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Introduction to FEM

Penalty Function Method
Physical I nterpretation

Recall the example structure

f,ouy, o ug, fa oy, fy U, s U, fg U, fy
e (2) (3) (4) () (6)
1 2 3 4 5 6 7

—>» X
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Introduction to FEM

Penalty Function Method (cont'd)

/ (7)

" penalty element” of axial rigidity w

.
olx )=l

w = the" penalty weight" assigned to the constraint
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Introduction to FEM

Penalty Function Method (cont'd)

Upon merging the penalty element the modified stiffness
equations are

_Kll K1 0 0 0 0 0O 7 _Ul_ B fl_
Kiz Koo4+w Ko 0 0 —w 0 Uo fo
0 Ko Kz Kgg 0 0 0 Us f3
0 0 Kau Ku Kgs 0 0 Ug | = f4
0 0] 0 Kss Koss Ksg 0 Usg f5
0 —w 0 0] Ksg Kgs+w Kegz Ug fe

| 0 0 0 o) 0 Ke7 K77 ] Lu7_ | f7_

This modified system is submitted to the equation solver.
Notethat u retainsthe same arrangement of DOFs.
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Introduction to FEM

But which penalty weight to use?

. From IFEM
L 0g10(of solut(l)(?n error norm) Exercise 9.1
(Mathematica 4.2 on Mac G4)
_2 I
: -4t
constraint _
gap error best w solution error
dominates dominates
6§ 10 1z 13 -o9loW)

Rough guideline: " squareroot rule’; see Notes.
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Introduction to FEM

Penalty Function Method - General MFCs

3uz +Us —4ug =1

[3 1 —4]
T

Us

Rewrite as matrix product Us
Us

Premultiply both sidesby [3 1 —4]

[ g i _142} [33} [3} " Penalty element”
_ : | = _ _
12 —4 16 U stiffness equations

[EEN

Scaleby w and merge:

K Koo 0 0 0 0 O 7 1u’ B fi 7
Kio Kx Ko 0 0 0 0 U-> f2
0 Ky Kxz+9%w Kz 3w —12w 0 Us f3+ 3w
0 0 Kag Kas Kus 0 0 Ug | = f4
0 0 3w Kss  Kss+ w Ksg — 4w 0 Us f5 +w
0 0 —12w 0 Ksg — 4w Kgg+ 16w Kgz Ug f6 — 4w
L 0 0 0 0 0 Keg7 Ks71 Luy_ | f7 _
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Introduction to FEM

Assessment of Penalty Function M ethod

© ADVANTAGES
general application (inc' nonlinear MFCs)
easy to implement using FE library and
standard assembler
no changein vector of unknowns
retains positive definiteness
insensitive to constraint dependence

@ DISADVANTAGES
selection of weightsleft to user - big burden
accuracy limited by ill-conditioning
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L agrange Multiplier Method
Physical I nterpretation

force-pair that enforcesMFC

0 0 0 0 O T[T up’]
Ko 0 0 0 0 U-o
Kz Kzz 0 0 0 us
Kau Kag Kgs O 0 Ug

0 Kg Kss Kgg O Us

0 0 Kg Kg Ke7 || Us

0 0 0 Ke7 K77 Lu7z

Introduction to FEM
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Introduction to FEM

L agrange Multiplier Method (cont'd)

Because A isunknown, it ispassed tothe LHS
and appended to the node-displacement vector :

Ky Ky O 0 0
Kiz Kyp Ky 0 0
0 Kxi Kz Kz O

o O o
o o oo

0 Kz Ky Kg O
0 0 Ksg Ksg Kgg O

0 0) 0 Kss Kgg Kgz —1
0 0 0 0 Kg Kyz O

OO ook o

0
0
0
0

Thisisnow a system of 7 equations and 8 unknowns.

Need an extra equation: the MFC.
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Introduction to FEM

L agrange Multiplier Method (cont'd)

Append MFC as additional equation:

Kin Ky 0 0 0 0 0 O ][ up] ~ fy ]
Kio K Ko 0 0 0 0 1 U» f2
0 Kz K3z Kz 0 0 0 0) us f3
0 0 Kau Ku Kg 0 0 0 Ug | f4
0 0 0 Kas Kgs Kog 0 0 Usg a f5
0 0 0 0] Kse Kgg Kgz —1 Ug fe
0 0 0 0 0 Kez Ko7 0 u-; f7

0 1 0 0 0 -1 0 OoJlLar] [o]

Thisisthe multiplier-augmented system. The new
coefficient matrix is called the bordered stiffness.
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Introduction to FEM

L agrange Multiplier Method - Multiple MFCs

ThreeMFCs. | u;—ug =0, Su; — 8u7 = 3, Uz +Us —4us =1

Recipe step #1.
append the 3 constraints

~ Ky Ko 0 0 0 0 0 7 B fl_
Kj_z K22 K23 O O O 0 _u —_ fz
0 Kp Ky Ky O 0 O ul f
0 0 Ky Kgu Ki 0 0 u2 f4
0 0O 0 Kg Ks Kg O u3 | s
0 0 0 0 Kg Kg Ke u“ | fs
0O 0O 0 0 0 Kg Kg u5 f-
o 1 0 0 O0 -1 o u6 0
O 5 0 0 0 0 -8|+-"7- 3

. 0 0 3 0 1 -4 o0 J | 1 ]
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Introduction to FEM

L agrange Multiplier Method - Multiple MFCs
(cont'd)

Recipe step #2: append multipliers,
symmetrize & fill

0

- Ky Koo 0 0 0 0 0 0 0 0 - — U1 B fl_
Ko Koy Ki 0 0 0 0 1 5 0 P f2
Kz Kaz Kz 0 0 0 0 0 3 Us f3
0 Kau Ku Kgs 0 0 0 0 0 Uy f4
0 0 Kis Kss Ko 0 0 0 1 Us | f5
0 0 0 Kssg Kgg Kgz —1 0 —4 Ug o f6
0 0 0 0 Kez Ko7 0 -8 0 u; f7
1 0 0 O -1 O O 0 O A1 0
5 0 0 0 o -8 0 0 O A2 3
0 3 0 1 -4 O O O 04 Lxgd L1

O OO0 OOoOo
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Introduction to FEM

Assessment of Lagrange Multiplier Method

© ADVANTAGES
general application
exact
no user decisions (" black box")

® DISADVANTAGES
difficult implementation
additional unknowns
loses positive definiteness
sensitive to constraint dependence
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MFC Application Methods:

Assessment Summary

Introduction to FEM

Master-Slave| Penalty L agrange
Elimination Function Multiplier
Generality fair excellent excellent
Ease of implementation poor to fair good fair
Sensitivity to user decisions high high small to none
Accuracy variable mediocre excellent
Sensitivity asregards high none high
constraint dependence
Retains positive definiteness yes yes no
M odifies unknown vector yes no yes
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