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15-3 815.2 BACKGROUND

§15.1. Introduction

This Chapter derives element stiffness equations of three-node triangles constructed with linear
displacements for the plane stress problem formulated in Chapter 14. These elements have six
displacement degrees of freedom, which are placed at the connection nodes. There are two main
versions that differ on where the connection nodes are located:

1. TheTurner triangle has connection nodes located at the corners.
2. The Veubeke equilibrium triangle has connection nodes |ocated at the side midpoints.

The triangle geometry is defined by the corner locations or geometric nodes in both cases. Of the

two versions, the Turner triangleis by far the most practically important one in solid and structural

mechanics.! Thus most of the material in this Chapter is devoted to it. It enjoys several important

properties:

(i) It belongsto both theisoparametric and subparametric element families, which are introduced
in the next Chapter.

(if) It alows closed form derivations for the stiffness matrix and consistent force vector without
need for numerical integration.

(iii) It cannot be improved by the addition of internal degrees of freedom.

Properties (ii) and (iii) are shared by the Veubeke equilibrium triangle. Since this model israrely
used in structural applicationsit is covered only as advanced material in §15.5.

The Turner triangleis not agood performer for structural stressanalysis. Itisstill used in problems
that do not require high accuracy, as well as in non-structural applications such as thermal and
electromagnetic analysis. One reason is that triangular meshes are easily generated over arbitrary
two-dimensional domains using techniques such as Delaunay triangulation.

§15.2. Background
815.2.1. Parametric Representation of Functions

The concept of parametric representation of functions is crucial in modern FEM. Together with
multidimensional numerical integration, it is a key enabling tool for developing elements in two
and three space dimensions.? Without these tools the devel oper would become lost in an algebraic
maze as el ement geometry and shape functions get more complicated. The essentials of parametric
representation can be illustrated through a smple example. Consider the following aternative
representations of the unit-circle function, x? + y? = 1:

) y=+v1-x2 (I x=cosf andy = sinég. (15.1)

Thedirect representation (1) fitsthe conventional function notation, i.e., y = f (x). Givenavaueof
X, it returns one or more y. On the other hand, the parametric representation (I1) isindirect: both x

1 Thetriangle was one of the two plane-stress continuum elements presented by Turner, Clough, Martin and Topp in their
1956 paper [254]. This publication is widely regarded as the start of the present FEM. The derivation was not done,
however, with assumed displacements. See Notes and Bibliography at the end of this Chapter.

2 Numerical integration is not useful for the triangular elements covered here, but essential in the more complicated iso-P
models covered in Chapters 16ff.
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and y are given in terms of one parameter, the angle 6. Elimination of 6 through the trigonometric
identity cos® 6 + sin?@ = 1 recovers x? + y? = 1. But there are situations in which working with
the parametric form throughout the development is more convenient. Continuum finite elements
provide a striking illustration of this point.

§15.2.2. Geometry

The geometry of the 3-node triangle shown in
Figure 15.1(a) is specified by the location of its @ 30040 (b) 3
three corner nodes on the {x, y} plane. Nodes s Q
are labelled 1, 2, 3 while traversing the sides
in counterclockwise fashion. Their location is
defined by their Cartesian coordinates: {x;, Y}

fori =1,2,3.

The Turner triangle has six degrees of freedom,

defined by the six corner displacement compo- 1 (%)

nents { Ui, Uyi }, fori = 1,2, 3. The interpo- X

lation of the internal displacements { ux, uy } Z up, toward you

from these six values is studied in 815.3, after FIGURE 15.1. The three-node, linear-displacement

triangular coordinates are introduced. The planestresstriangular element: (a) geometry; (b) area

triangle area can be obtained as and positive boundary traversal.
1 1 1

2A = det |:X1 X2 Xe} = (X2Y3 — X3Y2) + (Xay1 — X1Y3) + (X1Y2 — X2¥1). (15.2)

Yi Y2 Y3

The area given by (15.2) is a signed quantity. It is positive if the corners are numbered in cyclic
counterclockwise order (when looking down from the +z axis), as illustrated in Figure 15.1(b).
This convention is followed in the sequel.

§15.2.3. Triangular Coordinates
Points of the triangle may aso be located in terms of a parametric coordinate system:

&1, 2, Ea. (15.3)

In the literature these 3 parameters receive an astonishing number of names, as the list collected
in Table 15.1 shows. In the sequel the name triangular coordinates will be used to emphasize the
close association with this particular geometry.

Equations
¢ = constant (15.4)

represent aset of straight linesparallel tothesideoppositetothei " corner, asdepictedin Figure 15.2.
The equations of sides 2-3, 3-1 and 1-2 are ¢; = 0, &, = 0 and ¢z = O, respectively. The
three corners have coordinates (1,0,0), (0,1,0) and (0,0,1). The three midpoints of the sides have
coordinates (3, 1, 0), (0, 3, 3) and (3, 0, 3), the centroid has coordinates (1, £, 1), and soon. The
coordinates are not independent because their sum is unity:

(1+6+¢3=1 (15.5)
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3
®

F1GURE 15.2. Triangular coordinates ¢1, &2, ¢3.

Table 15.1 Names of element parametric coordinates

Name Applicableto

natural coordinates all elements

isoparametric coordinates isoparametric elements

shape function coordinates isoparametric elements
barycentric coordinates simplices (triangles, tetrahedra, ...)
M ©6bius coordinates triangles

triangular coordinates all triangles

area (also written “areal”) coordinates straight-sided triangles

Triangular coordinates normalized as per ¢; + ¢ + ¢3 = 1 are often

qualified as “homogeneous’ in the mathematical literature.

Remark 15.1. In pre-1970 FEM publications, triangular coordinates were often called area coordinates, and
occasionally areal coordinates. This comes from the following interpretation: ¢ = Aji/A, where Aji isthe
area subtended by the subtriangle formed by the point P and corners j and k, in which j and k are 3-cyclic
permutations of i. Historically this was the way coordinates were defined in 1960s papers. However this
relation does not carry over to general isoparametric triangles with curved sides and thusit is not used here.

§15.2.4. Linear Interpolation

Consider a function f (x, y) that varies linearly over the triangle domain. In terms of Cartesian
coordinates it may be expressed as

f(X,y) =ao+a,x+ay, (15.6)

where a,, a, and a, are coefficients to be determined from three conditions. In finite element work
such conditions are often the nodal valuestaken by f at the corners:

f,, f,, fs (15.7)
The expression in triangular coordinates makes direct use of those three values:

&y f
£(¢1,85,83) = T80+ fo00+ fza=[ f1 £y f3] |:§2i| =[4 & &l |: fz} : (15.8)
{3 f3

Formula (15.8) is called alinear interpolant for f.
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8§15.2.5. Coordinate Transfor mations

Quantities that are closely linked with the element geometry are best expressed in triangular co-
ordinates. On the other hand, quantities such as displacements, strains and stresses are usually
expressed in the Cartesian system {X, y}. Thus we need transformation equations through which it
is possible to pass from one coordinate system to the other.

