ASEN 5022 - Spring 2004

Dynamics of Aerospace Structures

L ecture 13: February 26

Beams with Uncertain Boundary Conditions



Consider a beam whose two ends are constrained by
transversesprings(k, ;. Kk, ,)aswell asrotational springs
(kyq, Kyo) @asshown in thefigure below.

Beam with unknown boundary conditions
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Fig. 1 Modeling of unknown boundary conditions




Before we proceed further, it should be noted that the
mathematically known boundary conditions can bere-
alized by taking the limit values of the four spring con-
stants as follows:

Simply supportedbeam : k ;, =k , —- oo and  k,; =k, =0

Cantilever beamfixedatx =0:k ; =k, - o0 and k ,=k,=0
Fixed-fixedbeam:k , =k,; > o0 and k ,=k, - o0

(1)
Free-freebeam:k , =k,; =0 and K,o =Ky =0

For intermediate values of the unknown springs a convenient way of identifying the
boundary conditionsistoinvokeavariational formulation. Thisisbecausethe appropriate
boundary conditions, both natural and essential, are determined as part of variational

process.



Kinetic energy:

dw(X, 1)

L
T = %]o m(X) w(X,t)tde, w(X, 1) = o (2)

Potential energy of the beam:

L
Vp = %fo { El(X) w(X, t))z(X + P(X) w(X, t))z( } dx

32w(X, t) dw(X, 1)

U)(X, t)xx — 8X2 ) UJ(X, t)x — I

(3)
where EI (X) iIsthebendingrigidity and P(X) isthepre-
stressed axial force.



Potential energy of four unknown springs:

Vs = 3{ Kk,3 w(0, t)* + Koy w(0, )%

(4)
+ K, w(L, )%+ Ky w(l, )2

External energy dueto distributed applied force f(x, t),
shear forces Q1,20 and moments M1, 2) applied at both
ends:

L
SW = f f(X, t) Sw(X, t) dX + Q; Sw(O, t)
0

+ M, 0w(0, t)x + Q,ow(L, 1) )

+ M, Sw(L, t)y

Q1 =0Q(0,t), Q2=0Q(,1)

(6)
M1 =M@, t), Mo =M(,1)



Hamilton’s principle

[
[8T—8Vb—8VS—|—8W]d'[:O (/)

[§]

Kinetic energy

f ST dt = f f M(X) w(X, t)idw(X, t) dt dx
ty
(8)



Variation of theinternal energy of the beam V,

8Vs = [El w(X, Dxxdw(X, Dx]|5
—([E1 wX, Hxx]xdw(X, D)}I§

L
_l_ / { [EI w(xa t)XX]XX T [P U)(X, t)X]X }BU)(X, t) dX
0
(9)

Variation of the potential ener gy of the unknown bound-
ary forces and moments

§Vs = { K, w(0,t) w(0,t) + ky; w(0, t)y Sw(0, t),

(10)
+ Kk, w(L,t) sw(L,t) + Kk, w(L, t)x Sw(L,t)x



to

— {(—=[El w(L, )xx]x — Qz }Sw(L, t)dt

(8]
[
[§]
b,
— {{El w(L, t)xx] + Kyo w(L,t)x — M, }sw(L, t)ydt
4]
[
+ {[El w(O, t)xx] — kg7 w(O,t)x + My} sw(0, t)xdt

t1

to L
_ / / {M)wX, i + [El w(X, )xx]xx
tq 0

— f(x,t) } Sw(x,t)dxdt =0
(11)



The governing equation of motion:
m(X) w(X, t)tt + [EI w(X, t)XX]XX o f(Xa t) — O (12)
The boundary conditions:

{(—[El w(L, xx]x + ko w(L, 1) —Qy}dw(L,t)=0
{_[EI w(oa t)XX]X T kw]_ w(O, t) + Ql } BU)(O, t) — O
{{El w(L, )xx] + kgz w(L,Dx — My }dw(L,)x =0

{[EI w(oa t)XX] T k91 UJ(O, t)X -+ M]_ } 811)(0, t)X — O
(13)



Free vibrations of a beam

The free vibration of beams can be modeled from (12)
and (13) by setting

P=0Q:1=0Q=M1=My=1f(x,t) =0 (14)
so that (12) and (13) are simplified to

m(X) w(X, O +[El w(X, Oxx]xx = 0

(—[El w(L, yx]x + Kk, w(L,t)}sw(L,t) =0
{(—[El w0, t)xx]x — k,1 w(O0, 1) } Sw(0,t) =0 (15)

