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§21.1 INTRODUCTION

The previous chapter has devoted to the reduced-order modeling of a single vibrating substructure. Once
all of the substructuresin atotal system are approximated by their corresponding reduced-order models, the
next task is to assemble the reduced-order substructural models. Third, the assembled reduced-order total
system is either used for performance evaluation and/or design improvements.

In practice, the size of the assembled total structural model that consists of reduced-order substructural
models is often considdred too large. For such a case, it is customary to carry out additional reduction via
total system modal analysis.

Figure 21.1 illustrates the sequence of model development in large-scale vibrating structural systems.

Reduced-Order
[Substructure-1 M odel

]
Model development,
Reduced-Order Performance analysis,
& ISubstr ucture-2 M odel 5 Shock isolation design,
g‘ Partition into ; g‘ Model updates,
= > : Reduce each - ) Assembleinto N . ]
5 | substructures > ) substructure > . Totoal Reduced- | o5 >
g Order System o8 )
% B % Control synthesis
g Reduced-Or der 3 3
_i'—7 @ Substructure-s M odel X~

Fig. 21.1 Sequence of Reduced-Order Modeling and Applications

In the following, the variational formulation of partitioned equations of motion will be discussed first. In
particular, two treatment of interface constraintswill bediscussed: classical (or global) A-method (whichreads
as Lagrange multiplier method), and localized A-method. The partitioned equations of motion employing
the two A-methods are then derived. we will then focus on one of the most widely used component mode
synthesis method, the Craig-Bampton method. Finally, acomponent mode synthesis technique based on the
localized A-methoid will be described.

§21.2 VARIATIONAL FORMULATION OF PARTITIONED STRUCTURAL SYSTEMS

Consider astructurethat consists of two substructuresasshowninFig. 21.2. Whenthestructureispartitioned
intotwo structures, Q® and 2@, interactionsforces, A and A® (or A*?), aredevel oped along theinterface

boundaries of I'® and ', In addition, the displacement for substructure 1 consists of the interior ones

u'™ and along the partition boundary u™. Similarly, for substructure 2 we have u{® and u®. These can be

E‘Xpreﬁd as
@ 2
u u
u(l) = |: (Il)] N U(Z) = |: (|2):| (211)

Using these notations, the energy functionals for substructures 1 and 2 may be written as
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(a) Total Sructural System

Partitionl

Substructure 1

Substructure 1

M

: . Ci=Uu
- —_ M _ @ _ : Constraints:
Congtraint: €, = U, —u” =0 z C = U(IE) —u; =0
(b) Partition modeled by classical A-method (c) Partition modeled by localized A-method

Fig. 21.2 Partitioning of a Structure into Two Substructures

Substructure 1:
31-[(1) — ((Su(l))T{K(l) u(l) _ (f(l) _ M(l) u(l))}

(21.2)
Substructure 2:

51_[(2) — (5U(2))T{K(2) u(Z) _ (f(2) _ M(Z) u(Z))}

where M and K are mass and stiffness matrix, resprectively, for a substructure, and the superscripts, (1, 2),
denote substructure.

Whilethevirtual energy iscompletely contained in the preceding energy expressions, theinterface conditions
between these two substructures are needed for partitioning as well as assembly. The kinematic interface
compatibility conditionmay be described inone of the two possible ways:

Classical (or Global) form:
u? —u® =0

Localized form: (21.3)

1 M
U(Fz) L G —0
uy? L

which states that the interface displacement along substructure 1, u'”’, must be equal to that of substructure

2,u®; and, L isthe interface displacement displacement operator.
The constraint functional that incorporates the above constraints canbe expressed as
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Classical (or Global) form:
Tclassical = (}\(12))1- (U;l) - Ui"z))
Localized form: (21.9)

)\(1) T u(1) Lgl)
Tl ocalized = ) { PZ) - 2 | Us}
A uy: L

Finaly, the total energy functional is simply the sume of two substructural energy expressions, (21.2), plus
one of the the constraint functionals, (21.4):

Classical interface form:

M system = STIV + 8T1? + §7qiassical
Localized interface form:

8 Msystem = STIY + 8T1® + 877/ 0cali zed

(21.5)

We now derive the partitioned equations of motion for the two interface treatment cases.