Cartesian and triangular coordinates are linked by the relation

1 1 1 1 &1
|:x}=|:xl Xo X3:| [gz] (15.9)
y Yi Y2 YsdLZs

The first equation says that the sum of the three coordinates is one. The next two express x and
y linearly as homogeneous forms in the triangular coordinates. These are obtained by applying
the linear interpolant (15.8) to the Cartesian coordinates: X = X141 + Xol2 + X3¢z and y =
Y181 + Y202 + Ya3. Assuming A # 0, inversion of (15.9) yields

{1 1 [XeYs—X3Y2 Y2—Y3 X3—Xx[1 1 [2As Yz X1

o | = oA X3Y1 —X1Y3 Ya—Y1 X1 —X3 || X | = oA 2R3 Y31 Xz || X |-

3 X1Y2 —XoY1 Y1—Y2 Xe—Xi ALy 2A15 Yo Xpd LYy
(15.10)

Here Xjk = X; — Xk, Yjk = ¥j — Yk, Alisthetriangle area given by (15.2) and A;i denotesthe area
subtended by corners j, k and the origin of the x—y system. If thisoriginistaken at the centroid of
the triangle, Az = Az = Ap = A/3

§15.2.6. Partial Derivatives

From equations (15.9) and (15.10) we immediately obtain the following relations between partial

derivatives:
X ay

— X =V 1511
T o, (15.11)
d¢i d¢i

In (15.12) j and k denote the 3-cyclic permutations of i. For example, if i = 2, then ] = 3 and
k = 1. The derivatives of afunction f (&1, ¢2, £3) With respect to x or y follow immediately from
(15.12) and application of the chain rule:

of 1 of N of N of
X 2A 8§1y23 8523’31 8§3y12

af_1(afx+afx+afx>
dy ~ 2AN\3¢ F 8 B ag

(15.13)
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157 815.3 THE TURNER TRIANGLE

@ 3 b 3
M4 Hl
H
M 2
? 2 2
M3 H3
K 1

Ficure 15.3. Interesting points and lines of atriangle.

which in matrix formis

— af —_
of oz,
ax _ 1 [Y23 Ya1 ylz] of (15.14)
ot 2A X3 X3 Xyl | 9% .
ay of

| 3¢, -

With these mathematical ingredients in place we are now in a position to handle the derivation of
straight-sided triangular elements, and in particular the Turner and Veubeke triangles.

§15.2.7. *Interesting Pointsand Lines

Some distinguished lines and points of a straight-sided triangle are briefly described here for use in other
developments as well as in Exercises. The triangle medians are three lines that join the corners to the
midpoints of the opposite sides, as pictured in Figure 15.3(a). The midpoint opposite corner i islabeled M;.

The medians 1-M;, 2-M, and 3—Mj3 have equations ¢, = &3, {3 = ¢ and &y = &, respectively, in triangular
coordinates. They intersect at the centroid C of coordinates {1, 3, 2}. Other names for the centroid are
barycenter and center of gravity. If you make areal triangle out of cardboard, you can balance the triangle at
this point. It can be shown that the centroid trisects the medians, that isto say, the distance from a corner to
the centroid is twice the distance from the centroid to the opposite side of the triangle.

The altitudes are three lines that connect each corner with their projections onto the opposing sides, as
depicted in Figure 15.3(b). The projection of corner i isidentified H;, so the altitudes are 1-H;, 2—H, and
3-Hj3. Locations H; are called altitude feets. The altitudesintersect at thetriangle orthocenter H. Thelengths
of those segments are the triangle heights. The triangular coordinates of H; and H, as well as the atitude
equations, are worked out in an Exercise.

Another interesting point is the center O¢ of the circumscribed circle, or circumcircle. This is the unique
circlethat passesthrough the three corners, as shown in Figure 15.3(c). It can be geometrically constructed by
drawing the normal to each side at the midpoints. Those three lines, called the perpendicular side bisectors,
intersect at Oc. A famous theorem by Euler asserts that the centroid, the orthocenter and the circumcircle
center fall on a straight line, called the Euler line. Furthermore, C lies between O¢ and H, and the distance
Oc—H isthree times the distance H-C.

§15.3. TheTurner Triangle

The simplest triangular element for plane stress (and in general, for 2D problems of variational
index m = 1) is the three-node triangle with linear shape functions, with degrees of freedom
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Section 15;: THREE-NODE PLANE STRESS TRIANGLES 15-8

located at the corners. The shape functions are simply the triangular coordinates. That is, N = ¢
fori = 1, 2, 3. When applied to the plane stress problem, this element is called the Turner triangle.

815.3.1. Displacement Interpolation

For the plane stress problem we select the linear interpolation (15.8) for the displacement compo-
nents uy and uy at an arbitrary point P (1, {2, £3):

The interpolation isillustrated in Figure 15.4. The two
expressionsin (15.15) can be combined in amatrix form P00 22) /'UX} by linear
that befits the expression (14.17) for an arbitrary plane Uys 1527237 Ny S interpolation

stress element: 3

Uy

Uy]_
|:Uxi|:|:§_1 0 ¢ 0 ¢ 0:| Ux2 — Nu® Yo
Uy 0 & 0 & 0 G| uyp ’ Uy,

Ux3

L Uy3 1 Ug

(15.16)

FIiGURE 15.4. Displacement

where N is the matrix of shape functions. interpolation over triangle.

815.3.2. Strain-Displacement Equations

The strains within the elements are obtained by differentiating the shape functions with respect to
x and y. Using (15.14), (15.16) and the general form (14.18) we get

Uy
1 [Y2 0 yau 0 y O Eyl
e=DNue=ﬁ\|:O Xsp 0 X3 O x21:| uX2 = Bu®, (15.17)
X32 Y23 X1z Y1 X1 Yo uy2
X3
_Uy3_

in which D denotes the symbolic strain-to-displacement differentiation operator given in (14.6),
and B isthe strain-displacement matrix. Note that the strains are constant over the element. Thisis
the origin of the name constant strain triangle (CST) given it in many finite element publications.

815.3.3. Stress-Strain Equations

The stressfield o isrelated to the strain field by the elastic constitutive equation in (14.5), whichis
repeated here for convenience:

Oxx Ein Ep Eigs Exx
Eis Ex Ezdl2ey

where E;; are plane stress elastic moduli. The constitutive matrix E will be assumed to be constant
over the element. Because the strains are constant, so are the stresses.

OX y
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159 815.3 THE TURNER TRIANGLE

815.3.4. The StiffnessMatrix
The element stiffness matrix is given by the general formula (14.23), which is repeated here

Ke:/ hBTEB dQ, (15.19)
Qe

where Q¢ isthe triangle domain, and h the plate thickness that appearsin the plane stress problem.
Since B and E are constant, they can be taken out of the integral:

KE=B'EB | hdQ (15.20)
Qe

If h isuniform over the element the remaining integral in (15.20) issimply hA, and we obtain the
closed form

V23 0 X327
0 x
h |y 82 ))(/23 Ey Epn Egg y3 0 ya1 O yp» O
Ké=AhBTEB= — | 7% Bl Ep Ep Exg || O 32 0 X3 0 g |-
4A0Xl3y31EEExyxyxy
V12 0 Xo1 13 23 33 32 Y23 A13 Y31 A21 Y12
L 0 Xo1 Y12
(15.21)
Exercise 15.1 deals with the case of alinearly varying plate thickness.
815.3.5. The Consistent Nodal Force Vector
For simplicity we consider here only internal body forces® defined by the vector field
b= [E"} (15.22)
y

which is specified per unit of volume. The consistent nodal force vector f€ is given by the general
formula (14.23) of the previous Chapter:

