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§17.1 INTRODUCTION

Plate vibrations are distinct from those of beams in that each vibration mode shape consists of two perpen-
dicular motions. In arectangular plate each mode shapeisaproduct of two functions, with one defined along
x coordinate and the other along y-coordinate. For a circular plate each mode shape consists of a product
of aradial and circumferential function. In other words, a vibration mode typically induces motionsin two
directions. This can be understood by examining plate motions as follows.

w, z

Y ____=
My% h ~V,y LYY
B S
Coay v,y A :
1 1 |
! | |
1 1 a \
: S 1

1 \ A
| D b ': "W, z
A et | |

Py, x I I
I__JL_'______________! _____________

v o vy

// m
a) Assumethat a plate consists of four strips of beam that is )/
subject to bending moment. ) A
/ Mxy
M
T ! "
/

¢) In platethe gaps along the beam strips

are prevented by the so-called in-plane moments
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of theplate, similar inplane momentswill develop.
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in thefigure). On the other hand, the bottom surface (not shown)
will experience overlaps.

Fig. 17.1 Plate bending phenomenon as distinct from beam bending

Consider athought experiment asillustrated in Fig. 17.1, which shows aplate consisting of four beam strips.
If the beam strips were individually subject to bending M,, along x = (0, a) asindicated in Fig. 17.1awhile
constraining the cross sections of the beam ends, the top surfaces of the beam z = h/2 will have shrunken
as aresult of Poisson’sratio. The bottom surfaces z = —h/2, on the other hand, will want to expand, thus
creating overlaps. Since the beam strips are part of the plate, the crevices created by the individual beam
bending cannot occur. In terms of equilibrium considerations, this is only possible by the resisting shear
stresses, which in turn create moments M, and M,, asindicated in Fig. 17.1c. Note that if two edge
moments M, are applied along y = (0, b), similar twisting moments M, and M, would have developed.

§17.2 STRAIN-DISPLACEMENT AND CONSTITUTIVE RELATIONSFOR A THIN PLATE

The thin plate theory assumes
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173 817.3 VARIATIONAL FORMULATION OF PLATE VIBRATIONS

U= Up(X,Y) zaw
= tol%.y aX

_ __ow (17.1)
v=1uvo(X,Y) —Z oy

w = w(X,Y)

where u, v and w are the displacements along the x, y and z coordinates; ug(X, y) and vo(X, Y) represent the
stretching the plate neutral surface; z is measured from the neutral surface of the plate, respectively.

The strain-displacement relations are obtained as

au  dug 92w

= — = — -7 —
S =X T ax ax2
dv  dug i 92w
€ = —= —— — _—
W7 ax T ax dy? (17.2)
dv  du  dvy au 92w
ny:_+_:—0+—0_22
ax  ay X ay axay
Yxz=Yyz =0

For an isotropic material, the constitutive relations are modeled by
oxx = E(exx — nyy)7 Oyy = E(eyy — Véxx), Txy = Gny

where oyy, oxx and Ty, are stress components; E and G are Young's modulus and shear modulus; and, v is
Poisson’sratio.

§17.3 VARIATIONAL FORMULATION OF PLATE VIBRATIONS
The bending strain energy of a plate can be expressed as
Vp = / { Sexx E (exx — Veyy) + 5€yy E (fyy — Véxy) + 8ny G Exy}dV (17.3)
\%

When the plate is sufficiently thin and the applied loads do no cause the neutral surface to stretch, the above
expression reduces, with ug = vp =0, to

%w  d%w 32w 32w
o= D{[(=— +—)—(1—v)—] 6—
g /A (LG + Gy — A= 531- 35
+[(82w+82w 1 )azw 882w
— — —_— _v —_— . —_—
ax2  ay? 0x2 ay?
(17.4)
92w 9w
+2(1—v) -8 JdA
axay  oaxay
o__ EM
121 -3

where D iscalled plate bending stiffness, h isthe plate thickness, and A isthe plate area.
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Chapter 17: MODELING FOR PLATE VIBRATIONS 174

In carrying out the indicated variations, we make use of the identities:

G
/G(w)(Sa—w dA=/ZG(w)6w dF—/ ICW) ¢ A
A aX r A ax

/G(w)(Sa—w dA=/mG(w)8w dF—f IGW) s A
A ay r A Oy

(17.5)

where ¢ and m arethe directional cosines of the unit normal vector outward from the surface contour I'.
Hence, §V,, can be shown to be

92w 92w 92w dw
SV, ¢ D(—= m@—v)D S S—
b= / [EDG e tvas 8y2 ) +m(1—v) axay] ™

2
/[mD( +v—)+£(1—v)D aw]- 5% ar

axay ay
92w 2w
/ [¢ —(W+V—)+E(1—U) D 8y2] - Swdl (17.6)