§21.3 PARTITIONED EQUATIONS OF MOTION EMPLOYING CLASSICAL A-METHOD

Thetotal energy of the system for this case which is the one given by thefirst of (21.5), consists of the two
substructural energy expressions (21.2) plus the interface constraint functional, viz., the first expression in
(21.4), as

STqtotal — (SU(l))T{K(l) u® — (f(l) —-MD U(l))}
+ (8u(2))T{K(2) u® — (f(Z) —M® U(Z))}
+ (AT (U(rl) . u;z)) n (6u§-1) _ (Su(rz))T (12

— (SU(l))T{K(l) u® — (f(l) - MD U(l)) 4+ (B(l))T u(l)} (21.6)
+ (8U(2))T{K(2) u® — (f(2) —M® U(Z)) _ (B(2))T U(Z)}
+ (8)\(12))T (B(l) u® —B®@ u(2))

u(rl) —B® u(l)’ U(FZ) —B®@ y®?

where B isthe Boolean matrix that extractstheinterface degrees of freedom at the interface of substructure
k.

Thestationarity of the abovevariational equation, viz., sT11%? = 0, yieldsthefollowing partitioned equations
of motion:
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M® 0 0 a® K® 0 (B(l))T u® f@
0 M@ 0 u@ |+ 0 K@ _ (B(Z))T u® | = | @
o o ollLa® BY _B®@ 0 A2 0

by

[M O}{U} [K BL}[U} [f}
+ =
o odLA®? By 0 1LA® 0
In the above equation set, the first row is the equations of motion for substructure 1, the second row for
substructure 2, and the third is the interface constraint equation. To illustrate the compositions of the

partitioned equation further, we express each of the three equations in terms of the interior degrees of
freedom, u,, and the interafce degrees of freedom, ur asfollows:

For substructure 1:

My M@ o @ Kin Kir1®Pru @ f|(1)
+ - (21.8)
Mri Mrpp Ur Kir Krr ur flgl) — A3

For substructure 2:

My Mir7@ra 7@ Kii Kir7@u 1@ f|(2)
Mri Mrpp Ur Kir Krr Ur f1£2) + 212

(21.7)

>
y >
oy . \ u(‘I )
Partitioning v r
X0

4

Fig. 21.3 Partitioning of a Structureinto Two Substructures

If one is interested in constructing the equations of motion for the entire system, then al one has to do
is to assemble the coefficient matrices that are associated with u'” and u'® into the same rows and the
columns. This corresponds to an explicit enforcement of the second of the above constraint condition, e.g.,
up = u = ulP. The assembled equations of motion therefore becomes

@ @ (1) D @ (@8] (@8]
My M, T 0 u Kn KT 0 u f)
MO, M2 4+ME M2 i [+ | KOy K24+KZ K2 u. | =1 fr | (2110)
2 2 (2 2 2 2 2
0 W My U 0 Kr K u f)
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Thisassembly processis precisaly the assembly procedure of atypical finite element software system, except
it is repeated several hundreds or thousands times. The modes and mode shapes of the total system can, in
principle, be extracted from the eigenproblem associated with the above assembled equations of motion.

§21.4 PARTITIONED EQUATIONS OF MOTION EMPLOYING LOCALIZED A-METHOD

Thetotal energy of the system for this case which isthe one given by the second of (21.5), consists of the two
substructural energy expressions (21.2) plus the interface constraint functional, viz., the second expression
in(21.4), as

Sntotal

— (6u(1))T{K(1) u® — (f(l) ~M® U(l))}
+ (BU(Z))T{KQ) u(2) _ (f(2) —-M® U(Z))}

(S)\(l) T u(l) L(l)
+[5>\<2>} 2|~ L<fz> ur}
r i

1) (1) 1
u L A( )
w54 | [ o Jsun™ 3

f
— (8U(1))T{K(l) u(l) _ (f(l) _ M(l) U(l)) + (B(l))T)\(l)}
+ (8u(2))T{K(2) u® — (f(Z) - M@ U(Z)) + (B(Z))T)\(Z)}

AT [BOY® LP
1 502 {B(z)u(z) - L?z) Us}

. L(fl) T )\(1)
— 8u; L@ | [A®

u;l) - B® u(l)’ ul(}) = B®@ y®?

