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Introduction to FEM

The Direct StiffnessMethod (DSM)
Importance: DSM isused by all major commercial FEM codes

A democratic method, worksthe same no matter
what the element;

"

Bar (truss member) element,
2 nodes, 4 DOFs

Tricubic brick element,
64 nodes, 192 DOFs

Obviousdecision: usethetrussto teach the DSM
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IDEALIZATION

Physical
system

Modeling + discretization + solution error

M odel Based Simulation

(asimplification of diagrams of Chapter 1)

DISCRETIZATION

SOLUTION

Introduction to FEM

M athematical FEM

> model >

Discrete
model

—

Discrete
solution

T Solution error

T Discretization + solution error

VERIFICATION & VALIDATION

IFEM Ch 2 —Slide 3




Introduction to FEM

| dealization Process

PhySI cal System member

support
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Introduction to FEM

DSM: Breakdown Steps
!

FEM modd:

Remove |loads

& supports:
Disassemble:
) o O O O O OO Ogtt O O O longerons
- O==0 O O O oo, O O=0 attens .
L ocalize: 3 e =S Aon i diagonals
O OO OO oJo. oJo. OO O longerons
Generic element: o S—c
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Introduction to FEM

DSM: Assembly & Solution Steps

Form O OO OO OO oJe oJo O longerons
2 OCOC OCOC OOC battens diagonals
. O O
elements: O oJe! oJe oJe oJe oJe o longerons
Globalize:
Merge:
Apply loads |

and supports:

N

Solvefor joint
displacements:
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Introduction to FEM

The Direct StiffnessMethod (DSM) Steps
Starting with: Idealization

Breakdown Disconnection
v Localization
(hapter 2) Member (Element) For mation

A ny & I(\3/|Iobal|zat|on
SSem erge

Solution  { Application of BCs
(Chapter 3) Solution

| Recovery of Derived Quantities
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A Physical Plane Truss

member

joint

Too complicated to do by hand. We will
useasimpler onetoillustrate DSM steps

Introduction to FEM

support
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Introduction to FEM

The Example Truss: Physical M odel
(L oads not shown)
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Introduction to FEM

The Example Truss- FEM Moddl:
Nodes, Elementsand DOFs

fis U T
¥ ¥ fx3;ux3
30—

L® — 1042
E®a® = 2002

fX11 qu fXZl uX2
1A 1 2
f., U L® =10 Tf u
T EWA® — 100 v T
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Introduction to FEM

The Example Truss- FEM Model BCs:
Applied Loads and Supports
Saved for Last

3H——>
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Introduction to FEM

Master (Global) Stiffness Equations

1:xl i [ uxl
Ty Uy1
f = fx2 U= )
1:y2 uy2
fx3 ux3
. - fy3 - L uy3 -
Linear structure:

[ fxl lexl leyl Kx1x2 Kx1y2 Kx1x3 Kx1y3 —uxl
fyl Kylxl Kylyl Ky1x2 Ky1y2 Kylx3 Ky1y3 uy1
1Ex2 — Kx2x1 Kx2y1 Kx2x2 Kx2y2 Kx2x3 Kx2y3 ux2
fy2 Ky2x1 Ky2y1 Ky2x2 Ky2y2 Ky2x3 Ky2y3 uy2
1:x3 Kx3xl Kx3y1 Kx3x2 Kx3y2 Kx3x3 Kx3y3 ux3

L fy3 - L Ky3x1 Ky3y1 Ky3x2 Ky3y2 Ky3x3 Ky3y3 4 L uy3_

Nodal Master stiffness matrix Nodal
forces displacements
or f=Ku
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Introduction to FEM

Member (Element) Stiffness Equations

f=Ka
1::xi ] i @xixi I%xiyi l%xixj @xiyj 1 Oy
i | | Ky Kyiyi Kyixp o Kyigp [ | Oy
I_XJ' Kaini - Ky Kagxi Koy | | Y
o o
yi - Kyixi Ky Ky Kyjyp 4 =5
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First Two Breakdown Steps:
Disconnection and L ocalization

These steps ar e conceptual
(not actually programmed)

Introduction to FEM
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Introduction to FEM

The 2-Node Truss (Bar) Element

VY EUVJ
(® L’i T B Ty

. >

biv Oy

ks = EA/L Equivalent
spring stiffness

) ) Ialalatalalaia) 1910 ]
—F €«—— @~~~ R R e @——
PR AL LR R R R R T
- »[—>
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Truss (Bar) Element For mulation
by M echanics of Materials (MoM)

Introduction to FEM

EA - - _ _
F=ksd = Ld, F=f=—"fx, d=0x— 0y
Exercise 2.3
B f:xi ] - 1 0 —1 O- ~ Uy T
fyi |  EA O 0 0O Uy Element stiffness
fi |- L |-1 0 10 Oyj equationsin local
£ 00 0 0 G coor dinates
= Tyj - - - L Uyj -
from which
- 1 0 -1 07
—_  EA 00 0O Element stiffness
K= T l-10 10 matrix in local
coordinates
. 0 0 0 O-
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Introduction to FEM

WhereWeAre So Far inthe DSM

we are done with this...

Breakdown Disconnection

] | Localization
(Chapter 2) | | Member (Element) Formation

we finish Chapter 2 with

c

A ny 2 Ks/llobahzanon
SSem erge

Solution | appjication of BCs
(Chapter 3) | solution

| Recovery of Derived Quantities
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Introduction to FEM

Globalization: Displacement Transformation

i = —UgS+ Uy Cy

u u

inwhich Cc=c0s¢ S=Sng
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Introduction to FEM

Displacement Transformation (cont'd)

|n matrix form

or

Uyi —C S 0 O UG
Uy -s ¢ O O Uyi
ij O O c s Uy
| uyj _ L 0 O -S C -~ L= ij -
Note:
o e o global on RHS,
o = T°u local on LHS
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Introduction to FEM

Globalization: Force Transfor mation

RS

Node for cestransform as

-f.7 rc —s 0 O0°[ fi’
fil_|s ¢ 0 0 fi | Note
f, | |0 O c -s f_xj global on LHS,
Lfyd LO 0 s cd[f, | locaonRHS
o e _ e\l fe
f*=(T") f
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Introduction to FEM

Globalization: Congruential Transformation
of Element Stiffness M atrices

Ue:f_e

uf=T°"u® fe=(T9" f° Exercise 2.8

K =(T9)" K°T¢ =]

- ¢® SC —C%2 —sC-
e E°A°" | sc s2 —sc -¢?
L© —¢2 —sc ¢® @ sC

| —sc —-s? sc s?
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Introduction to FEM

The Example Truss- FEM Modé€l
(Recalled for Convenience)

fis U T
¥ ¥ fx3;ux3
30—

L® — 10v/2

2
E®A® = 200/2 Lo 10

E@AP =50

Insert the geometric &

2y | .
physical properties of
thismodel into

Fas Usy o e ”,XZ the globalized member
14 L@ _ 19 2 stiffness equations
fyl; Uy fyz’ Uy?
EPAD = 100
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Introduction to FEM

We Obtain the Globalized Element Stiffness
Equations of the Example Truss

- f (i) —
X
1
fy<1>

10

20

-1 0 -1 07 [Uf
0 0 0 of]fufy
-1 0 1 O ug(lz)

L0 0 o od| ®

0 0 0 0- ‘U(sz)‘

0 1 0 —1]|u3

0 0 0 0 ||u®

0 -1 0 14|,0@

- 05 05 -05 —05-
05 05 -05 —05
05 —-05 05 05

|05 -05 05 05 -

In the next class
we will put these
to good use
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