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Introduction to FEM

Multifreedom Constraints

Single freedom constraint examples

Uy =0 linear, homogeneous

Uyg = 0.6 linear, non-homogeneous

Multifreedom constraint examples

1 .
Ux2 = 5Uyo linear, homogeneous

Uyo —2Uy4+Uyg = 0.25  linear, non-homogeneous

2 2
(X5+Uxs—X3—Ux3)“+(Ys5+Uys—Yy3—Uy3)" = 0
nonlinear, homogeneous
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Introduction to FEM

Sour ces of M ultifreedom Constraints

" Skew" displacement BCs
Coupling nonmatched FEM meshes
Global-local and multiscale analysis
| ncompressibility

M odel reduction
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Introduction to FEM

MFC Application Methods

Master-Slave Elimination Chapter 8

Penalty Function Augmentation

L agrange Multiplier Adjunction  Chapter 9
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Introduction to FEM

Procedure Summary in Static Analysis
Valid for the Three Methods

Unmodified master stiffness
equations K u =f beforeapplying MFCs

vV

master slave
Apply MFCs penalty function
v L agrange multiplier

/\

Modifiedstiffnessequations b=t

Vi

Equation solver gives U

vV

Recover u if necessary
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Introduction to FEM

Example 1D Structureto lllustrate MFCs

u, f,  u,, o ug, fa oy, fy U, fs U, fg ug,
| (1) (2) (3) (4) () (6)
1 2 3 4 5 6 7

—>» X

Multifreedom constraint:

u, = U, o  U,-Uug=0

Linear homogeneous MFC
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Introduction to FEM

Example 1D Structure (Cont'd)

u, f;  u,, o ug, fa oy, fy U, fs U, fg Up,

T o [T [w [ [ b

—>» X
1 2 3 4 ) 6 7
Unconstrained master stiffness equations
_Kll Ko 0 0 0 0 0 _Ul_ B fl_
K Ko Ko 0 0 0 0 U-o f2
0 Ky Kaz3 Kz 0 0 0 Us f3
0 0 Kas Ka Kgs 0 0 Ug | = f4
0 0 0 Kas Kss Ksg 0 Usg f5
0 0 0 0 Kss Kgs Kegy Ug f6
N 0 0 0 0 0 Ke7 K77_ | U7 | B f7_

or Ku =

IFEM Ch 8 —Slide 7




Introduction to FEM

Master-Slave Method for Example Structure

Recdll:

or

U = U

Taking u, as master and ug as slave

ololoelolololl

OFr OO OoOorOo

or

u

OO OO OO0

O oO0OoOoPr OO0

OO PFr OO0OOoOOo

R O OOOOO
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Introduction to FEM

Forming the M odified Stiffness Equations

Unconstrained master

stiffness equations: Ku =1

M aster -slave transfor mation: u=TH1uU
Replace u & premultiply KTuU = f

both sidesby T TTK T = T7F

. N\ A
Onrenaming K=TTK T and f=T"f

N A N
we get the modified stiffnessequations. | K U = f
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Introduction to FEM

Modified Stiffness Equations for Example Structure

K U
In full
[ K11 Ko 0 0
Kz Ko+ Kg Kz 0
0 K23 Kas Kz
0 0 Kas Kuag
0) Ksg 0 Kuas
0 Keg7 0 0

= f

0

Ke7
0
0
0)

K77

Solvefor O, thenrecover u= T

2\

u
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M U|t| ple M FCS Introduction to FEM
Suppose

Uy — Ug =0, up +4uy=0, 2u3 +Ug+us =0

Pick 3,4 and 6 asdaves whilel, 2, 5 and 7 are masters

Us = U2 U4=—%1U1 U3=—%(U4+U5) = %Ul—%us
Put in matrix form:
18 — 1 0 0 07
1
Uy O 1 0 O
-
us fls 0 _% 0 u;
us = -2 0 0 O
4 US
Us 0 0 1 0Ly
Us 0 1 0 O
U710 Lo o o 1]

Thisis u= T O - then proceed as before
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Non-homogeneous MFCs

Up — Uug = 0.2

Pick again ug as slave, put into matrix form:

71000 0 07, -
01oooou1
001ooou2
ooo1oou3+
00001ou4
01oooou5
00000 1|-"7-

Introduction to FEM

o O O oo

-0.2
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Introduction to FEM

Nonhomogeneous MFCs (cont'd)

u=TUu+g g: "gap" vector

Premultiply both sidesby TT K, replace K u =f and pass data
to RHS. Thisgives

Ko =f

with K=T'KT ad f=TT(f-Kqg)

a modified force vector
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Introduction to FEM

Nonhomogeneous M FCs (cont'd)

