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11-3 811.3 VARIATIONAL FORMULATION

§11.1. A New Beginning

This Chapter begins Part 11 of the course. This Part focuses on the construction of structural and
continuum finite elementsusing avariational formulation based onthe Total Potential Energy. Why
only elements? Becausethe other synthesis steps of the DSM: globalization, merge, BC application
and solution, remain the same asin Part |. Those operations are not element dependent.

Individual elements are constructed in this Part beginning with the simplest ones and progressing
to more complicated ones. The formulation of 2D finite elements from a variational standpoint is
discussed in Chapters 14 and following. Although the scope of that formulation isbroad, exceeding
structural mechanics, it is better understood by going through specific elements first.

From a geometrical standpoint the simplest finite elements are one-dimensional or line elements.
This means that the intrinsic dimensionality is one, although these elements may be used in one,
two or three space dimensions upon transformation to global coordinates as appropriate. The
simplest one-dimensional structural element is the two-node bar element, which we have already
encountered in Chapters 2, 3 and 5 as the truss member.

In this Chapter the bar stiffness equations are rederived using the variational formulation. For
uniform propertiesthe resulting equations are the same as those found previously using the physical
or Mechanics of Materials approach. The variationa method has the advantage of being readily
extendible to more complicated situations, such as variable cross section or more than two nodes.

§11.2. Definition of Bar Member
In structural mechanics abar isastructural component characterized by two properties:

(1) Onepreferred dimension: thelongitudinal dimension or axial dimensionismuch larger that the
other two dimensions, which arecollectively known astransversedimensions. Theintersection
of a plane normal to the longitudina dimension and the bar defines the cross sections. The
longitudinal dimension defines the longitudinal axis. See Figure 11.1.

(2) The bar resists an internal axial force along its longitudinal dimension.

In addition to trusses, bar elements are used to model cables, chains and ropes. They are also used
as fictitious elements in penalty function methods, as discussed in Chapter 9.

Wewill consider hereonly straight bars, althoughtheir crosssectionmay vary. Theone-dimensional
mathematical model assumesthat the bar material islinearly elastic, obeying Hooke's law, and that
displacements and strains are infinitesimal. Figure 11.2 pictures the relevant quantities for afixed-
free bar. Table 11.1 collects the necessary terminology for the governing equations.

Figure 11.3 displays the governing equations of the bar in agraphic format called a Tonti diagram.
The formal similarity with the diagrams used in Chapter 5 to explain MoM elements should be
noted, although the diagram of Figure 11.3 pertains to the continuum model rather than to the
discrete one.

11-3



Chapter 11: VARIATIONAL FORMULATION OF BAR ELEMENT 114

Table11.1 Nomenclaturefor Mathematical Model of Axially L oaded Bar

Quantity Meaning
X Longitudinal bar axis*
) d(.)/dx
u(x) Axial displacement
q(x) Distributed axial force, given per unit of bar length
L Total bar length
E Elastic modulus

A Cross section area; may vary with x
EA Axial rigidity
e=du/dx = U Infinitesimal axial strain
o = Ee=EU Axial stress
F=Aoc =EAe=EAU Internal axial force

P Prescribed end |oad

* X isused in this Chapter instead of X (asin Chapters 2-3) to simplify the notation.

Cross section
X /»/axial rigidity EA

—>u(X)

Y

Cross section

q(x)
—>—>—>>

P

P N ‘

Longitudinal axis ™ X

FIGURE 11.1. A fixed-free bar member. FIGURE 11.2. Quantities that appear in analysis of bar.

811.3. Variational Formulation

Toillustrate the variational formulation, the finite element equations of the bar will be derived from
the Minimum Potential Energy principle.