¢, 07
0 ¢

fe— [ hNTbdo= [ h % §0 b dg. (15.23)
Qe Qe 2

¢&3 O
[0 ¢,

The simplest caseiswhen the body force components (15.22) aswell asthethickness h are constant
over the element. Then we need the integrals

ndQ=| dQ= [ de=3A (15.24)
Qe Qe Qe

3 For consistent force computations corresponding to distributed boundary |0ads over a side, see Exercise 15.4.
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Tri g3Tur ner Menbr aneSti f f ness[ ncoor _, Emat _, h_, nuner _] : =Modul e[ {
x1, x2,x3,y1,y2,y3,x21, x32,x13,y12,y23,y31, A Be, Ke},
{{x1,yl1}, {x2,y2}, {x83, y3}}=ncoor;
A=Si mpl i fy[ (x2*y3-x3*y2+(x3*yl-x1*y3) +(x1*y2-x2*y1))/ 2];
{x21, x32,x13,y12,y23,y31} ={x2-x1, x3-x2, x1-x3,yl-y2,y2-y3,y3-yl};
Be={{y23,0,y31,0,y12, 0}, {0, x32, 0, x13, 0, x21},
{x32,y23, x13,y31, x21,y12}}/ (2*A);
I f [numer, Be=N[Be]]; Ke=A*h*Transpose[ Be].Emat. Be;
Return[ Ke] ];

F1GURE 15.5. Implementation of Turner triangle stiffness matrix cal culation as a Mathematica module.

which replaced into (15.23) gives

Ah
fez?[bx by by by by by]". (15.25)

This agrees with the simple element-by-element force-lumping procedure, which assigns one third
of thetotal force along the {x, y} directions: Ahb, and Ahby, to each corner.

Remark 15.2. Theintegrals (15.24) are particular cases of the general integration formula of monomiasin
triangular coordinates:

1 o K 4o — iljrk!
2A QflCZ b 052 = (i+j+k+2V
which can be derived through the Beta function. Herei, j, k are integer exponents. This formula only holds

for triangleswith straight sides, and thus does not apply for higher order elementswith curved sides. Formulas
(15.24) are obtained by setting exponentsi = 1, j = k = 0in (15.26), and permuting {i, j, k} cyclicaly.

i>0j>0k=>0. (15.26)

815.3.6. Implementation

The implementation of the Turner triangle in any programming language is very simple. A Mathe-
matica module that returns K © is shown in Figure 15.5. The module needs only 8 lines of code. It
isinvoked as

Ke=Trig3TurnerMembraneStiffness[ncoor,Emat,h,numer] ; (15.27)
The arguments are
ncoor Element node coordinates, arranged asalist: { {x1,y1},{x2,y2},{x3,y3}}.
Emat A two-dimensional list storing the 3 x 3 plane stress matrix of elastic moduli as
{{E11,E12,E13},{E12,E22,E23},{E13,E23,E33} }.
h Plate thickness, assumed uniform over the triangle.
numer A logical flag: True to request floating-point computation, else False.

This module is exercised by the statements listed at the top of Figure 15.6, which form atriangle
with corner coordinates { {0,0},{3,1},{2,2}}, isotropic material matrix with E;; = Ez = 64,
Ei1» = 16, E33 = 24, others zero, (that is, E = 60and v = ;11) and unit thickness. The results are
shown at the bottom of Figure 15.6. The computation of stiffness matrix eigenvalues is always a
good programming test, since 3 eigenvalues must be exactly zero and the other 3 real and positive,
as explained in Chapter 19. The last test statement draws the triangle (this plot was moved to the
right of the numeric output to save space.)

15-10



1511 815.3 THE TURNER TRIANGLE

ncoor={{0, 0}, {3, 1},{2,2}}; Emat=8*{{8,2,0},{2,8,0},{0,0,3}};

Ke=Tri g3Tur ner Menbr aneSti f f ness[ ncoor, Emat, 1, Fal se] ;

Print["Ke=",Ke//MtrixForn;

Print["eigs of Ke=", Chop[Ei genval ues[NJKe]ll];

Show Gr aphi cs[ RGBCol or[ 1, 0, 0]], G aphi cs[ Absol ut eThi ckness|[ 2]],
G aphi cs[ Pol ygon[ ncoor] ], Axes->True] ;

11 5 -10 -2 -1 -3 2
5 11 2 10 -7 -21 15
Ke=| "10 2 44 -20 -34 18
-2 10 -20 44 22 -54 1
-1 -7 -34 22 35 -15 o
-3 -21 18 -54 -15 75
eigs of Ke ={139.33, 60., 20.6704, 0, 0, 0} 05 1 15 2 25 3

Fi1cURE 15.6. Test statements to exercise the module of Figure 15.5, and outputs.

§15.3.7. *Consistency Verification

It remains to check whether the interpolation (15.15) for element displacements meets the compl eteness and
continuity criteria studied in Chapter 19 for finite element trial functions. Such consistency conditions are
sufficient to insure convergence toward the exact solution of the mathematical model as the mesh is refined.

The variational index for the plane stress problem ism = 1. According to the rules stated in §19.3, the trial
functions should be 1-complete, C° continuous, and C* piecewise differentiable.

§15.3.8. *Checking Continuity

Along any triangle side, the variation of uy and uy islinear and uniquely determined by the value at the nodes
on that side. For example, over side 1-2 of an individual triangle, which has equation ¢z = O:

The variation of ux and uy over
Ux = Ux181 + Ux282 + Ux3l3 = Ux1l1 + Ux24o, (15.28) side 1-2 depends only on the nodal
Uy = uy1§1 + uy2§'2 + Uy3§3 = uylé-l + uy2§'2- ' values Uxt, e, uyl and Uy2:

An identical argument holds for that side when it belongs
to an adjacent triangle, such as elements (el) and (€2)
shown in Figure 15.7. Since the node values on all
elementsthat meet at anode are the same, u, and u, match
along the side, and the trial function is C° interelement
continuous. Because the functions are continuous inside
the elements, it follows that the continuity requirement is
met.

FIGURE 15.7. Interelement continuity check.

§15.3.9. *Checking Completeness

The completeness condition for variational order m = 1 requires that the shape functions N; = ¢; be able to
represent exactly any linear displacement field:

Uy = g + 01X + azy, Uy = Bo + B1X + B1y. (15.29)
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Section 15: THREE-NODE PLANE STRESS TRIANGLES 15-12

To check this we obtain the nodal values associated with the motion (15.29): Uy = ap + a1X + aoy; and
Uyi = Bo+ BiX + Bayi fori = 1, 2, 3. Replace these in (15.16) and see if (15.29) is recovered. Here are the
detailed calculations for component uy:

Uy = ZUX' Gi = Z(OCO +arX + oY) = Z(‘XOQ + a1Xi & + o2Yigi)

(15.30)
= 06029 + g Z(Xuﬁu) + oz Z(MG) =g + arX + any.

Component u,, can be similarly verified. Consequently (15.16) satisfies the completeness requirement for
the plane stress problem — and in general, for any problem of variational index 1. Finaly, a piecewise
linear trial function is obviously C* piecewise differentiable and consequently has finite energy. Thusthe two
compl eteness requirements are satisfied.

§15.3.10. *Tonti Matrix Diagram

For further developments covered in more advanced u >| f
courses, it is convenient to split the governing equations f=VB'EBu=Ku
of the element. In the case of the Turner triangle they are,
omitting element superscripts:

Bu f=VB'o

D
I

e=Bu, o=Ee f=ATo=VB'o. (15.31)

HereV = h,, Aisthevolume of the element, h,,, being the € O=Ee > O
mean thickness. Theequations(15.31) may begraphically
represented with the diagram shown in Figure 15.8. This

is a discrete Tonti diagram similar to those of Chapter 6. FIGURE 15.8. Tonti matrix diagram for
Turner triangle.