(21.11)

The stationarity of the above variational equation, viz., §T1 = 0, yields the following partitioned equations

of motion:

[cNeoNoNeoNe]

OO OOoOOo

[eNeoNoNeoNe]

§o KO 0o (BT 0 0 u®
i@ 0 K@ 0 (B@)T 0 u®
AP L[ BP0 0 0 —LP || a®
A o B® 0 0 —L®||a®
Uy 0 0 - -uPT o ur
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§21.5 EIGENVALUE PROBLEM USING REDUCED-ORDER PARTITIONED EQUATIONS OF MOTION

Model reduction of a substructure has been presented in the previous chapter. In this section we will usethe
reduction procedure based on the constrained interface modes for assembling the substructures into a total
system. To thisend, let’s express the reduction form for substructure k as

u® = g® gk (21.13)
where u® is approximated from the previous chapter as:
u v K 'K
u® ~ = (20.6)
Ur 0 Irr Ur
Substituting the above reduction formulainto (21.7), one obtains
MDD 0 0 g Ko 0 (BT q® p®
0 M@ 0 g2 [+] 0o K@ (BT q? |=|p®
0 o old|a* BV  —B® 0 A2 0
MDD = (DT MO gD @ — (y@)T @ gD (21.14)

KO — (\_Ij(l))T KD y®
BY — (\Ij(l))T B(l),
p(l) — (lp(l))T f(l)’

K@ — (\IJ(Z))T K@ y®
B® = (y@)T B@
p(2) — (\p(Z))T e

Vibration analysis of the total system based on the above reduced-order model is carried using the following
eguation:

lZtotal ‘thotaI _ |\7|t0ta| ‘thotaI Atotal
| MDD 0 0
~ tot
oal _ |: 0 M@ O:| (21.15)
0 0 0
Ko 0 (B(l))T
~ total _ 0 K@ _(B(Z))T
BO _B®@ 0

It isnoted that®t°t@ js not the eigenvectors of the assembled model. The correct eigenvectors (mode shapes)
of the assembled model are abtained by

u(l) r \Ij(l) O O— q(l)
[U(Z) :| — 0 \Ij(z) 0 |:q(2) }
A2 L 0 0 1102
VA 0 07
—| 0o w@® o " qo
L o 0 I (21.16)
J
rv® 0 07 |
god — | o9 g@ o]
L O 0 |
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which includes not only the modes that span the substructures but also the interface modes pertaining to the
interface force A'?. However, the eigenvalues A'®@ represent the assembled structural system. In other
words, (&8 Ato@ly constitute the mode shapes and modes of the assembled system even though we have
obtained them from the partitioned equations of motion.

§21.6 EIGENVALUE PROBLEM USING REDUCED-ORDER ASSEMBLED EQUATIONSOF MOTION

In the preceding section the reduced-order partitioned equations of motion has been directly utilized for the
formulation of eigenvalue problem. While computationally equivalent, the resulting eigenvalue problem
given by (21.15) involves non-definite matrices, thus requiring a special care. One way to circumvent the
non-definite matrices is to assembl e the partitioned equations of motion into the assembled form akin to the
eguation given in (21.10). This can be accomplished in the following way.

First, we note that the constraint condition

u? —u? =0 (21.3)

implies that the interface Boolean matrices B and B‘® yield the following relation:

BOUD g |@ [ufP ]
u = r] e
L~

(21.17)
@, _ @ _U(|2)_
B'“u —[0 IF ] u(z)
L~

This means that the assembled degrees of freedom, (g'", ur, q\?), can be related to the partitioned degrees

of freedom, (q\", ur, q\?, u'®),according to

D
qgl) I 0 A
ur 0 0 I;‘l) qEZ) part La a 21.18
qEZ) =1 o Ifz) 0 Cﬂ; = g7 =L"¢q (21.18)
uf? o o 1P]-"

where the superscripts, (part, a), denote the partitioned and assembled degrees of freedom, and L? is an
assembly Boolean matrix. Therefore, teh complete transformation relation can be expressed as

@

q,

U(E) Pt total | 02 total L2 0
R NN () R
Ur

)\(12)

Substituting the above assembly transformation into (21.14) and after some simplifications, one arrives at
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the following reduced-order assembled equations of motion:

| 0 K@ (21.20)
.

p=(LYT E(Z)
-

g=(LY g@

As one can see, the above reduced-order assembled equations of motion is difficult to follow through. We
will examine a step-by-step derivation of the above egquation below, which is konwn in the literature as the
Craig-Bampton component mode synthesis or subtructuring method method.