811.3.1. The Total Potential Energy Functional

In Mechanics of Materialsit is shown that the internal energy density at a point of alinear-elastic
material subjected to a one-dimensional state of stress o and straineisif = %a(x)e(x), where
o isto be regarded as linked to the displacement u through Hooke's law o = Ee and the strain-
displacement relation e = u’ = du/dx. Thisi/ isaso caled the strain energy density. Integration

114



11-5 811.3 VARIATIONAL FORMULATION

Prescribed | PR (" g Distributed
~ end = displacement axial load
displacement u(x) q(x)

Kinematic|] e=u F'+qg=0] Equilibrium
Axia I F=EAe Axid i
i force Force BCs Péne%clrcl) t;ejd

e(x) Constitutive F(X)

F1cure 11.3. Tonti diagram for the continuum model of a bar member. Field equations and BCs are represented
as lines connecting the boxes. Yellow (brown) boxes contain unknown (given) quantities.

over the volume of the bar gives the total internal energy

L L L
U::;/aem/:%/1Femu:%/(Ethdx=%/ UEAU dx, (11.1)
\% 0 0 0

in which all integrand quantities may depend on Xx.
The external energy due to applied mechanical loads pools contributions from two sources:

1. Thedistributed load q(x). This contributes a cross-section density of q(x)u(x) becauseq is
assumed to be already integrated over the section.

2. Any applied end load(s). For the fixed-free example of Figure 11.2 the end load P would
contribute P u(L).

The second source may be folded into the first by conventionally writing any point load P acting
at across section x = a asacontribution P §(a) to q(x), where §(a) denotes the one-dimensional
Dirac deltafunction at x = a. If thisis done the external energy can be concisely expressed as

L
W= / qudx. (11.2)
0

The total potential energy of the bar is given by

| nI=U-Ww (11.3)

Mathematically thisisafunctional, called the Total Potential Energy functional or TPE. It depends
only on the axial displacement u(x). In variational calculus thisis called the primary variable of
the functional. When the dependence of IT on u needs to be emphasized we shall write I[u] =
U [u] —W][u], with bracketsenclosing the primary variable. Todisplay both primary and independent
variables we write, for example, IT[u(x)] = U[u(x)] — W[u(x)].

11-5
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Remark 11.1. According to the rules of Variational Calculus, the Euler-Lagrange equation for IT is
ol1  d 9Il

au dx ou

This is the equation of equilibrium in terms of the axial displacement, usually written (EAU’) +q = 0, or
EAU”" 4+ q = 0if EAisconstant. Thisequation isnot explicitly used in the FEM development. It isinstead
replaced by 6T = 0, with the variation restricted over the finite element interpolation functions.

811.3.2. Variation of an Admissible Function

The concept of admissiblevariationisfundamental in both variational calculusand the variationally
formulated FEM. Only the primary variable(s) of afunctional may bevaried. For the TPE functional
(11.4) thisisthe axial displacement u(x). Suppose that u(x) is changed to u(x) + 8 u(x).t

This is illustrated in Figure 11.4, where for con-
venience u(x) is plotted normal to x. The func-
tiona changes from IT to IT 4+ SI1. The function
s u(x) and the scalar §I1 are cdled the variations
of u(x) and I1, respectively. The variation § u(x)
should not be confused with the ordinary differen-
tial du(x) = u’(x) dx since on taking the variation

the independent variable x isfrozen; that is, §x = 0. FIGURE 11.4. Concept of admissible varia-

. . . . ) tion of the axial displacement function u(x).
A displacement variation su(x) is said to be admis- For convenience u(x) is plotted normal to the
sible when both u(x) and u(x) + § u(x) are kine- longitudinal axis. Both depicted u(x) and
matically admissible in the sense of the Principle of u(x) + su(x) arekinematically admissible, and

Virtual Work (PVW). This agrees with the condi- Soisthe variation Su(x).

tions stated in the classic variational calculus.
A kinematically admissible axial displacement u(x) obeys two conditions:
(i) Itiscontinuous over the bar length, that is, u(x) € Cpinx € [0, L].

(i) It satisfies exactly any displacement boundary condition, such as the fixed-end specification
u(0) = 0of Figure 11.2.