2

0°w

0% 9% 9%
- 42— 4
x4 + 9x29y2 + oy*

- Swdl

+/DV4w-8wdA, V4 =
A

In order to identify the natural and essential boundary conditions, we introduce the following definitions:

9w 9w
MXX = —D(W + Ua—yz)
9%w 92w
Myy = _D(a_yz +tvo-3)
9%w
M,y =—-D(@1—v) Ix0y2 (17.7)
8Mxx aMXY
Q= ox ay
oM oM
Q, = yy Xy
ay X
so that (17.6) simplifiesto
Jw Jw
§Vp = — {[Z MXX+mMXy]- 85 +[MmMy, +€M,,] - 8W}d1“
9 8 d
{ [Z y Myl + [m y +m X —M ]} - dwdl (17.8)

+[ D V*w - SwdA
A

In order for the above expression to be valid for all possible boundary contour shapes including a circular
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175 817.3 VARIATIONAL FORMULATION OF PLATE VIBRATIONS

plate, we introduce the following transformation (see Fig. 17.2)

0 0
ax = ‘on~ Mas
3 2 (17.9)
—=m—+{—, { =c0S¢, m=sin
ay an T “os ¢ ¢
s y
n
ds
d //
y— 103 X
—dx/
Fig. 17.2 Tangential and normal directions at a plate boundary
Substituting the transformation (17.9) into (17.8) we obtain
ow ow 4
Mo= [ [-M,8— — M8— + Q,dw]ds+ | D V*w-swdA
s an as A
Mn =€2 M,, +2(m M,, + m* M,
Mns =fm (M, — M,,) + (£2 — m?) M, (17.10)
Qn :E Qx + m Qy
A S I )
an2  Ran 9s2” R 0s
Note that via (17.5) we have
Jw oM
/ M, 5 ds = M, Swlp — / NS sw ds (17.12)
S S aS

If the boundary contour I" is smooth and closed, the virtual work done by the edge twisting moment Mys
should vanish. Otherwise, a gap aong the contour would exist.

Remark: For rectangular plates, there exist discontinuities at four corners, known as corner conditions,
which states that My, = 0. This condition must be satisfied either explicitly or implicitly.

Thus, for a smooth closed contour the variation of the strain energy becomes

M
SV = f[_M 5_ +(Qy + " )8w]ds+/ D Viw - swdA (17.12)
A
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Chapter 17: MODELING FOR PLATE VIBRATIONS 17-6
Thekinetic energy 5T, the energy due to the boundary unknown springs 8 Vs, and the work performed by the

applied forces 8W can be expressed in asimilar manner as for the case of beam in the form of

to t2
/ ST dt = —/ / m(x, y) w(x, y,t) sw(x,t) dt dA (17.13)
1 A t

The variation of the potential energy of the unknown boundary forces and moments are given by
Jw ow
NVs= [[k, w3 —-5—1d 17.14
o= [Tk wow+ig 5% T as (a7.14)
The work performed by the applied force

8W:f f(x,y,Hdw(x,y, t)dA (17.15)
A

Hamilton's principle for a continuum plate can be written as

t2
/ {—/(DV“w—i-mw—f)(SwdA
1 A

t (17.16)
+/[—(V +k, w)dw+ (M —k, ai)aa—w]ds}dtzo
s noT " an " on
where (V,, My) are given by
d d 92 19
Vo= -D—V2w— (1—v) D — (2 _ 2%,
an ds onds R ds 17.17
1w  d%w (740
M, = —DV? 1-v)D(=—+ —
" WA d=m DRy T 52)
The governing equation of motion for a plate can thus be obtained as
DV*w + mip = f (17.18)
with the boundary conditions:
(Va+k, w)=0
ow (17.19)
(Mn — Ky W) =0
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17-7 817.4 FREE VIBRATIONS OF A RECTANGULAR PLATE
8174 FREE VIBRATIONSOF A RECTANGULAR PLATE

Freevibrationsof arectangular plate can be studied by specializing the boundary conditions(17.19) according
to the convention shown in Fig. 17.3.

First, the solution of the homogeneous equation of motion for the plate with f = 0in (17.18) may assume

w(X,y,t) = W(x, y)elt
I
2
(V4 BHW(x.y) =0, B%= ? (17.20)

U
(VZ+ (V2 = BHW(X, y) =0
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wn
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= =
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n=-y, s=xX

Fig. 17.3 Boundary variable convention for arectangular plate
Hence, its solution consists of

(V24 BOW, =0 = W, =ee?, o?24+9y2=p2
(VZ—BHOWo =0 = W, =eXe, o4 y2=p?
W=W; +W,
i}
W(X, y) =A;sihaxsinyy + A, SihaX cosyy

+Azcosaxsinyy + A4 COSaX COSyy

+Assinhaixsinhyy + Agsinhaix coshyy

+ A7 coshaix sinhyyy + Ag coshagx coshyry

(17.21)