{{El w(L, t)xx] k92 w(L, )y }éw(L,t)x =0

{IEl w(0, t)xx] — k91 w(0, t)x } Sw(0,1)x =0




Four natural boundary conditions:

M(X) w(X, D + [El wX, Oxx]xx = O
{(—[El w(L, t)xx]x + Kk, , w(L,t)} =0
{—[El w(O, )xx]x — kwl w(O,t)} =0 (16)
{{El w(L, t)xx] + Kgo w(L,t)x } =0
{[El w (0, t)xx] — k91 w(,t)x} =0



Four natural boundary conditions - cont’d
w(X, 1) = W(x)e!“

which, when substituted into (16), yields

2
wEl W(X) + WX)xxxx = 0, 0<x<L
kwl
—W(0)xxx = W) =0
K,1
w(Q)xx — El W(O)x =0
kw2
—W(L)xxx = W(L) =0

K,
w(L)xx + == = W(L)x =0

(17)

(18)



Thefreguency equation of vibrationsof auniform beam
can be obtained by assuming the solution in form of

W = c; SINBX + Cp cosSBX + c3SiNh X + C4 COSh BX
2
wm

4—_
ﬁ_EI

Wy = B (€1 COSBX — C2SIN BX + C3C0Sh BX + C4 SINN BX)
W, = B2 (—C1 SINBX — €, COS BX + c3 sinh BX + ¢4 cosh BX)

W,x = B> (—C1 COSBX + Cp Sin BX + €3 cosh BX + ¢4 Sinh BX)
(19)



i ﬁB o wl _BB o wl | Cl
K B ke B ]
—B3cosp  B®sinp  Bicoshp  B3sinhp o (=0
—k ,snp —k,,cosp —k,,snhp —k, ,coshp ]
Bsinp Bcosp  —psinhp  —p coshB C4
_—k,,cosB  +k,,snB —k,coshp —k,sinhB _

(20)
where

B=pBL, ki =Kki/(El/L), Kyi =Kkyi/(EI/L? (21)



Free-free beam (k1 = ky2 = kg1 = kg2 = 0)

- B 0 _ B8 N !
0 —B 0 3 C2
—p3cosp p3snp  p3coshp  B3sinhp S
L Bsnf  Bcosp —fsnhf —fcoshpd |
’ (22)
- 1 0 1 0 -
0 -1 0 1
det _0

—cosf snpB coshBp  snhp

_ sing cosBp —sinhB —coshp -



Cantilever beam (k2 = kg2 = 0, k1 — 00, kg1 — 00.)

i 183 _kwl _18_3 _kwl ]

Kt =B —ky B

det =0 (23)

—cosB sSnB coshB  snhB

snB cosB —sinhf —coshp




—1 0 —1 1
det —cosf sinB coshB  sinhB =0
sng cosf —sinhf —coshp
U
(14 cosB coshB) =0
(24)

which gives

Bk = {1.875, 4.694, 7.855, ...) (25)



Fixed end rotational spring parameter for cantilever beam
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rotational spring, k (theta) /(EI/L)
N
(@)

Error in fundamental frequency, percent

Effect of fixed end rotational spring on fundamental frequency of a
cantilever beam



Smply Supported and Fixed-Fixed Beams
(w(0) = w(L) =0o0r ky1 = ky2 — o0)

B 0) -1 0) -1 ] C1
—ky3 —B —kKy3 B C2
det —sing — cosp —sinh B — cosh B C3 =0
/_§ npa B cosp  —B snhB —pB coshp Ca
-k, cosﬁ +k ,SnB —k,coshB —k,,snhp_ (26)
)

B%sinBsinh B + kg1 B (sinB cosh B — cos B sinh B)
— kgo BcosB sinh B + kg1 Kgo (1 — cosBcoshB) =0



Several ideal cases can be obtained from (26):

Simply supported ends: {kg1 =0, ky» =0 = sinBsinhf =0
Clampedat x =0
and simply supportedat Xx = L : {ky; — o0, kg2 = 0}
U
tang —tanhg =0
Clamped at both ends: {kg; — o0, kg» — 00}
= 1—cosBcoshf =0

(27)

When the boundary conditions are not ideal, viz.,

(0<kyy <oco and 0 < kg < 00} (28)

oneneedstwo or moremeasured frequenciestodetermine{ks; and  kyo}.