The variation § u(x) depicted in Figure 11.4 is kinematically admissible because both u(x) and

u(x) + s u(x) satisfy the foregoing conditions. The physical meaning of (i)—(ii) is the subject of

Exercise 11.1.

811.3.3. The Minimum Potential Energy Principle

The Minimum Potential Energy (MPE) principle states that the actual displacement solution u*(x)
that satisfies the governing equations is that which renders IT stationary:?

SIT=6U—8W=0 iff u=u* (11.5)

with respect to admissible variationsu = u* + su of the exact displacement field u*(x).

1 The symbol & not immediately followed by aparenthesisis not adelta function but instead denotes variation with respect
to the variable that follows.

2 The symbol “iff” in (11.5) is an abbreviation for “if and only if”.
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117 811.3 VARIATIONAL FORMULATION

Remark 11.2. Using standard techniques of variational calculus® it can be shown that if E A > 0 the solution
u*(x) of (11.5) exists, is unique, and renders IT[u] a minimum over the class of kinematically admissible
displacements. The last attribute explains the “mininum” in the name of the principle.

811.3.4. TPE Discretization

u,, f u,, f Us, f u,, f Ug, f
To apply the TPE functional (11.2) to the }—1>1 }—2>2 }—3>3 }_4#‘ 5,5

derivation of finite element equations we re- O 0 O
place the continuum mathematical model by 1 2 3 4 5
adiscrete one consisting of aunion of bar el-

ements. For example, Figure 11.5illustrates Us

u
the subdivision of a bar member into four T 1 T ug U
two-node elements.

Y x

Functionals are scalars. Therefore, corre-
sponding to a discretization such as that
shown in Figure 11.5, the TPE functional

Ficure 11.5. FEM discretization of bar member.
A piecewise- linear admissible displacement tria

(11.4) may be decomposed into asum of con- function u(x) is drawn underneath the mesh. It is
tributions of individual elements: assumed that the |eft end is fixed; thusu; = O.
N=0n%+n0®+...+10M (11.6)

where N is the number of elements. The same decomposition applies to the internal and external
energies, as well asto the stationarity condition (11.5):

STT = sTIV 4+ 811@ + ... 4+ 511N = 0, (11.7)

Using the fundamental lemma of variational calculus, it can be shown that (11.7) implies that for
ageneric element e we may write

STI® = sU® — sW° = 0. (11.8)

This variational equation is the basis for the derivation of element stiffness equations once the
displacement field has been discretized over the element, as described next.

Remark 11.3. In mathematics (11.8) is called aweak form. In mechanicsit a so statesthe Principle of Virtual
Work for each element: sU® = §W€, which says that the virtual work of internal and external forces on
admissible displacement variations is equal if the element isin equilibrium [200].

3 Seereferencesin Notes and Bibliography at the end of Chapter.

4 See, e.g., Chapter Il of Gelfand and Fomin [110].
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811.3.5. Bar Element Discretization

Figure 11.6 depicts ageneric bar element e. It hastwo nodes, which arelabeled 1 and 2. Theseare
called thelocal node numbers.® Theelementisreferredtoitslocal axisX = X — x4, which measures
the distance from its left end. The two degrees of freedom are u§ and u$. (Bars are not necessary
on these values since the directions of X and x are the same.) The element lengthis¢ = L®.

Themathematical concept of bar finite elementsisbased on approximation of theaxial displacement
u(x) over the element. The exact displacement u* is replaced by an approximate displacement

u*(x) &~ u®(x) (11.9)

over the finite element mesh. This approximate displacement, u®(x), taken over all elements
e=12,...N¢ iscalled thefinite element trial expansion or simply trial expansion. See Figure
11.5.

ThisFE trial expansion must belong to the class of kinematically admissible displacements defined
in §11.3.2. Consequently, it must be Cy continuous over and between elements.

811.3.6. Shape Functions

In a two-node bar element the only possible variation of the displacement u® that satisfies the
interelement continuity requirement stated aboveislinear. It can be expressed by theinterpolation
formula

e
UB(x) = NUS + NSuS = [ N&  NE] Hg] = Nue. (11.10)
2

Thefunctions N7 and N3 that multiply the node displacementsu; and u, are called shape functions.
These functions interpolate the internal displacement u® directly from the node values.