For the example structure

[ K11 K12 0 0 0 O 1T Uq ] B f]_ ]
Ko Kno+Kg Kz 0 Kg Kez || U fo + f6 — 0.2Kegg
0 K23 Kz Kau 0 O us | fa
0 0 Kau Kau Kgs 0 Ug - f4
0 Ksg 0 K Kss 0 Usg f5 — 0.2K56
B 0 Keg7 0 0 0 K77 1 LUz f7 — 0.2Kg7

Solvefor U, thenrecover u= T i+ ¢
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Introduction to FEM

Model Reduction Example

u, f;  u,, foug i oy, fy U, fs U, fg Ug,

T o [ [w [ [ 6

1 2 3 4 @ 5 6 !
l;fl/ 2 master DOFsto be retained u,, f,

?—::::W\ % %‘ /ﬁ_/é D ——>x

5 dave DOFsto be eliminated

—> X

M aster @ M aster
‘ Reduced model ‘
1 7

IFEM Ch 8 — Slide 15




Introduction to FEM

Model Reduction Example (cont'd)

Lots of daves, few masters. Only masters are left. Example of previous slide:

U] 1 0]
U 5/6 1/6
Us 4/6 2/6 "
Lu, | =|3/6 3/6 [ %ﬁu—
5 daves —g= . 26 a6 | LU7 2 masters
Us 1/6 5/6
| U7 | | O 1 |

Applying the congruential transformation we get the reduced stiffness equations
|:|§11 l§17:| |:U1] _ |: fA1:|
Kiz Kz || U7 f7
where
Ky = % (36K 11+60K 1o+ 25K 25+40K 23+ 16K 33+ 24K 34+ 9K s+ 12K 45+ 4K 55+ 4K 56+ K gs)
Ki7 = % (6K 10-+5K 20+ 14K 53-+8K 33+ 18K 34+ 9K 44+ 18K 45-+8K 55+ 14K 56+ 5K g6+ 6K 67)

K77 = 3—16(K22—|—4K23—|—4K33+12K34—|—9K44+24K45—|—16K55—|—40K56+25K66+60K67+36K77)
fi = 2(6f1+5f+4f3+3f4+2f5+ fe), f; = £(fo+2f3+3f4+4fs+5fc+6f7).
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Introduction to FEM

Model Reduction Example: Mathematica Script

(* Mbdel Reduction Exanple *)
Clear All [ K11, K12, K22, K23, K33, K34, K44, K45, K55, K56, K66,
f1,f2,f3,f4,f5,f6];
K={{K11, K12, 0, O, 0, O, 0}, { K12, K22, K23, 0, 0, 0, 0},
{0, K23, K33, K34, 0, 0, 0}, {0, 0, K34, K44, K45, 0, 0},
{0, 0, 0, K45, K55, K56, 0}, {0, 0, O, 0, K56, K66, K67},
{0,0,0,0,0,K67,K77}}; Print["K=",K/ /MtrixForm;
f={f1,f2,f3,f4,f5,f6,f7}; Print["f=",6f];
T={{6, O} {5,1},{4,2},{3,3},{2,4}, {1, 5} {0, 6}}/6;
Print["Transformation matrix T=",T//MtrixForm ;
Khat =Si npl i fy[ Transpose[T] . K T];
fhat=Si npl i fy[ Transpose[T].f];
Print["Mdified Stiffness:"];
Print["Khat(1,1)=",Khat[[1,1]],"\nKhat (1,2)=",Khat[[1, 2]],
"\'nkhat (2,2)=",Khat[[2,2]] ];
Print["Modified Force:"];
Print["fhat(1)=",fhat[[1]]," fhat(2)=",fhat[[2]] ];

Modi fied Stiffness:

Khat (1, 1)73i (36 K11 + 60 K12 + 25 K22 + 40 K23 + 16 K33 + 24 K34 + 9 K44 + 12 K45 + 4 K55 + 4 K56 + K66)

(o2}

Khat (1,2):3i (6 K12 + 5K22 + 14 K23 + 8 K33 + 18 K34 + 9 K44 + 18 K45 + 8 K55 + 14 K56 + 5 K66 + 6 K67)
R
36

(e2}

Khat (2, 2) = (K22 + 4 K23 + 4 K33 + 12 K34 + 9 K44 + 24 K45 + 16 K55 + 40 K56 + 25 K66 + 60 K67 + 36 K77)

Modi fi ed Force:

f hat (1):% (6f1+5f2+4f3+3f4+2f5+f6) fhat (2):% (f2+2f3+3f4+4f5+5f6+6f7)
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Introduction to FEM

Assessment of M aster-Slave M ethod

© ADVANTAGES
exact if precautionstaken
easy to understand
retains positive definiteness
important applicationsto model reduction

& DISADVANTAGES
requires user decisions
messy implementation for general MFCs
hinders sparsity of master stiffness equations
sensitive to constraint dependence
restricted to linear constraints
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