respectively. Then run the script.
Theline Print ["exact Ke for alpha=0",Simplify[Ke/.alpha->0]//MatrixForm] will trigger er-
ror messages. Comment on why the exact stiffness cannot be evaluated directly at « = 0 (look at the printed
expression before this one). A Taylor series expansion about « = 0 circumvents these difficulties but the
2-point Gauss integration rule gives the correct answer without the gyrations.
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EfEL load fzﬁ
———— > X U
i T %
1(&=-1) 3(8=0) 2(&=1)
x1=0 Xa=2+al  xp=1¢

—— =L°® ——

Fi1cURE E16.3. The 3-node bar element under a“box” axial load g.

EXERCISE 16.7 [A/C:20] Construct the consistent force vector for the 3-node bar e ement of the foregoing
exercise, if the bar isloaded by a uniform axial force g (given per unit of x length) that extendsfrom & = &_
through & = &g, and is zero otherwise. Here —1 < & < &g < 1. See Figure E16.3. Use

ER
fe = f gqNT Jdg, (E16.6)
—&L

with the J = dx/dé found in Exercise 16.5(a) and analytical integration. The answer is quite complicated
and nearly hopeless by hand. Speciadizetheresulttoa =0, = —1and ér = 1.
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