See Figure 11.6. For the bar element, with X = X — X; mea-
suring the distance from the left node i, the shape functions

are 1 (e 2
O
e e e
NS=1-2>=1-¢ NS=>=¢  (1L11) « =L X
¢ £ %= XL % |
——>
Here ¢ = (X — X1)/¢ = X/¢ isadimensionless coordinate, =
alsoknownasanatural coordinate. Notethat dx = ¢ d¢ and 1] N© .
d¢ = dx/¢. Theshapefunction N5 hasthevalue 1 at node 1 ! 0
and O at node 2. Conversely, shapefunction N5 hasthevalue .
Oatnodelandlatnode2. Thisisagenera property of shape Nje 1
functions. It follows from the fact that element displacement 0
interpolations such as (11.10) are based on physical node
values. FicUrkg 11.6. Theshapefunctionsof the

generic bar element.

5 Note the notational change from the labelsi and j of Part I. Thiswill facilitate transition to multidimensional € ements.
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11-9 811.4 THE FINITE ELEMENT EQUATIONS

Remark 11.4. In addition to continuity, shape functions must satisfy a completeness requirement with respect
to the governing variational principle. This condition is stated and discussed in later Chapters. Suffices for
now to say that the shape functions (11.11) do satisfy this requirement.

811.3.7. The Strain-Displacement Equation

The axial strain over theelement is

du® e dN;  dNS 7[ u§ 1 us
= — = / = = — —1 1 1 = B e 1112
© dx u [ dx dx ] {Ug 14 [ ] u3 - ( )
where 1
B=_[-1 1] (11.13)

is called the strain-displacement matrix.

§11.3.8. *Trial Basis Functions

, _ _ _ _ O 2. (©) @
Shape functions are associated with elements. A trial basis 5 >

function, or simply basis function, is associated with a node.

Suppose node i of a bar discretization connects elements (el) u N,
and (e2). Thetrial basisfunction N; is defined as /|\(<(thick line)
N@ | N
N/ if x € element (e1) i >

N0 = { N if x € element (€2) (L34 pqure 11.7. Tria basis function for node 3.
0 otherwise

For a piecewise linear discretizations such as the two-node bar this function has the shape of ahat. Thusitis

sometimes called a hat function or chapeau function. See Figure 11.7, inwhichi = 3,el = 2,e2 = 3. The

concept isimportant in the variational interpretation of FEM as a Rayleigh-Ritz method.

811.4. TheFinite Element Equations

In linear FEM the discretization process for the TPE functional leads to the following algebraic
form

O
5

INQ)

3

Me=U®—We U°=21@u®'Ku®, W= (u®'fe (11.15)
whereK € and f€ are called the el ement stiffness matrix and the element consi stent nodal force vector,

respectively. Notethat in (11.15) the three energies are only function of the node displacements u®.
U ¢ and W€ depend quadratically and linearly, respectively, on those displacements.

Taking the variation of the discretized TPE of (11.15) with respect to the node displacements gives®
T oI1®

aue
Because the variations §u€ can be arbitrary, the bracketed quantity must vanish, which yields

STI® = (5u°) = (su®)" [Keu® — ] =0. (11.16)

| Keuwe=f | (11.17)

Thesearethe element stiffness equations. Hencetheforegoing namesgivento K © and f€ arejustified
a posteriori.