§15.4. *Derivation Using Natural Strainsand Stresses

The foregoing derivation of the Turner triangle uses Carte-
sian strains and stresses, as well as {x, y} displacements.
The only intrinsic quantities are the triangle coordinates.
This advanced section examines the derivation of the
dement stiffness matrix through natura strains, natural
stresses and covariant displacements.

Although the procedure does not offer obvious shortcuts
over the previous derivation, it becomes important in
the construction of more complicated high performance

elements. It aso helps reading recent literature in assumed FIGURE 15.9. Geometry-intrinsic fields for
strain elements. the Turner triangle: (@) natural strainse;, (b)
natural stresses 7;.
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15-13 815.4 *DERIVATION USING NATURAL STRAINS AND STRESSES

(b) 5
e

F1GURE 15.10. Additional quantities appearing in natural strain and stress calculations:
(a) side lengths, (b) side directions, (c) covariant node displacements.

§15.4.1. *Natural Strainsand Stresses
Natural strainsare extensional strainsdirected parallel to thetrianglesides, asshownin Figure 15.9(a). Natural
strains are denoted by €1 = €3, €3, = €1, and €13 = €.

Similarly, natural stressesarenormal stressesdirected parallel to thetriangle sides, asshownin Figure 15.9(b).
Natural stresses are denoted by 707 = 13, T3> = 71, and 713 = 0.

Because both natural stresses and strains are constant over the triangle, no node val ue association is needed.

The natural strains can be related to Cartesian strains by the following tensor transformation*

€1 C% SJZ. S1C1 €x
e=|le|=3 £ 6 || ey =T e (15.32)

€3 cs S§ S3C3 Zexy

N

Here c; = Xa»/L1, St = Y32/L1, C2 = X13/L2, S = Y13/L2, C3 = Xo1/L3, ad S3 = yx /L3, are sines and
cosines of the side directions with respect to {x, y}, asillustrated in Figure 15.10(a,b). The inverse of this
relationis

€ 1 Yaryz1 L2 Y12yl 3 Y2sY1sL 3 €1

e= €yy = m X31X21 L% X12X32 L% X23X13 L% € | = Tee.
26y (Ya1X12 + X13Y21) Li (Y12X23 + Xo1Y30) L% (Y23Xa1 + Xa2¥13) L§ €3

(15.33)

Note that T, is constant over the triangle. From the invariance of the strain energy density o'e = 7€ it

followsthat the stressestransform as T = Teo and o = T_ . That strain energy density may be expressed as

U=3ie'Ee=1e'Ee, E,=TIET.. (15.34)

Here E, isastress-strain matrix that relates natural stressesto natural strainsas = E,¢. It may be therefore
called the natural constitutive matrix.

§15.4.2. *Covariant Node Displacements

Covariant node displacements d; are directed along the side directions, as shown in Figure 15.10(c), which

4 Thisisthe“straingage rosette” transformation studied in Mechanics of Material's books.
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defines the notation used for them. They are related to the Cartesian node displacements by

di ¢z s 0 0 0 O Uy
d2 C 0 0 0 0 uyl
. ds _ 0O 0 ¢gc £ 0 O U2 | _
d= @&|1=l0o 0 & s 0 0 up | = Tqu. (15.35)
d5 0 0 0 0 C % Ux3
de 0O 0 0 0 ¢ s Uys
Theinverserelation is
Uyt Layss Loyas O 0 0 0 dy
Uy L3sXiz  LoXpo 0 0 0 0 d2
_ | Uxz _i 0 0 L1y Lays 0 0 ds | -1
u= ueo | 2A 0 0 Lixo1  LaXzs 0 0 ds =Tqd (1536
Uya 0 0 0 0 Loyos Livis ds
Uys 0 0 0 0 LoXs, LiXap de

The natural strains are evidently given by the relations ¢; = (dg — d3)/L1, €2 = (dy — ds)/L, and €3 =
(d4 — dy)/L3. Collecting thesein matrix form:

d
d,
€1 0 0 —1/L1 0 0 1/L1 d
e=|e |= 0 1/L, O 0 -1/L, O d3 = B.d. (15.37)
€3 —1/Ls; O 0 1/Ly O 0 d“
5
ds
§15.4.3. *The Natural StiffnessMatrix
The natural stiffness matrix for constant thicknessh is
K¢ = (Ah)B]E,B., E,=T.ET.. (15.38)
The Cartesian stiffness matrix is
Ke=TgiKyTq. (15.39)
Comparing with K® = (Ah) BT E B we see that
B =TeB.Tqg, B. =T.'BT % (15.40)

§15.5. *The Veubeke Equilibrium Triangle

The Veubeke equilibrium triangle® differs from the Turner triangle in the degree-of-freedom configuration.
Asillustrated in Figure 15.11, those are moved to the midpoints {4, 5, 6} while the corner nodes {1, 2, 3} still
define the geometry of the element. In the FEM terminology introduced in Chapter 6, the geometric nodes
{1, 2, 3} and the connection nodes {4, 5, 6} no longer coincide. The node displacement vector collects the
freedoms shown in Figure 15.11(b):

U® = [ Uxa Uys Uxs Uys Uxe uyG]T- (15.41)

The quickest way to formulate the stiffness matrix of thiselement isto relate (15.41) to the node displacements
of the Turner triangle, renamed for convenience as

U} =[Uaq Ups Ue Up Ug Ugl . (15.42)

5 The qualifier equilibrium distinguishes this element from others created by Fraeijs de Veubeke, including the 6-node
plane stress comforming triangle. See Notes and Bibliography for the original derivation from an equilibrium field.
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(@ 3(Xs,¥s) (b) (©
5 Uys
6 2 (XZ !y2) 6 7
y
4
1 Xl’yl)

X

FI1GURE 15.11. The Veubeke equilibrium triangle: (a) geometric definition; (b) degree-
of-freedom configuration; (c) element patch showing how triangles are connected at the
midpoints.

§15.5.1. *Kinematic Relations

The node freedom vectors (15.41) and (15.42) are easily related since by linear interpolation along the sides
one obviously has Uxs = 3 (Uxg + Uxz), Uya = 3(Uy; + Uyp), etc. Expressing those linksin matrix form gives

Uxa 1 01 00O Uy1 Uy1 1 0-1 0 1 O Uya

Uya 010100 Uy1 Uy1 0 1 0-1 0 1 Uya

Us | 1/0 0 1 0 1 O Uyo U2 | 1 01 0-1 O Uys

us | 2[00 0 1 0 1|]|upgl|’ Uz || 0 1 0 1 0-1]/|ugs

Uys 1 00010 Uy3 Uy3 -1 0 1 0 1 O Uys

Uys 010001 Uy Uy 0-1 0 1 0 1 Uys
(15.43)

In compact form: u® = Tyr u§ and u§ = Ty ué, with Tyt = T;\l,. The shape functions are

Ng=0¢1+082—¢, Ns=—-0+8+¢, Ne=?8o1— 3+ (15.44)

Renaming the Turner triangle strain-displacement matrix of (15.17) as B, the corresponding matrix that
relates e = B u® in the Veubeke equilibrium triangle becomes

1|:y21 0 vy 0 w3 0i|

B = BT TTV = — 0 X12 0 X23 0 X31 (1545)

A X12 Yo1 X3 VY32 X3 Vi3
§15.5.2. *StiffnessMatrix

Theeement stiffnessmatrix isgiven by the general formula(14.23). For constant plate thicknessh one obtains
the closed form

