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Introduction to FEM

Triangles are Still Popular Because of Geometric
Versatility and Ease of Automated Mesh Generation

CAAN

QAVAVEERR VAVAYAN
[AVAV R vAV)
\VAVAY \>

IFEM Ch 15 —Slide 2



Introduction to FEM

The Turner Triangle Geometry and
its Nodal Configuration
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Introduction to FEM

Positive Element Boundary
Traversal Convention
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Introduction to FEM

Triangular Coordinates
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Introduction to FEM

Using Triangular Coordinatesto
Formulate Linear Interpolation

Cartesian form

F(X,y) =a+a;x+ay

Variation defined by 3 corner values fy, fy, f3

Natural form
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f({,‘l, {2, 53) — f151 + f2§2 + 1E3§3 — [ fl 1:2 f3] |:§2:|
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Introduction to FEM

Relating Triangular & Cartesian Coordinatesl|

Triangular to Cartesian:
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Introduction to FEM

Relating Triangular & Cartesian Coordinates||

Cartesian to Triangular:

¢1 1 [XeYs —X3y2 Y2—Y¥3 Xz3—X2
{2 | = oA X3Y1 —X1¥3 Yz —Y1 X1 —X3
{3 X1Yo —Xo¥1 Y1i— Y2 X2 —Xg

1 |:2A23 Yz X321

= — | 2A31 Y31 X3 || X

2A
2A12 Y2 Xa1d Ly
Here X=X —Xc Y=Y — ¥
Ajk denotes the area subtended by cornersj, k

and the origin of the x-y system
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Introduction to FEM

Partial Derivativesfor Cartesian-
Triangular Coordinate Transfor mations

X « Wy
T T
8§| aé‘l
ZAa_x Yik ZAa_y X i

i=123 j=231 k=312

IFEM Ch 15 —Slide 9




Cartesian Partial Derivatives of a

Introduction to FEM

General Triangular-Coordinates Function

f =1(81,82,83)
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Introduction to FEM

Displacement Interpolation over Turner Triangle

. LIX by |Ineal‘
P(C1:¢2:¢3)< Uy} Interpolation
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Introduction to FEM

Displacement I nterpolation (Cont'd)

Ux = Uyq181 + Uyol) + Uxals
Uy = uylé‘l + uy2§2 + uy3§3

In matrix form Ux1
Uy1
|:uxj|:|:§1 0 &2 0 {3 O] Ux2 _ N uy®
Uy O ¢ 0 ¢ 0O ¢&|| uype
Ux3
| Uys |
Theshapefunctionsare N, =¢; , 1=123
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Introduction to FEM

Strain-Displacement Relations
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Introduction to FEM

Element StiffnessMatrix of Turner Triangle
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Because B and E are constant over the triangle area:

K® = BTEB/ hd$
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|f the Plate Thickness h is Constant

Introduction to FEM
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Introduction to FEM

Consistent Node Force Vector for Body Forces

fe=/ h(N®)" b dQ =f h|%2 9lpde
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Introduction to FEM

|f Body Forcesare Constant over Element

Using *
,dQ = | 7,dQ = | {3dQ = 1A
Qe Qe Qe
b, T
by same result as
we get re_ Ah | by straightforward
3 | by "load lumping"
by
| by |

* These areaintegrals are instances of a general formula given
on the next dlide
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Introduction to FEM

|ntegrating Triangular Coordinate Monomials

Integrals
5 LA (%)

used in the previous slide are instances of the general formula

(,dQ = (,dQ = (3dQ =
Qe Qe

]_ i .
oA Qeq g, 25dQ =

iljrk!
i+ )+ k+ 2!

where exponentsi, j, k are nonnegativeintegers:i > 0,j >0, k> 0.
Toget (*) seti=1,) = k=0, then permute cyclically.

The genera formulaisvalid for triangles with straight sides
and constant metric. It does not extend to curved-side triangles,
arestriction not mentioned in FEM textbooks.
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Introduction to FEM

Line Forceson Turner Triangle Side

1 qx1 =0y = qxl(l_ZZ)"' qx2Z2

L umping to node for ces given as Exercise 15.4
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Introduction to FEM

| mplementation of Turner Triangle Stiffness
Computation as Mathematica M odule

Tri g3Tur ner Menbr aneSti ffness[ ncoor , Emat _, h_, nunmer _] : =Modul eJ {
x1,x2,x3,y1,y2,y3, x21, x32, x13,y12,y23,y31, A Be, Ke},
{{x1,yl}, {x2,y2},{x3,y3}}=ncoor
A=Si mpl i fy[ (x2*y3-x3*y2+(x3*yl-x1*y3) +(x1*y2-x2*y1l))/2];
{x21, x32,x13,y12,y23, y31} ={ x2-x1, x3-x2, x1-x3,yl-y2,y2-y3,y3-yl};
Be={{y23, 0,y31, 0,y12, 0}, {0, x32, 0, x13, 0, x21},
{x32,y23, x13,y31, x21,y12}}/ (2*A);
| f [numer, Be=N[Be]]; Ke=A*h*Transpose[ Be].Emat. Be;
Ret urn[ Ke] ];

Can be downloaded from web site
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Introduction to FEM

Testing the Turner Triangle Stiffness Module

ncoor={{0, 0},{3,1},{2,2}}; Emat=8*{{4,1,0},{1,4,0},{0,0,2}};

Ke=Tri g3Tur ner Menbr aneSt i f f ness[ ncoor, Emat, 1, Fal se];

Print["Ke=",Ke//MatrixForn;

Print["eigs of Ke=", Chop[Ei genval ues[NJKe]]]];

Show Graphi cs[ R@Col or[ 1, 0, 0] ], G aphi cs[ Absol ut eThi ckness[ 2] ],
G aphi cs[ Pol ygon[ ncoor] ], Axes->True] ;

6 3 -4 -2 -2 -1 2
3 6 2 4 -5 -10 s
Keo |4 2 24 -12 -20 10
2 4 -12 24 14 -28 1
-2 -5 -20 14 22 -9
-1 -10 10 -28 -9 38 05
eigs of Ke = { 75.5334, 32.8648, 11.6017, 0, 0, O} 05 1 15 2 25 3
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