6 The % factor disappears on taking the variation because U € is quadratic in the node displacements. For areview on the
calculus of discrete quadratic forms, see Appendix D.
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811.4.1. The StiffnessMatrix

For the two-node bar element, the internal energy U€ is

2
X1 0

X2 1
ue = l/ eEAedx = %/ eEAerde, (11.18)

wherethe strain eisrelated to the nodal displacementsthrough (11.12). Thisformissymmetrically
expanded by inserting e = Bu¢ into thesecond eand e = ' = (u®)TBT into thefirst e:

e
/[u1 us] > [ ]EA—[ 1 1][3%]150@. (11.19)
2
The nodal displacements can be moved out of the integral, giving
LEA ue
ve=itur wg [ S| 3 TT]ede b ] = d ke (11.20
inwhich
e __ T — ——
K _fo EAB B(ng_fo 72 [_1 1]£d§. (11.21)

Isthe element stiffness matrix. If therigidity E A is constant over the element,

EA 1 -1 EA 1 -1
e __ T _
K®=EAB Bfo tds = — [_1 1]13__@ [_1 1]. (11.22)

Thisis the same element stiffness matrix of the prismatic truss member derived in Chapters 2 and
5 by aMechanics of Materials approach, but now obtained through a variational argument.

811.4.2. The Consistent Node For ce Vector

The consistent node force vector f€ introduced in (11.15) comes from the element contribution to
the external work potential W:

X2 1 1
=/ qudx:/ qNTueﬁd;:(ue)T/ q[lzg] Ed;:(ue)Tfe, (11.23)
X1 0 0

inwhich ¢ = (X — Xp)/£. Consequently

X2 1
Ll e e ]

If theforceq isconstant over the element, one obtai nsthe sameresultsaswith the EbE load-lumping
method of Chapter 7. See Exercise 11.3.
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11-11 811.5 *ACCURACY ANALYSIS

§11.5. *Accuracy Analysis

Low order 1D elements may give surprisingly high accuracy. In particular the lowly two-node bar el ement
can display infinite accuracy under some conditions. This phenomenon is studied in this advanced section as
it provides an introduction to modified equation methods and Fourier analysis along the way.

§11.5.1. *Nodal Exactness and Superconvergence

Suppose that the following two conditions are satisfied:
1. Thebar properties are constant along the length (prismatic member).
2. Thedistributed load q(x) is zero between nodes. The only applied loads are point forces at the nodes.

If so, alinear axia displacement u(x) as defined by (11.10) and (11.11) is the exact solution over each
element since constant strain and stress satisfy, element by element, all of the governing equations listed in
Figure 11.3.7 It followsthat if the foregoing conditions are verified the FEM solution is exact; that is, it agrees
with the analytical solution of the mathematical model.8 Adding extra elements and nodes would not change
the solution. That isthe reason behind the truss discretizations used in Chapters 2—3: one element per member
isenough if they are prismatic and loads are applied to joints. Such models are called nodally exact.

What happensif the foregoing assumptions are not met? Exactnessisthen generally lost, and several elements
per member may be beneficial if spurious mechanismsare avoided.® For a1D lattice of equal-length, prismatic
two-node bar elements, an interesting and more difficult result is: the solution is nodally exact for any loading
if consistent node forcesare used. Thisis proven in the subsection below. Thisresult underliestheimportance
of computing node forces correctly.

If conditions such as equal-length are relaxed, the solution is no longer nodally exact but convergence at the
nodesis extremely rapid (faster than could be expected by standard error analysis) as long as consistent node
forces are used. This phenomenon is called superconvergence in the FEM literature.

§11.5.2. *Fourier Patch Analysis a(x)
The following analys's is based on the modified dif- [ =, L' ] K[~
ferential equation (MoDE) method of Warming and — X — > EA = const
Hyett [261] combined with the Fourier patch analysis —— X=X t¢{

L |
apprc.)ach of Pa.trk and Flaggs [18?,1891. Trial basis function N
Consider alattice of two-node prismatic bar elements for nodej
of constant rigidity EA and equal length ¢, asillus 1= (¢=x)/¢ =1~y 1+ (=X)L = 1+
trated in Figure 11.8. The total length of the lattice Two-dlement “
is L. The system is subject to an arbitrary axia load patch ijk ?—?—ok

g(x). The only requirement on q(x) is that it has a

convergent Fourier series in the space direction. FiGuR 11,8, Superconvergence patch analysis

From the lattice extract a patch'® of two elements connecting nodes x;, X; and X asshownin Figure 11.8. The

7’ The interna equilibrium equation p' + q = EAu” 4+ q = 0 is trivially verified because g = 0 from the second
assumption, and u” = 0 because of shape function linearity.