Yo 0 X

0 x
hly 62 3:21 E;, Ep Egg Ya 0 y» 0 yi3 O
K= AhBTEB = — | 7% 23 E. E, E 0 X 0 Xs 0 Xz [.]| (15.46)
Al 0 Xz VY 12 B2 B3
yiz 0 Xa Eis Ex E X2 Y1 X3 Y32 X1 Y13

0 Xs1 Vi3

The computation of consistent body forcesis |eft as an Exercise.
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Tri g3VeubekeMenbr aneSti f f ness[ ncoor _, Emat _, h_, numer _] : =Modul eJ {
x1, x2,x3,y1,y2,y3,x12, x23, x31, y21,y32,y13, A Be, Te, Ke},
{{x1,y1}, {x2,y2}, {x3,y3}}=ncoor;
A=Si mpl i fy[ (x2*y3-x3*y2+(x3*yl- x1*y3) +(x1*y2-x2*y1))/ 2] ;
{x12, x23, x31, y21, y32, y13} ={ x1- x2, x2-x3, x3-x1,y2-y1,y3-y2,yl-y3};
Be={{y21, 0,y32,0,y13,0}, {0,x12,0, x23, 0, x31},
{x12,y21, x23,y32,x31, y13}}/ A
If [numer, Be=N Be]]; Ke=A*h*Transpose[Be].Emat. Be;
Ret urn[ Ke] ] ;

FIGURE 15.12. Implementation of Veubeke equilibrium triangle stiffness matrix as a Mathematica module.

§15.5.3. *Implementation

The implementation of the Veubeke equilibrium triangle as a Mathematica module that returns K is shown
in Figure 15.12. It needs only 8 lines of code. It isinvoked as

Ke=Trig3VeubekeMembraneStiffness[ncoor,Emat,h,numer]; (15.47)

The arguments have the same meaning as those of the module Trig3TurnerMembraneStiffness described
in §15.3.6.

ncoor={{0, 0}, {3, 1},{2,2}}; Emat=8*{{8,2,0},{2,8,0},{0,0,3}};
Ke=Tr i g3VeubekeMenbr aneSti f f ness[ ncoor, Emat , 1, Fal se] ;
Print["Ke=",Ke//MutrixForni;

Print["eigs of Ke=", Chop[Ei genval ues[ NN Ke]11];

140 -60 -4 -28 -136 88
-60 300 -12 -84 72 -21

-4 -12 44 20 -40 -8

-28 -84 20 44 8 40
-136 72 -40 8 176  -80

88 -216 -8 40 -80 176

ei gs of Ke={557.318, 240., 82.6816, 0, 0, 0}

FicUrke 15.13. Test statements to exercise the module of Figure 15.12, and outputs.

Thismoduleis exercised by the statements listed at the top of Figure 15.13, which form atriangle with corner
coordinates { {0,0},{3,1},{2,2}}, isotropic material matrix with E;; = E» = 64, E;p = 16, Ez3 = 24,
others zero, and unit thickness. The results are shown at the bottom of Figure 15.13. Thisisthe sametriangle
used to test module Trig3TurnerMembraneStiffness in §15.3.6. Note that the element is rank sufficient.

§15.5.4. *SpuriousKinematic Modes

Although anindividual Veubeke equilibrium triangleis rank sufficient, assemblies are prone to the appearance
of spurious mechanisms. That is, kinematic modes that produce no strain energy although they are not rigid
body modes. These will be illustrated by studying the three macroelements pictured in Figure 15.14. For
simplicity the macroelements are of rectangular shape, but the conclusions apply to more general geometries.

Type | macroelement is built with two triangles. It hasfour geometric nodes: 14, five connection nodes. 5-9,
and 10 degrees of freedom. The eigenvalue analysis of the assembled stiffness K is given as an Exercise. It
shows that K has 4 zero eigenvalues. Since there are 3 rigid body modesin 2D, oneis spurious. It is easily
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4 4 3
Typel 8@6 Spurious mode:
1 2

5

Thickness h/2

Typell

Typelll Spurious mode: 9 7

FI1GURE 15.14. Three macroelement assembliesfabricated with Veubeke equilibrium
triangles to investigate spurious kinematic modes. Red-filled and white-filled circles
mark geometric and connection nodes, respectively.

shown that the spurious mode corresponds to the relative rotation of the two triangles with center node 9 as
pivot, as pictured to the right of the macroelement.

Type Il macroelement is built with four crisscrossed triangles of thickness h/2 asillustrated in the Figure. It
has four geometric nodes. 14, six connection nodes: 5-10, and 12 degrees of freedom. (Note that although
9 and 10 occupy the same location for this geometry, they should be considered as two separate nodes.) The
eigenvalue analysis of the assembled stiffnessK isgiven asan Exercise. It showsthat K has 3 zero eigenvalues
and therefore this macroelement has no spurious modes.

Type 11 macroelement is of Union-Jack type and is built with 4 triangles. It has five geometric nodes: 1-5,
eight connection nodes: 613, and 16 degrees of freedom. The eigenvalue analysis of the assembled stiffness
K is given as an Exercise. It shows that K has 4 zero eigenvalues and consequently one spurious mode.
This correspond to the triangles rotating about the midpoints 6-9 as pivots, as pictured to the right of the
macroel ement.

These examples show that this element, when used in a stiffness code, is prone to spurious pivot modes where
sidesof adjacent trianglesrotaterel atively from each other about the midpoint connector. Thisisaconsequence
of the element being nonconforming: full determination of linearly varying side displacements requires two
nodes over that side, and thereisonly one. Even if arank sufficiently macroelement mesh unit such as Typell
of Figure 15.14 can be constructed, there is no guarantee that spurious pivot modes will not occur when those
mesh units are connected. For this reason this element israrely used in DSM-based structural programs, but
acquires importance in applications where flux conservation is important.

§15.6. *Shear Lockingin Turner Triangles

A well known deficiency of the 3-node Turner triangle isinability to follow rapidly varying stressfields. This
is understandabl e since stresses within the element, for uniform material properties, are constant. But its 1D
counterpart: the 2-node bar element, is nodally exact for displacements under some mild assumptions stated
in Chapter 11, and correctly solves |oaded-at-joints trusses with one element per member. On the other hand,
the triangle can be arbitrarily way off under unhappy combinations of loads, geometry and meshing.

15-17



Section 15: THREE-NODE PLANE STRESS TRIANGLES 15-18

3 M y o
1 z 4
b =*a/y cra ?
sectlon —+
te—a—j2 ~lhk~-
Th| ckness h/2

Typel: CrlsscrossedN ]/I % Type Il: Union-Jack

Ficure 15.15. The bending test with two macroelement types.

What happensin going from 1D to 2D? New effects emerge, notably shear energy and inplane bending. These
two can combine to produce shear locking: elongated triangles can become extraordinarily stiff under inplane
bending because of spurious shear energy.® The bad news for engineers is that wrong answers caused by
locking are non-conservative: deflections and stresses can be so grossly underestimated that safety margins
are overwhelmed.

To characterize shear locking quantitatively it is convenient to use macroelements in which triangles are
combined to form a 4-node rectangle. This simplifies repetition to form regular meshes. The rectangle
response under in-plane bending is compared to that of a Bernoulli-Euler beam segment. 1t iswell known that
the latter is exact under constant moment. The response ratio of macroelement to beam is a good measure of
triangle performance under bending. Such benchmarks are technically called higher order patch tests. Test
results can be summarized by one number: the energy ratio, which gives a scalar measure of relative stiffness.

