12-15 Solutions to Exercises

Homework Exercisesfor Chapter 12 - Variational Formulation of Plane Beam Element

Solutions

EXERCISE 12.1 A Mathematicascript forf® by analytical integration is shown in Figure E12.1.

ClearAll[El,Eli,Elj,Le &, €]; Le=¢;

Be={{6*&, (3*&-1)*Le, - 6%, (3*&+1) *Le}};

El =ElI 1* (1- &)/ 2+El 2*(1+&) / 2;

Ke=1/ (2*Le”3) *I nt egr at e[ El * Transpose[ Be] . Be, {&, -1, 1}] ;
Ke=Si mpl i fy[ Ke] ;

Print["Ke for variable xsec beam\n", Ke//MatrixForni;
ClearAllI[EI]; Ke=Sinplify[Kel/.{El2->El, El2->El}];
Print["Ke for El1=El2=El is ", Ke//MtrixForn;

Ke for variable xsec beam:

6 (El 1+El 2) 2 (2 El 1+El 2) 6 (El 1+El 2) 2 (El 1+2 El 2)
53 52 - 63 £2
2 (2 El 1+El 2) 3El 1+El 2 2 (2EI11:E12) El 1+El 2
22 7 2 7
6 (El 1+El 2) 2 (2 El 1+El 2) 6 (El 1+El 2) 2 (El 1+2 El 2)
- 23 B 2 I - 22
2 (El 1+2 El 2) El 1+El 2 _ 2 (E11:2El2) El 1+3El 2
£2 [ 2 [/

Ficure E12.1. Script to solve Exercise 12.1

Transcribing the result:

6(El,+El) 2QEl,+El) —6El+El)  2El+El)e
1 BEl + El)f2 —2Q2El 4+ Elp)l  (Ely + Elpe?
e_ L 1 2 1 2 1 2

symm (E|1+2E|2)€2

The print output of the check |, = El, = E I is omitted to save space, but it reproduces the matrix (12.20).

EXERCISE 12.2 A Mathematicascript forf® by analytical integration is shown in Figure E12.2.

ClearAll[qg,091,92,¢&,q; Le=¢
Ne={2*(1-&)"2*(2+§), (1-&)"2*(1+&)*Le,

2*(1+8) "2*(2-¢), - (1+&) "2*(1-&) *Le}/ 8;
q=q1*(1-&)/2+q2*(1+&)/ 2;
fe=Simplify[ (Le/2)*Integrate[q*Ne, {&,-1,1}] 1;
Print["ferT for |in varying |load g:\n",fe];
ClearAll[q]; fe=Sinplify[fe/.{ql->q, q2->q}];
Print]"check for gql=g2=q: ",fe],
fe~T for lin varying load q:

{£7al+302)¢ & Bal+202)° % (3ql+70q2) -3 (291 +302)°}

FIGURE E12.2. Script to solve Exercise 12.2
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Transcribing the result:

£
fe — 0 [3(7an +3c) £(Bm +202) 3@u+70) €291+ 302) ] . (E1211)

The output of the checl = ¢; = q is omitted to save space, but it does reproduce (12.21).
EXERCISE 12.3 Following the hint, the shape function matrix is evaluated at a, oré = 2a/¢ — 1:

_ P

e __ T
f=PN |g—>2a/ﬁ—l g2

[@= €)2£(2a 0 aa—? - a2(2a£— 30 p2@-n] . (E1212

If a = 0 anda = ¢ the force vector reduces fd® 0 0 0]" and[0 O P 0]", respectively, as expected.

EXERCISE 12.4 Figure E12.3 shows Elathematicascript that implements (E12.5) for a linearly varying
distributed momenin.

ClearAll[mLe, &, 4; Le=¢

Ne={2*(1- &) "2*(2+§), (1-&)"2*(1+&)*Le,
2*(1+&)"2%(2-8), - (1+§)"2*(1-&) *Le}/ 8;

menil* (1- &) / 2+nmR* (1+E) / 2;

fe=Integrate[ m D Ne, £],{&, -1, 1}];

fe=Sinplify[fe]; Print["fe: ", fe];

fer {-5 (Ml+m2) £ (mi-m2)¢ L (mi+m2) --L(mi-m2)e}

Ficure E12.3. Script to solve Exercise 12.4

This gives
1
=5 [—6M+my) (M —my)e 6(mi+my) (M- mye]". (E1213)

There is a shortcut for uniformm; that is,m; = m, = m. Moving m out of the integral (E12.5) gives

1
fesz NJde=mN"|"' =m[-1 0 1 Q. (E1214)

1

EXERCISE 12.5 Replacingn(x) = C é(a) in the integral (E12.5) reduces it to

A ONT

.
e_c AN =2CdN
dx

X—=a

_S[ea(a—z)
¢ de

- 2
£—2a/t—1 ¢ ¢

.
aGa—20)] -

(E1215)
If a=0anda=¢,f°reducestd0 C 0 0]" and[0 O 0 C]", respectively, as expected.df= 3¢ we get

C[-3/(2¢) —1/4 3/(2¢) —1/4]", which is not that obvious.