8 Invariational language: the Green function of theu” = 0 problem isincluded in the FEM trial space.
9 These can happen when transforming such elements for 2D and 3D trusses. See Exercise E11.7.

10 A patch isthe set of all elements connected to anode; in this case j.

11-11



Chapter 11: VARIATIONAL FORMULATION OF BAR ELEMENT 1112

FEM patch equations at node j are

EA Ui

—[-1 2 -1]|u; | =1, (11.25)

) J J
Uk

in which the node force f; is obtained by consistent lumping:

Xk 0 1
fi = f qe)N; (x) dx = f ax; + v O L+ y)Ldy +f qx; + ¥ ) (L — ) Ldy. (11.26)
Xj -1 0

Here N;(x) is the “hat” trial basis function for node j, depicted in Figure 11.8, and ¢ = (x — Xj)/¢ isa
dimensionlesscoordinate that takesthevalues—1, 0 and 1 at hodesi, j andk, respectively. If q(x) isexpanded
in Fourier series

M
400 = > Gm€™,  fm =mr/L, (11.27)
m=1

(the term m = 0 requires special handling) the exact solution of the continuum equation EAU” +q = 0is

XM: ip G/
u*(x) = unefm* s = > (11.28)
m=1 EAﬁm
Evaluation of the consistent force using (11.26) gives
S (3Bml) 5,
fJ = Z fjm, me == qmgwe m 2. (1129)
m=1 Zﬂmz

To construct a modified differential equation (MoDE), expand the displacement by Taylor series centered at
node j. Evaluateati and k: uj = uj — U + Ezu’j’/2! — £3u’j”/3! +£4u'j“/4! +...and ug = uj + €U +
€U /2 + £3u]' /3! + £*u /4! 4. . .. Replace these seriesinto (11.25) to get

1 ” 62 iv £4 vi

Thisis an ODE of infinite order. It can be reduced to an algebraic equation by assuming that the response of
(11.30) to gy €% is harmonic: ujm€”™. If souf = —BZUjm, Ujh, = ByUjm, €tc, and the MoDE becomes

1 262 464
2EALBZ (5 - ﬁz! + /32!

SN (3 )

eiﬁmxj
1p2 )2 .
ZIBmE

— .. ) Ujm = 4EA€Sn2(%,Bm€) Ujm = flm = qu

(11.31)
Solving gives ujm = am€?™ /(E ABZ2), which compared with (11.28) shows that Ujm = uj, forany m > 0.
Consequently uj = uj. In other words, the MoDE (11.30) and the original ODE: EAu” + g = 0 have the
same value at x = x; for any load q(x) developable as (11.27). This proves nodal exactness. In between
nodes the two solutions will not agree.!*

The case m = 0 has to be treated separately since the foregoing expressions become 0/0. The response to a
uniform g = qg isaquadratic in x, and it is not difficult to prove nodal exactness.

11 The FEM solution varies linearly between nodes whereas the exact one is generally trigonometric.
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§11.5.3. *Robin BCs

Suppose that for a bar of length L one has the following end conditions: u'(0) = au(0) + b at x = 0 and
u(L) = au(L) + ba x = L, inwhich a and b are given coefficients. Those are called Robin BCs in the
literature. Adjoining them as Courant penalty terms gives the functional

L
F(u) = / [$(u)? — fuldx + 3[u'(0) — au(0) — b]? + 3[u'(L) + au(L) + b]2. (11.32)
0

Divide [0,L] into N elements and N = N + 1 nodes. Do C° linear interpolation over each element, insert
into F (u) toget Fg(u) = %uT Ku — fTv, in which u isthe vector of node values, K the master stiffness matrix
and f the master force vector. Coefficientsa and b will affect both K and f.