§15.6.1. *Thelnplane Bending Test

Thetest isdefined in Figure 15.15. A Bernoulli-Euler plane beam of thin rectangular cross-section of height

b and thickness h is bent under applied end moments M. The beam is fabricated of isotropic material with

elastic modulus E and Poisson’sratio v. Except for possible end effectsthe exact solution of the beam problem

(from both the theory-of-elasticity and beam-theory standpoints) is a constant bending moment M (x) = M

along the span. The associated curvature isk = M/(El,) = 12M/(Eb%h). The exact energy taken by a

beam segment of length & is Upean = $Mra = 6M2a/(Eb%h) = .. Eb%hk2a = 5 Eb®hoZ/a. Inthe latter
= raistherelative rotation of two cross sections separated by a.

To study the bending performance of triangles the beam is modeled with one layer of identical rectangular
macroel ementsdimensioned a x b and made up of triangles, asillustratedin Figure 15.15. Therectangle aspect
ratioisy = a/b. All rectangles undergo the same deformations and thus it is enough to study aindividual
macroelement 1-2-3-4. Two types are considered here:

Crisscrossed (CC). Formed by overlaying triangles 1-2-4, 3-4-2, 2-3-1 and 4-1-2, each with thickness h/2.
Using 4 trianglesinstead of 2 makesthe macroelement geometrically and physically symmetric since2triangles
are attached to each corner.

Union-Jack (UJ). Formed by placing afifth node at the center and dividing therectangleinto 4 triangles: 1-2-5,
2-3-5, 3-4-5, 4-1-5. By construction this element is also geometrically and physically symmetric.

6 The deterioration can be even more pronounced for its spatial counterpart: the 4-node tetrahedron element, because shear
effects are even more important in three dimensions.

15-18



1519 815.6 *SHEAR LOCKING IN TURNER TRIANGLES

§15.6.2. *Energy Ratios —8/2 62

The assembled macroelement stiffnesses are Kcc and
K{;, of orders 8 x 8 and 10 x 10, respectively. For the
|atter theinternal node5isstatically condensed producing
an 8 x 8 stiffness K. To test performance we apply four
aternating corner loads as shown in Figure 15.16. The Ficure 15.16. Bending a macroelement by
resultant bending moment is M = Pb. applying arelative edge rotation.

Although triangles cannot copy curvatures pointwise,” macroelement edges can rotate since constituent tri-
angles can expand or contract. Because of symmetries, the rotations of sides 1-2 and 3-4 are —6,/2 and
6a/2, asillustrated in Figure 15.16. The corresponding corner x displacements are +hb6,/4 whereas the y
displacements are zero. Assemble these into a node displacement 8-vector uy,.

m=13b6b[-1 0 1 0 -1 0 1 O] (15.48)

Theinternal energy taken by amacroelement of 8 x 8 stiffness Ky, under (15.48) isUy = %u{,l K mUm, which
can be expressed as afunction of E, v, a, b, h and 6,.8

ClearAll[a, b, Emh,y];
b=al/y; 1z=h*b”3/12; Ubean¥Si npli f
Emat =En*{{ 1, 0, 0}, {0, 1,0}, {0,0, 1/ 2
nc={{-a, -b},{a, -b},{a b} {-a, b},{
enCC={{1,2,4},{3,4,2},{2,3,1},{4,
enWw={{1,2 5} {235} {3 4 5} {4,
For [mel, nk=2, mt+, ntype={"CC", L,U }
nF={8, 10}[[m]; K=Tabl e[ O, {nF} {
For [e=1, e<=4, e++,
If [mype=="CC', enl=enCC[e]], enl=enU[[e]]];
{n1, n2,n3}=enl; encoor={nc[[nl]],nc[[n2]],nc[[n3]]};
ht =h; |f [rnype—— CC', ht=h/2];
Ke=Tr i g3Tur ner Menbr aneSt i f f ness[ encoor, Emat, ht, Fal se];
eft={2*nl1-1, 2*nl, 2*n2- 1, 2*n2, 2*n3- 1, 2*n3};

}}

1}

}}: r={0,0};
[[ ;

nF

11: f=Tabl e[ 0, {nF}]:

For [i=1,i<=6,i++, For [j=1,j<=6,]j++, ii=eft[[i]];
ji=eft[[j1]; KI[ii,jjll+=Ke[[i,j]] 11;

1; KM=K—S|rrpI|fy[K]'

If [ntype=="UJ

{K, f}= Si npl | fy[ CondenselLast Freedon{ K, f]];
{KM f}=Si nplify[ CondenselLast Freedon{ K, f]]1];
Print["KM=", KM/ MatrixForn;
uM={1,0,-1,0,1,0,-1, 0} *6a*b/ 4;
UM=uM KM uM 2; r M=Sinplify[ UM Ubeani ;
Print["rM", rM; r[[n]=rM

15
Pl ot[ Eval uate[r],{y, 0, 10}];

Ficure 15.17. Script to compute energy ratios for the two macroelements of Figure 15.15.

Theratio ry = Uy /Upeam i caled the energy ratio. If ry > 1 the macroelement is stiffer than the beam
because it take more energy to bend it to conform to the same edge rotations, and the 2D model is said to be
overstiff. Results for zero Poisson’s ratio, computed with the script of Figure 15.17, are

31+ y??

3
fee =34 op2 ryy= 2=V 15.49
cc 21/, uJ 2+ 472 ( )

7 That is the reason why they can be so stiff under bending.

8 Theload P could be recovered viaK pupm, but this value is not needed to compute energy ratios.
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If for example y = a/b = 10, which is an elongated rectangular shape of 10:1 aspect ratio, rcc = 153
and the crisscrossed macroelement is 153 times stiffer than the beam. For the Union-Jack configuration
ru; = 10201/134 = 76.13; about twice better but still way overstiff. If y = 1, rcc = 45andry; = 2
overstiff but not dramatically so. The effect of a nonzero Poisson’sratio is studied in Exercise 15.10.

§15.6.3. *Convergence as Mesh is Refined

Notethat if y = a/b — 0,rcc — 3andry; — 1.5. So even if the beam of Figure 15.15 is divided into
an infinite number of macroelements along x the solution will not converge. It is necessary to subdivide also
aong the height. If 2n (n > 1) identical macroelement layers are placed along the beam height while y is
kept fixed, the energy ratio becomes

220 1 4@ rd—1
@) _ _
rem — - =14 (15.50)

where r ¥ is the ratio (15.49) for one layer. 1f r® = 1, r@ = 1 for all n > 1, so bending exactness is
maintained asexpected. If n = 1 (twolayers),r® = (3+r®)/4andif n = 2 (four layers),r® = (7+r®)/8.

Ifn — oo, r® — 1, but convergence can be slow. For example, supposethat y = 1 (unit aspect ratioa = b)
and that r® = rcc = 4.5. To get within 1% of the exact solution, 1 + 3.5/2?" < 1.01. Thisis satisfed if
n > 5, meaning 10 layers of elementsalong y. If the beam span is 10 times the height, 1000 macroelements
or 4000 triangles are needed for this simple problem, which is exactly solvable by one beam element.

The stress accuracy of trianglesis examined in Chapter 28.

Notes and Bibliography

As a plane stress structural element, the Turner triangle was first developed in the 1956 paper by Turner
et. a. [254]. The target application was modeling of delta wing skin panels. Arbitrary quadrilaterals were
formed by assembling triangles as macroel ements. Because of its geometric flexibility, the element was soon
adopted in aircraft structural analysis codes in the late 1950's. It moved to Civil Engineering applications
through the research and teaching at Berkeley of Ray Clough, who gave the method its name in [39].

