5-17 Solutions to Exercises

Homework Exercisesfor Chapter 5

Constructing MoM Members— Solutions
EXERCISE 5.1 Teked, = yL = Uy; — Uy; asdeformation variable v paired to the transverse shear force V.

SeeFigure E5.3(a). TheconstitutiveequationisV = (GAs/L) dy. Itiseasily checkedthatB =[ -1 1] = A.
Thusdy and V are conjugate. The Tonti diagram is shown in Figure E5.3(b).
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FiGURE E5.3. Solutions to Exercise 5.1: (a): conjugate variable dy (displacements grossly
exaggerated for visibility); (b) Tonti diagram.

EXERCISE 5.2 The displacement transformation matrix T¢ is obtained by extracting rows 2 and 4 from that
of (2.17). With s and c defined asthere,

uy; -s ¢ 0 O u..
| = yi — T
[ij] [ 0 0 -s c} Uy, T (E5.5)
Uyj

Carrying out the multiplication (T¢)T KeT® gives the closed form of the spar element stiffness in global
coordinates

2 —sc —52 sC
- GAs | —sc ¢ sc —c?

Ke = (T®TKT® = LS ¢ e @ e (E5.6)
sc —c2 —sc c?

EXERCISE 5.3 The displacement transformation matrix T® is the same as that in (2.13) with the u, and uy
replaced by 6, and 6y, respectively, because infinitesimal rotations transform exactly as vectors. Asusual, the
force transformation matrix is (T®)T. The result for the globalized element stiffness matrix K& = (T¢)T K° T®
isthe same as (2.18), with factor EA/L replaced by GJ/L.

EXERCISE 5.4
(@ By elementary kinematics:
Uy = UxCxji + UyCyji + UzCyjj (E5.7)

where {Cy;ji, Cyji, C; } arethe 3 direction cosines of longitudinal X, defined by end nodesi and j (i — j)
with respect to {X, Yy, z}, respectively. These 3 numbers are easily computed as {x;i /L, y;i/L, zji/L},
respectively, inwhich xj; = Xj — X, ;i = ¥; — i, Z;i = zj — z arethe node coordinate differences and
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(b)

L = /x5 + Y5 + Z; isthe element length. Evaluating this formulaat end nodesi and j and puting in
matrix form gives the stated form.

(E5.8)
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EXERCISE 5.5

@

(b)

From kinematics, at any point on the linei-j (the longitudinal
axisof the spar) we can writethe displacement inthe y direction
as the linear combination of global displacements:

l]y = Cxy Ux + Cyy Uy + Czy Uz (E59)

where c,y, Cyy and c,y are the direction cosines formed by y
with the X, y and z global axes, respectively. But the direction N m /
y can be defined by that of the vector joining mto k, wheremis &/
the projection of the orientation node oni-j; see Figure E5.4. !

Consequently Cxy = Cxkm, Cyy = Cykm, and C,y = Cxm and

F1GUuRE E5.4. Reproduction of Figure

Oy = Cekm Ux + Cykm Uy + Caien Uy (E5.10) E5.2(b) for the reader’s convenience.

Evaluate this relation at nodei: Uy = Cukm Uxi + Cykm Uyi + Cam Uz and at node j: Uyj = Cym Uxj +
Cykm Uyj + Czm Uzj. Collecting and passing to matrix form gives

Uxi
_ Uus
—e _ [ Uyi ] _ [mek Cymk Czmk 0 0 0 ] yi _ e
v [ij B 0 0 0 Cxmk Cymk Czmk =Tu. (E5.ll)
Uz

The global components of vector m—Kk are Xgm = Xk — Xm» Ykm = Yk — Ym and zxm = zx — Z, and its
lengthish = /X2, + Y&, + Z2,,. Consequently Cym = Xkm/ h, Cykm = Xym/h and Cam = Zm/h. This
proves the form of T givenin (E5.2). This assumes that the location of m is known, which is the topic
of the next item.

Before proceeding to locate m the lengths a, b and L are computed from the coordinate datafor {i, j, k}.
These are the triangle side lengths pictured in Figure E5.4, are always positive. Then compute 2A from
Heron's area formula given in the Exercise assignment, taking the + sign of the squareroot so A > 0. If
A = O orientation node Kk is colinear with {i, j} and the computation aborts. Since2A = Lh, obviously
h = 2A/L, which must be positive. The location of point m is determined if the signed distance ¢ from
nodei iscomputed. This can be donein several ways. Two methods are described bel ow.

Method |. The method outlined in the Exercise proceeds as follows. Compute cosa from the cosine
law at vertex i: cosa = (L? 4+ b? — a?)/(2bL), Then ¢ = bcosa = b(L? + b?> — a?)/(2bL) =
(L2 +b? —a?)/(2L). Theglobal coordinates of m are obtained by linear interpolation of those of i and
j: Xm =X (L —¢)/L+Xx;c/L,ym =% (L —c)/L+yjc/L andz, =z (L —c)/L +z;c/L. Thenform
Xkm» Ykm» Zkm, divide by h to get the direction cosines and storein T as per (E5.11).

Method I1. (Suggested in footnote to Exercise assignment). Apply Pithagoras theorem twice: h? =
(b? — ¢?) and h? = a? — (L — ¢). On subtracting, h? and ¢? cancel out givingb? —a?+ L2 —2Lc =0,
whence c = (L? 4+ b? — a?)/(2L), which is the same result as above. The coordinates of m are defined
by interpolation, and T constructed as described for Method .
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