(¢ — 3a)(f — a) w

EXERCISE 12.6 The results of this exercise are collected on Table 12.1. The rules with 1, 2 and 3 points
fail for monomial degrees 2, 4 and 6, respectively, and are exact for degrees up to one less. The property
is extendible to any rule order: a Gauss rule witlpoints integrates exactly polynomials of degrge-21

or less, as proven in texts on numerical analysis. Note that since the rules are symmetric abOuhey

are exact for anypdd function aboutx = 0 because the integral of any such function freth to 1 is zero.
Consequently odd-degree monomials, such asz?, are integrated exactly bajl rules.
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EXERCISE 12.7 A Mathematicascript to computéK ® by two-point Gauss rule is shown in Figure E12.4.
This result reproduces exactly (E12.10) because the polynomials being integrated for linearly Edrgirey
cubic in& (B, BT andE| are linear ing). From Exercise 12.6, the 2-point Gauss rule integrates exactly

Solutions to Exercises

Table 12.1. Results From Exercise 12.6

Monomial degree
01 2 3 45 6

Exact 2 02 0 20 2
One-point rule (E12.6) 2 00

Two-point rule (E12.7) 2 02 0 ¢
Three-point rule (E12.8) 2 02 0 £ 0 2

polynomials of order up to and including 3.

EXERCISE 12.8 A Mathematicascript to computé © by two-point Gauss rule is shown in Figure E12.5.

This result is different from (E12.11) because the polynomials being integrated for linearly vargreg
guartic in&, and the 2-point Gauss rule is not exact for that order. But for unifpthe results would be the

same.

ClearAl | [EI,EI1,El2,&,4; Le=¢

Be={{6*¢, (3*¢&-1)*Le, - 6%, (3*&+1) *Le}};

El =El 1*(1- &)/ 2+El 2*(1+&) / 2;

Kel=(1/(2*Le”3))*(El *Transpose[ Be] .Be)/.&-> Sqrt[3]/3;
Ke2=(1/(2*Le"3))*(El *Transpose[Be] . Be)/.&->-Sqrt[ 3]/ 3;

Ke=Si npl i f y[ Kel+Ke2] ;

Print["2-Gauss-pt Ke for var xsec beam\n ", Ke//MatrixForni;

2-Gauss-pt Ke for var xsec beam:

6 (El 1+El 2) 2 (2 El 1+El 2) 6 (El 1+El 2) 2 (El 1+2 El 2)
3 Iz - 23 02
2 (2 El 1+El 2) 3El 1+El 2 2 (2 El 1+El 2) El 1+El 2
2 [ - 22 2
_ 6 (EI1+El2) 2 (2El1+El 2) 6 (El 1+El 2) 2 (EI12E2)
23 22 &) 22
2 (El 1+2 El 2) El 1+El 2 _ 2 (E11+2E12) El 143 El 2
72 7 72 l

Ficure E12.4. Script to solve Exercise 12.7

ClearAll[qg,091,092,¢, q; Le=¢
Ne={2*(1-&)"2*(2+§), (1-&)"2*(1+&)~Le,

2% (1+&)N2*(2-¢&),-(1+&)"2*(1-&)*Le}/8;
g=ql*(1-¢&)/2+q2*(1+&)/ 2;
fel=(Le/2)*(Ne*q)/.&-> Sqrt[3]/3;
fe2=(Le/2)*(Ne*q)/.&->-Sqrt[3]/3; fe=Sinplify[fel+fe2];
Print["2-CGauss-pt fe”T for var load g:\n ",fe];

2-pt Gauss for var load q:
2 (1391+502F = (2ql+02)° % (501+13q2) -5 (ql+2q2)?}

FIGURE E12.5. Script to solve Exercise 12.8
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EXERCISE 12.9 The derivation is presented in Przemieniecki [140], §5.6.

EXERCISE 12.10 The FEM result isv, = qL*(1 — 40?)?/(96E1). The ratio to the exact solution is
r = 41— 4a?) /(5 — 4a?). Fora = 0 the ratio is 45 and the FEM result is 20% in error. Asgrows the
error increases, for exampledf= 1/4,r = 12/19 = 0.6317 and the error is over 36%.

12-18