The derivation method of [254] would look unfamiliar to present FEM practicioners used to the displacement
method. It was based on assumed stress modes. More precisely: the element, referred to alocal Cartesian
system {X, y}, is put under three constant stress states: oy, oyy and oyy, collected in array o. Lumping the
stress field to the nodes gives the node forces: f = Lo. The strain field computed from stressesise = E %o
Thisisintegrated to get adeformation-displacement field, to which 3 rigid-body modes are added asintegration
constants. Evaluating at the nodes produces e = Au, and the stiffness matrix follows on eliminating o and
e: K = LEA. For constant thickness and material propertiesit happensthat L = VAT andsoK = VATEA
happily turned out to be symmetric. ThisA isthe B of (15.17) times 2A, so in the end the stiffness matrix (for
constant plate thickness) turns out to be the same as (15.21).

The derivation from assumed displacements evolved later. It is not clear who worked it out first, athough
it is mentioned in [39,267]. The equivalence of the two forms, through energy principles, had been noted
by Gallagher [107]. Early displacement derivations typically started from linear polynomias in Cartesian
coordinates. For example Przemieniecki [204] begins with

Ux = X + Cy + C3, Uy = C4X + CsY + Cs. (15.51)

Here the ¢; play the role of generalized coordinates, which have to be eventually eliminated in favor of node
displacements. The same approachisused by Clough in awidely disseminated 1965 article[41]. Evenfor this
simple element the approach is unnecessarily complicated and leads to long hand computations. The elegant
derivation in triangular coordinates was popularized by Argyris[10].
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The idea of using piecewise linear interpolation over atriangular mesh actually precedes [254] by 13 years.
As noted in Chapter 1, it appears in an article by Courant [54], where it is applied to a Poisson’s equation
modeling St. Venant'storsion. Theideadid not influence early work in FEM, however, since as noted above
the derivation in [254] was not based on displacement interpol ation.

The Veubeke equilibrium triangle appears in [100, p. 170] and is further elaborated in [101, p. 176]. It
is constructed there as an equilibrium element, that is, the stress field inside the triangle is assumed to be
oxx = P1, oyy = P2 and oy, = B3, Where {B1, B, B3} are stress parameters. (A field of constant stresses
satisfiesidentically the plane-stress differential equilibrium equationsfor zero body forces.) Stress parameters
can be uniquely expressed in terms of generalized edge loads, which turn out to be virtual-work conjugate to
midside displacements.® The direct displacement derivation given here asa“ Turner triangle mapping” is new.
As previously noted, this element is rarely used in structural mechanics because of the danger of spurious
kinematic modes discussed in §15.5.4. It has importance, however, in some non-structural applications.

The completeness check worked out in §15.4.2 is a specialization case of a genera proof developed by Irons
inthemid 1960s (see[147, 83.9] and referencestherein) for general isoparametric elements. The check works
because the Turner triangle is isoparametric.

What are here called triangular coordinates were introduced by Mobius in his 1827 book [183].1° They are
often called barycentric coordinates on account on the interpretation discussed in [55]. Other names are
listed in Table 15.1. Triangles possess many fascinating geometric properties studied even before Euclid. An
exhaustive development can be found, in the form of solved exercises, in [222].

Itisunclear when the monomial integration formula (15.26) wasfirst derived. Asan expression for integrands
expressed in triangular coordinatesit was first stated in [67].

The natural strain derivation of §15.4 is patterned after that developed for the so-called ANDES (Assumed
Natural Deviatoric Strain) elements [182]. For the Turner triangle it provides nothing new aside of fancy
terminology. Energy ratios of the form used in 815.6 were introduced in [28] as away to tune up the stiffness
of Free-Formulation elements.

References
Referenced items have been moved to Appendix R.

9 Theinitial step of assuming stresses exactly mimics that of [254] a decade earlier. What is fundamentally different in
Fraeijs de Veubeke's derivation is the use of energy theorems (in this case, PV W) to pass from generalized edge loads to
mean edge displacements. The approach is characteristic of FEM Generation 2.

10 Heis better remembered for the “Mobius stri p” or “Mobius band,” the first one-sided 3D surface in mathematics.
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Homework Exercisesfor Chapter 15
TheLinear Plane Stress Triangle

EXERCISE 15.1 [A:15] Assumethat the 3-node plane stress triangle has variabl e thickness defined over the
element by the linear interpolation formula

N(¢1, &0 &3) = h1la + hato + hads, (E15.1)

where hy, h, and hs are the thicknesses at the corner nodes. Show that the element stiffness matrix is still
given by (15.21) but with h replaced by the mean thickness h,,, = (h; + h, + h3)/3. Hint: use (15.20) and
(15.26).

EXERCISE 15.2 [A:20] The exact integrals of triangle-coordinate monomials over a straight-sided triangle
are given by the formula (15.26), where A denotes the area of the triangle, and i, | and k are nonnegative
integers. Tabulate the right-hand side for combinations of exponentsi, j and k suchthati + j + k < 3,
beginning withi = j = k = 0. Remember that 0! = 1. (Labor-saving hint: don’t bother repeating exponent
permutations; for examplei =2, j =1,k =0andi = 1, ] = 2, k = 0 are permutations of the same thing.
Hence one needsto tabulate only casesin whichi > j > k).

EXERCISE 15.3 [A/C:20] Compute the consistent node force vector f® for body loads over a Turner triangle,
if the element thickness varies as per (E15.1), by = 0, and by = by1¢1 + by2¢2 + bysgs. Check that for
hy = h, = hs3 = hand by; = by, = bys = by you recover (15.25). For areaintegrals use (15.26). Partial
result: fyl = (A/60)[by1(6h1 + 2h, + 2h3) + by2(2h1 + 2h, + h3) + by3(2h1 +hy + 2h3)]

EXERCISE 15.4 [A/C:20] Derive the formula for the
consistent force vector f¢ of a Turner triangle of constant
thickness h, if side1-2 (¢3 = 0, &, = 1 — ¢1), issubject to a
linearly varying boundary force q = ht such that

Ox = C|x1§1 + QX2§2 = QXl(l - {2) + QXZQ,

Oy = Qy181 + Oy282 = Ay1(1 — &2) + Qy202.

Thi_s“ line boundary force” g has dimension of force per unit T O —F0= A (1-G)+ 0,0,
of side length.

Procedural Hint. Usethelasttermof thelineintegral (14.21),
in which t is replaced by g/h, and show that since the
contribution of sides 2-3 and 3-1 to the line integral vanish,

4qy= Gn(1-%)+ 0,0,

(E152) Y Gy

Ficure E15.1. Lineforceontriangle side 1-2
for Exercise 15.4.

1
We = (u®)" fé = / u'qdre :/ u'q Ly deo, (E15.3)
re 0

where L »; isthelength of side 1-2. Replace uy ($2) = Ux1(1—¢2) 4+ Uxaso; likewisefor uy, gy and gy, integrate
and identify withtheinner product shown asthesecondtermin (E15.3). Partial result: fy; = L1 (20x1+0x2)/6,
fxs = fys =0.

Note. The following Mathematica script solves this Exercise. If you decide to useit, explain the logic.