Specializing the boundary condition(17.19) to a rectangular case requires the conversion of (n, s) in terms

of (X, y) aong the four edges as shown in Fig. 17.3. The boundary conditions along the four edges are
obtained from (17.19) as follows.
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Chapter 17: MODELING FOR PLATE VIBRATIONS 178

A.Alongy = Owehave (s= X, n = —V):

Vy=Dv2u 41— D L D2 v+ -0 U k) 0
= — w - v w - wt -
Y= Py 9y9x2 dy dyox> o 17.22
M oW F%w o v Pw dw e
y = — (8—y2—|—vm = [— (8—y2+VW)+k98_y]|(x,0):O

B.Alongy = bwehave (s= —x,n =y):

9 3w 9 3
Vy = —[D yVZw—i—(l—U) D Byax 2] = [D yV2w+(1—v) D—— e —Kyw 1l xp) = O
92w 92w 92w 92w Jw

My = —D(=— +v

e = DG

Vﬁ) - 8_y Hxpy =0

(17.23)
C.Alongx = 0wehave (s= —y,n = —X):

o Sw d o2 °
VX:[Da—XV w4+ 1—-v)D 8x8y2] = [Da—XV w+ (1—-v)D ~ 8y2+kww]|(o,y):0
02w 02w 3w 3w
MX:_D(WJFVB—)/Z) = [_D(W"i_ )+k9 ]l(OY)_O
(17.24)
D. Along x = awehave(s=y,n = X):
0 _o Sw d o2 °
Vy = —[D—V w+@A-v)D X ayz] = [Da—XV w4+ (1—-v)D ax0y2 Kpw [y =0
(2w+ 3w Vo D(82w+ 92 d I
_ y——o —_ e V——) — _ —
Ix2 ' 9y2 Ix2 ' 9y2 ax - @Y
(17.25)

where it is understood that the distributed boundary springs (k,,, k¢) are defined along the four edges.

Note that there are a total of eight boundary conditions for plate vibrations. Hence, the vibration modes
W (X, y) must consist of eight unknown coefficients:

817.4.1 Simply supported along all four edges
The boundary conditions for this case is obtained from (17.22)-(17.25) by setting k,, — oo and ky = O:

_ Pw 92
Along y=0: Wl =0 and My:_D(a—yZJer”(x'o) =0
_ Pw 92

Along y=b: w|yp =0 and My=—D(a—y2+V8X2)|<x,b) =0
- - (17.26)
w

Along x=0: w oy =0 and MX:_D(W—i_va—yz)l(O,y) =0
2U) 82

Along x=a: Wlay =0 and Mc=-D(z7+ Va—yz)|(a,y> =0
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17-9 817.4 FREE VIBRATIONS OF A RECTANGULAR PLATE

Notethat alongy = Owehave w|, o, = 0, whichimpliesthat w does not vary along the plate edge (meaning
with respect to x). Hence we have

_ N 3w d%w
Along y=0: w0 =0 implies ka,o) =0 = 8—y2|("’°) =0=0 (17.27)

Applying this observation to the three remaining edges, we arrive at the following boundary conditions for
asimply supported plate:

. 32w
AIong y= 0: w'(x,O) =0 and a—y2|(x,0) =
82
Along y=bhb: W |xp =0 and —uz)|(xb):0
’ ayc (17.28)
. 92w
Along x=0: w oy =0 and W“O’” =
9%w
Along x=a:  wlgy =0 ad -7l =
Clearly, the above boundary conditions are satisfied by retaining A;-termin (17.21):
W(X,y) = A1 Sinhaxsinyy, a2+)/2=,32, /34: %
U
sinaa=0, sinyb=0
U (17.29)

ap@a=mm, m=12 ...
ym@d=mNn, nN=12..

.

Wtyi=pF = pi = nz[(g)2 + (E)Z]

Therefore, the natural frequencies of a simply supported plate are given by

_ g2 D oMy No D
wmn_ﬂmn‘/m(x’ " =r [(a) +(b)] — (17.30)

Note that the frequencies of a simply supported beam are obtained from the above frequency expression by
setting

{g_>o, v=0} = {D=Eh%12=EIl, mx,y)=m(x))}
)

mmr 5, El
a m(x, y)

(17.31)
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§17.4.2 Completely freealong all four edges
The boundary conditions for this caseis obtained from (17.22)-(17.25) by setting k,, = 0O and ky = O:

2
Y re-w =0

Alon =(0,b): —
g y=(0Db) [ ay2
52y 82w (17.32)
el ey}
ay? TV
d 02 02
Along x=(0,a): — w+(2—v) w
X = ox? Y2
520 82w (17.33)
(5 +v—>5)=0
8x2 8y2

It should be emphasized that, if an approximation is introduced for w(x, y), it must implicitly satisfy
Mns = Myy = 0. Otherwise, the following must be explicitly enforced:

92w

axdy

Myy = =D =0 at the four corners (17.34)

as can be seen from (17.10).
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