14-15 Solutions to Exercises

Homework Exercisesfor Chapter 14 - The Plane Stress Problem
Solutions

EXERCISE 14.1 Hereisthe solution to go from plane strain to plane stress:

ClearAl | [Em v, Enstar, vstar]; Efac=Ent(1-v)/((1+v)*(1-2v));

Emat =Ef ac*{{1, v/ (1-v), 0}, {v/(1-v),1,0},{0,0,(1-2*v)/(2*(1-v))}};

Print["Plane strain E matrix:", Emat//MatrixForni;

EEmat =Si npl i fy[ Emat /. { Em >Enst ar, v->vstar}];

sol =Sol ve[{EEmat [[ 1, 1] ] ==Em (1- v"2), EEmat[[ 1, 2] ] ==En* v/ (1- v"2) },
{Enmstar, vstar}]; sol=Sinplify[sol];

Print["repl acenent rule:",sol];

Print["Check - this should be the plane stress E matrix:",

Sinmplify[EEmat/.sol [[1]]]//MatrixForni;

Em(1-v) Emv 0
T2v) (1+v) 1-2v) (1+v)
Plane strain E mtrix: | g5 g 1o 0
0 0 pxcEy
Em(1+2v)

vstar = L}}

replacenent rule: {{Emstar = A2 ey

Em Emv 0
12 12
Check - this should be the plane stress E matrix: | 22 _En. 0

Em
0 0 2+2 v

FIGURE E14.2. Solution for Exercise 14.1. Plane strain to plane stress.
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Here isto go from plane stress to plane strain:

It gives E* and v* =

ClearAl | [Em v, Enstar, vstar]; Efac=En (1-v"2);
Emat =Si npl i fy[ Ef ac*{{1,v,0},{v,1,0},{0,0, (1-v)/2}}];
Print["Plane stress E matrix:", Emat//MatrixForni;
EEmat =Si npl i f y[ Emat /. { Em >Enst ar, v- >vstar}];
sol =Sol ve[ {EEmat [[ 1, 1] ] ==En* (1- v)/ ((1+v)*(1-2v)),
EEmat [[ 1, 2] ] ==EmFv/ ((1+v)*(1-2v))},
{Enstar, vstar}]; sol=Sinplify[sol];
Print["repl acenent rule:",sol];
Print["Check - this should be the plane strain E matrix:",
Sinmplify[EEmat/.sol [[1]]]//MatrixForni;

Em Emv 0
172 172
Plane stress E matrix: | £y B @
Em
0 0 2+2 v
Em v
replacement rule: {{Enstar = ;— 5, vstar = - ———}}|
Em (-1+v) _ Emv 0
“1iv+2 v2 ~1+v+2 v
Check - this should be the plane strain E matrix: | -—Emy__ Em(1:v) 0
T2y T1ov2y
Em
0 0 727

FiGURE E14.3. Solution for Exercise 14.1. Plane stress to plane strain.
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Chapter 14: THE PLANE STRESS PROBLEM 14-16

and v* = 1T”v Credit is given for doing it either way.

It gives E* = E
1—v

EXERCISE 14.2 For plane strain:
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0 0 u 0 0 1] 0 0
_ (E14.10)
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(The second step above is actually unnecessary, one could go directly to the third expression.) Here_X =
201/ (A + 21) = Ev/(1 — v?) isamodified Lamé constant; the inverse relation being A = 2iu/ (2 — ).

EXERCISE 14.3 A solution using Mathematica is shown in Figure E14.4. Inthis script gxy standsfor 2e, .

ClearAl | [ Em v, a, Gn exX, eyy, gxy, SXX, Syy, sxy, AT]; Gm=Enl (2*(1+v));
s={sxX, syy, sxy}; e={exx, eyy, gxy};

eqs={ exx==(Sxx-v*syy)/ Emta* AT, eyy==(Syy- v*sxx) / Emra* AT, gxy==sxy/ G} ;
s=Sinmplify[s/.Solve[eqgs,s][[1]]];

Emat =Si npl i fy[ Tabl e[ Coefficient[s[[i]],e[[j]1]].{i,1,3},{j,1,3}11;
Trat =Si npl i fy[ Tabl e[ Coefficient[s[[i]],AT],{i,1,3}]1];

Print["Emat=", Emat//MtrixForm", Tmat=", Tmat];
_ _Em _ _Emv 0
—1+v2 —1+v2 Ema Ema
Emat=| - v, __Em, 0 |, Tmat={ " —15v- 0

0 0 Em

2+2v

FI1GURE E14.4. Solution for Exercise 14.3.
Transcribing the answer:

Oxx E 1 v 0 €x Ea 1
oy |=7—5|v 1,0 &y |- 1 1]aT, (E14.12)
Oy VLo o 15V ][ 2, ~Vlo

The only difference with respect to thefirst of (E14.1) isthe thermal stress vector, which vanishesif AT = 0.
This form may be found in any book on elasticity.

EXERCISE 14.4

Equilibrium along x and y givet, ds = oxx dX + oyx dy and t, ds = oy, dX + oy dy, respectively. Dividing
through by ds and setting dx/ds = ny, dy/ds = ny, oyx = oyy, Yields (14.10).
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EXERCISE 14.5

The verification of (a) and (b) is immediate on expanding the quadratic forms. Item (c) is more difficult. A
brute force solution using Mathematica for an arbitrary material matrix E is shown in Figure E14.5.

Cl ear Al | [ exx, eyy, gXy, SXX, Syy, sxy, E11, E22, E33, E12, E13, E23] ;

Emat ={ { E11, E12, E13}, { E12, E22, E23}, { E13, E23, E33}};

s={sxx, syy, sxy}; e={exx, eyy, gxy}; nE{exx,eyy, sxy};

eqs={ sxx==E11* exx+E12* eyy+E13* gxy, syy==E12* exx+E22* eyy+E23* gxy,
sxy==E13* exx+E23* eyy+E33* gxy} ;

sol =Si mpl i fy[ Si nplify[ Sol ve[ eqgs, {sxx, syy, gxy}111;

Print[sol]; W=Sinplify[(e.Emat.e/2)/.sol[[1]]];

fac[i_,j_]:=If[i=5,1,1/2];

A=Tabl e[fac[i,j]*Coefficient[Unf[il]l*,m{[j]]1],{i,2,3},{j,1,3}];

Print["A=", Al/Matri xForn;

E13 (E13 exx + E23 eyy - sxy)

{{sxx = Ellexx + E12 eyy - £33 ,
E23 (E13 exx + E23 eyy - sxy) -E13 exx - E23 eyy + sxy
syy = E12 exx + E22 eyy - £33 , gXy = 33 1

-E132 +E11 E33 -2 E13 E23+2 E12 E33 0
2 E33 4E33

A=| -2E13 E23.2 E12 E33 -E232 +E22 E33 0
4 E33 2E33

1

0 0 2 E33

FIGURE E14.5. Solution for Exercise 14.5.

Transcribing the result, the matrix for item (c) is

EuBss— Bl EpEs—2EpEs |

2Ex3 4E33
A= ExEss — E§3 0 (E14.13)
2E33
symm SE= éss
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