ClearAll [uxl,uyl,ux2,uy2,ux3,uy3,z2,L12];

ux=uxl*(1-z2)+ux2*z2; uy=uyl*(1-z2)+uy2*z2;

qx=qx1* (1-22)+qx2%z2; qy=qyl*(1-22)+qy2*z2;
We=Simplify[L12*Integrate [qx*ux+qy*uy,{z2,0,1}1];
fe=Table[Coefficient [We,{uxl,uyl,ux2,uy2,ux3,uy3}[[11]1],{i,1,6}];
fe=Simplify[fe]; Print["fe=",fel;
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EXERCISE 15.5 [C+N:15] Compute the entries of K® for the following plane stress triangle:

X1=0,y1=0,%=3 Yo=1 X3=2, y3=2,

100 25 O (E15.4)
E=|25 100 O |, h=1
0 0 50

Thismay be done by hand (it is agood exercise in matrix multiplication) or (more quickly) using the script of
Figure 15.5. Partial result: K;; = 18.75, Kgg = 118.75.

EXERCISE 15.6 [A+C:15] Show that the sum of the rows (and columns) 1, 3 and 5 of K® aswell asthe sum
of rows (and columns) 2, 4 and 6 must vanish, and explain why. Check it with the foregoing script.

EXERCISE 15.7 [A:10]. Consider two triangles T and T*, both with positive area. The corner coordinates
of TLare {{xy, y1},{X2, ¥2},{Xs, y3}} and those of T2 are { { X7, y1 },{x3, ¥5 },{X3, y3 }}. A point P in
T has Cartesian coordinates { x, y } and triangular coordinates { {1, {2, £3}. A point P* in T* has Cartesian
coordinates { x*, y* } and the same triangular coordinates. Show that { x*, y* } and { x, y } are connected by

the affine transformation
1 1 1 1 1 1 171'r
X* =X X5 X3 X1 X2 X3 X (E15.5)
y* Yi Y Y3 Yi Y2 V3 y

(Theindicated inverse existsif T has positive area, as assumed.)

EXERCISE 15.8 [A:15]. Let point P have triangular coordinates
¢}, &), ¢F}, asshownin Figure E15.2. Find the distances hpy, hp;
and hp; of P tothethreetrianglesides, and thetriangular coordinates
of points Py, P, and P; shown in the Figure (P, is projection on the
side opposite to corner i.) Show that hpi = ¢pi hi = 2¢pi A/Ly,
fori =1,2,3, ] =23, 1andk = 3, 1, 2, inwhich L ;; denotesthe
length of the sidethat joinscornersi and j and h; isthedistancefrom
corner i to the opposite side, asillustrated in Figure E15.2. (Note:
the distances {hp1, hp,, hps} are called the trilinear coordinates of
a point P with respect to the vertices of the triangle. They were
introduced by Plicker in 1835. They are essentially scaled versions
of the triangular coordinates.)

Fi1cUrg E15.2. Distancesof arbitrary
point P to three triangle sides.

EXERCISE 15.9 [A:10]. Expressthe distances from the triangle centroid to the 3 sidesin term of thetriangle
areaand thesidelengths. Answer: 2A/L21, A/Lg and 5 A/L 13, where Aisthe areaof thetriangle assumed
positive and L ;; is the length of side that joins cornersi and j, cf. Figure E15.2, Hint: the area of each
subtriangle subtended by the centroid and two cornersis % A.

EXERCISE 15.10 [A:20] Find the triangular coordinates of the altitude feet points H,, H, and Hs pictured
in Figure 15.3. Once these are obtained, find the equations of the atitudes in triangular coordinates, and the
coordinates of the orthocenter H. Answer for Hs: ¢y = 1 + (L3, — L%,)/(2L2), where Lj; isthe length of
side that joins cornersi and j; cf. Figure E15.2.

EXERCISE 15.11 [C+D:20] Let p(¢1, &2, £3) represent a polynomial expression in the natural coordinates.
Theintegra

/ P(¢1, &2, £3) AQ (E15.6)
Qe
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over astraight-sided triangle can be computed symbolically by the following Mathematica module:

IntegrateOverTriangle[expr_,tcoord_,A_,max_]:=Module [{p,i,j,k,z1,z2,z3,c,s=0},
p=Expand[expr]; {z1,z2,z3}=tcoord;
For [i=0,i<=max,i++, For [j=0,j<=max,j++, For [k=0,k<=max,k++,
c=Coefficient[Coefficient [Coefficient[p,z1,i],z2,j],z3,k];
s+=2*xcx (11*j1*k!)/((i+j+k+2)!);
111;
Return[Simplify[A*s]] ];

Thisisreferenced as int=IntegrateOverTriangle[p,{z1,z2,z3},A,max]. Herep isthe polynomial to
beintegrated, z1, z2 and z3 denotethe symbol sused for thetriangular coordinates, A isthetriangleareaand max
the highest exponent appearing in atriangular coordinate. The module namereturnstheintegral. For example,
if p=16+5*b*z2"2+21"3+22*z3* (z2+2z3) thecall int=IntegrateOverTrianglel[p,{z1,22,23},4,3]
returns int=A* (97+5%b) /6. Explain how the module works.

EXERCISE 15.12 [C+D:25] Explainthelogic of the script listed in Figure 15.17. Then extend it to account
for isotropic material with arbitrary Poisson'sratio v. Obtain the macroelement energy ratios as functions of
y and v. Discuss whether the effect of a nonzero v makes much of adifferenceif y >> 1.

EXERCISE 15.13 [A/C:25] Verify the conclusions of §15.5.4 asregards rank sufficiency or deficiency of the
three Veubeke macroelement assemblies pictured in Figure 15.14. Carry out tests with rectangular macroel e-
ments dimensioned a x b, constant thickness h, elastic modulus E and Poisson’s ratio O.

EXERCISE 15.14 [C+D:25] To find whether shear is the guilty party in the poor performance of elongated
triangles (as alledged in 815.6) run the script of Figure 15.17 with a zero shear modulus. This can be done by
settingEmat=Em*{{1,0,0},{0,1,0},{0,0,0}}inthethirdline. Discusstheresult. CanEm besubsequently
reduced to asmaller (fictitious) value so that r = 1 for all aspect ratios y ? Is this practical ?

EXERCISE 15.15 [C+D:25] Accessthefile Trig3PlaneStress.nb from the course Web site by clicking
on the appropriate link in Chapter 15 Index. This is a Mathematica Notebook that does plane stress FEM
analysis using the 3-node Turner triangle.

Download the Notebook into your directory. Load into Mathematica. Execute thetop 7 input cells (which are
actually initialization cells) so the necessary modules are compiled. Each cell is preceded by a short comment
cell which outlines the purpose of the modules it holds. Notes: (1) the plot-module cell may take a while
to run through its tests; be patient; (2) to get rid of unsightly messages and silly beeps about similar names,
initialize each cell twice.

After you are satisfied everything works fine, run the cantilever beam problem, which is defined in the last
input cell.

After you get afeel of how thiscode operate, study the source. Prepareahierarchical diagram of themodules,'*
beginning with the main program of the last cell. Note which calls what, and briefly explain the purpose of

11 A hierarchical diagramisalist of modules and their purposes, with indentation to show dependence, similar to the table
of contents of abook. For example, if module AAAA callsBBBB and CCCC, and BBBB calld DDDD, the hierarchical diagram
may look like:

AAAA - purpose of AAAA

BBBB - purpose of BBBB
DDDD - purpose of DDDD
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each module. Return this diagram as answer to the homework. You do not need to talk about the actual run
and results; those will be discussed in Part 111.

Hint: ahierarchical diagram for Trig3PlaneStress.nb beginslike
Main program in Cell 8 - drives the FEM analysis

GenerateNodes - generates node coordinates of regular mesh
GenerateTriangles - generate element node lists of regular mesh

CCCC - purpose of CCCC
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