Vanishing of thefirst variation: § Fy = 0yieldsthe FEM equationsKu = f to be solved for u. The Robin BCs
at x = 0and x = L will affect the stiffness and force contributions of thefirst and last elements, but not those
of interior elements.

This kind of boundary value problem (i.e., with Robin BCs) is common in heat conduction and heat transfer
with convection given over cooling surfaces. In that case the heat flux is proportional to the difference of the
(unknown) surface temperature and that of the cooling fluid. Elements that "touch” the convention boundary
are affected.

Notes and Bibliography

The foregoing devel opment pertains to the simplest structural finite element: the two-node bar element. For
bars this may be generalized in various directions.

Refined bar elements. Adding internal nodes we can pass from linear to quadratic and cubic shape functions.
These elements are rarely useful on their own right, but as accessories to 2D and 3D high order continuum
elements (for example, to model edge reinforcements.) For that reason they are not considered here. The
3-node bar element is developed in exercises assigned in Chapter 16. Two- and three-dimensional truss
structures. The only additiona ingredients are the transformation matrices discussed in Chapters 3 and 6.
Curved bar elements. These can be derived using isoparametric mapping, a device introduced | ater.

Matrices for straight bar elements are available in any finite element book; for example Przemieniecki [204].

Tonti diagrams were introduced in the 1970s in papers now difficult to access, for example [251]. Scanned
images are available, howewer, at http://www.dic.units.it/perspage/discretephysics

The fundamentals of Variational Calculus may be studied in the excellent textbook [110], which is now
availablein an inexpensive Dover edition. The proof of the MPE principle can be found in texts on variational
methods in mechanics. For example: Langhaar [155], which is the most readable “old fashioned” treatment
of the energy principles of structural mechanics, with a beautiful treatment of virtual work. (Out of print but
used copies may be found via the web engines cited in §1.5.2.) The elegant treatment by Lanczos [154] is
recommended as reading material although it is more oriented to physics than structural mechanics.

The first accuracy study of FEM discretizations using modified equation methods is by Waltz et. a. [259];
however their procedures were faulty, which led to incorrect conclusions. The first correct derivation of
modified equations appeared in [261]. The topic has recently attracted interest from applied mathematicians
because modified equations provide asystematic tool for backward error analysisof differential equations: the
discrete solution is the exact solution of the modified problem. Thisis particularly important for the study of
long term behavior of discrete dynamical systems, whether deterministic or chaotic. Recommended references
along these lines are [117,121,232].

Nodal exactness of bar models for point node loads is a particular case of a theorem by Tong [250]. For
arbitrary loads it was proven by Park and Flaggs [188,189], who followed a variant of the scheme of §11.5.2.
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A different technique is used in Exercise 11.8. The budding concept of superconvergence, which emerged in
the late 1960s, is outlined in the book of Strang and Fix [227]. There is a monograph [260] devoted to the
subject; it covers only Poisson problems but provides a comprehensive reference list until 1995.

References
Referenced items moved to Appendix R.
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11-15 Exercises

Homework Exercisesfor Chapter 11
Variational Formulation of Bar Element

EXERCISE 11.1 [D:10] Explain the kinematic admissibility requirements stated in 811.3.2 in terms of
physics, namely ruling out the possibility of gaps or interpenetration as the bar material deforms.

EXERCISE 11.2 [A/C:15] Using (11.21), derive the stiffness matrix for a tapered bar element in which the
cross section area varies linearly along the el ement length:

A=A0A-0)+ AL, (E11.1)

where A and A; are the areas at the end nodes, and ¢ = x®/¢ is the dimensionless coordinate defined in
§11.3.6. Show that this yields the same answer as that of a stiffness of a constant-area bar with cross section
Z(Ai + A)). Note: the following Mathematica script may be used to solve this exercise:*?

ClearAll[Le, x, EmA A, A ];

Be={{-1,1}}/Le; (=x/Le; A=A *(1-Q)+A *;

Ke=I nt egr at e[ En* A* Tr anspose[ Be] . Be, {x, 0, Le}];

Ke=Si npl i fy[ Ke] ;

Print["Ke for varying cross section bar: ", Ke//MatrixForn;

In thisand following scripts Le standsfor £.

EXERCISE 11.3 [A:10] Using the area variation law (E11.1), find the consistent load vector f® for a bar
of constant area A subject to a uniform axia force g = pgA per unit length along the element. Show that
this vector is the same as that obtained with the element-by-element (EbE) “lumping” method of §8.4, which
simply assigns half of the total load: %,ogAE, to each node.

EXERCISE 11.4 [A/C:15] Repeat the previous calculation for the tapered bar element subject to a force
g = pgA per unit length, in which A varies according to (E11.1) whereas p and g are constant. Check that if
A = Aj onerecovers fi = f; = %,ogAE. Note: the following Mathematica script may be used to solve this
exercise:®

ClearAll[q, A A ,A,p, g, Le Xx];

(=x/Le; Ne={{1-C,C}}; A=A *(1-Q)+A *{; Q=p*g*A
fe=Integrate[g*Ne, {x, 0, Le}];

fe=Sinmplify[fe];

Print["fe for uniformload q: ",fe//MtrixForm;
ClearAl[A];

Print["fe check: ",Sinmplify[fe/.{A ->A A ->A}]//MatrixForni;

EXERCISE 11.5 [A/C:20] A tapered bar element of length ¢, end areas A; and A; with A interpolated as
per (E11.1), and constant density p, rotates on a plane at uniform angular velocity « (rad/sec) about nodeii.
Taking axis x along the rotating bar with origin at nodei, the centrifugal axial forceis q(x) = p Aw?x along
the length, inwhich x = x°. Find the consistent node forces asfunctionsof p, Aj, A;j, w and ¢, and specialize
the result to the prismatic bar A = A; = A;. Partial result check: f; = 2pw?At? for A= A = Aj.

12 TheClearAll[...] atthe start of the script is recommended programming practice to initialize variables and avoid
“cell crosstalk.” InaModule thisisdone by listing the local variables after the Module keyword.

13 TheClearAl1[A] beforethe last statement is essential; else A would retain the previous assignation.
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EXERCISE 11.6 [A:15] (Reguiresknowledge of Dirac’s deltafunction properties.) Find the consistent load
vector f¢ if the bar is subjected to a concentrated axia force Q at a distance x = a from its left end. Use
Equation (11.32), with g(x) = Q é(a), in which §(a) isthe one-dimensiona Dirac’s deltafunction at x = a.
Note: the following script doesit by Mathematica, but it is overkill:

ClearAll[Le,q,Q a, Xx];

(=x/Le; Ne={{1-C,C}}; qg=@*DiracbDelta[x-a];
fe=Sinplify[ Integrate[q*Ne, {x,-Infinity,Infinity}] ];
Print["fe for point load Q at x=a: ",fe//MtrixForm;

EXERCISE 11.7 [C+D:20] In alearned paper, Dr. . M. Clueless proposes “improving” the result for the
exampletrussby putting threeextranodes, 4, 5and 6, at themidpoint of members1-2, 2-3 and 1-3, respectively.
His"reasoning” isthat moreisbetter. Try Dr. C. ssuggestion using the Mathematicaimplementation of Chapter
4 and verify that the solution “blows up” because the modified master stiffnessissingular. Explain physically
what happens.

EXERCISE 11.8 [A:35, close to research paper level]. Prove nodal exactness of the two-node bar el ement
for arbitrary but Taylor expandable loading without using the Fourier series approach. Hints: expand q(x) =
ax;) + ¥ (x;) + €¥)%q"(x)/2! + ..., where £y = x — X; is the distance to node j, compute the
consistent force f; (x) from (11.26), and differentiate the MoDE (11.30) repeatedly in x while truncating all
derivatives to a maximum order n > 2. Show that the original ODE: EAU” + q = 0, emerges as an identity
regardless of how many derivatives are kept.
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