§21.7 THE CRAIG-BAMPTON METHOD

Equation(21.20) may be considered a generic component mode synthesis as it can accommodate severa
possible substructural reduction methods. One of its specializations was proposed by R.R Craig M.C.C.
Bampton in 1968. As the Craig-Bampton component mode synthesis technique is perhaps the most widely
used substructuring method, we present a step-by-step formulation of their method bel ow.

§21.7.1 Step 1. Approximate the substructural displacements

It approximates the displacement of each substructure by a set of fixed-interface normal modes plus a set of
constraint modes. Specifically, for substructure 1, u¥ is approximated by (see Eq. (20.6))

(€]

&) @ O
o i d [ & (Dy-1 1 (D
u® ~ = , i =—K)T K E (21.21)
e 0 |® &)
r T

Ur

Similarly, the substructural displacement u‘® for substructure is approximated by

@

2 2 2
) ui” 7 Vi @ @\-1 1 @
IR A A e (e 3 (21.22)
u® 0o 12 @

Up
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§21.7.2 Step 2: Obtain the approximate substructural kinetic and strain energy

The approximate substructural strain energy and kinetic energy derived in the previous chapter (see 20.13)
and (20.14)) are restated below.

@7 @ gD T @ @ @ gD @

B 1T e D D qa L s Kyt Kir L q
U =zsu") KV u" =

2 e 0o | KO KO o 1@ || @

r I'T rl I'T rr r

(21.23)
@ T cqy®@ @ oT @ q® @ @4 g
a L e M7 Mt L e q,
T® = %u(Z) M® 1@ ~
L(2) £ @ M@ &) en
ur 0 Ifp My Mpr 0 Iyr ur
The reduced-order mass for substructure 1, M@ is thus given by
B T @ @ @ )
w0 My Mip Lo I
MP =
T 1 1 1
Lo @ LMy Ml Lo g
(21.24)
—AqD 6
My Mir i|
o 1 1
LMy My
where T
MDD =wP MPdP =1, (due to massnormalization)

(6 DT M@ @ 3@
er:‘pl (MIF+MII i)

D) T @ g, (@) @ gD (@)
Mrr:qﬁr (Mll W\ T +M|r)+Mr| W + Mrr

The reduced-order stiffness for substructure 1, IC#, is thus given by

(@) D
Ky Kir
KO = (21.25)
(@) (1)
Kri Krr
where
a)i @
@ DT DD @
’CH:‘I’l K||‘I’| :AII:
wf
T T B
i = o k= o Kk R =0
(@) (@) T @ g, @ @ gD
Krr =Krr + ¥ Ky e +Kip) + Kyf Wgr
1 1 1. — 1
= K- K )R

Observe that K™ can be written as @
AD 0
KW = [ } (21.26)
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which consists of the diagonal interior substructural modes and the Guyan-reduced matrix /Crr.
For substructure 2, asimilar procedure employed for substructure A can be repeated to yield:

o it Mf?}
LME M
21.27
(3] _A(IZI) 0 | |
. :_ 0 Kﬁ}

whereit is understood that the substructural displacement u‘® is approximated by the fixed-interface interior
modes plus the constrained modes given by (20.6).

§21.7.3 Step 3: Sum up the substructural kinetic and strain energy expressions

The strain energy and the kinetic energy of the total structure can be approximated by

T=TV+7®
U=UD +U®
a7 Al o qra
Lupl Lo gl
— (1) 4 — 1 1 (1
6’7" [My MiRyra’”
TO ~ %
(1 1 1 - (1
Lo Ly I Lo
CRANRERICE
U@ ~ %
2 2 2
el Lo e lue) 10
ra” T M MR ra’
T® ~ %
(2 2 2 - (2
L] L mp Loy
§21.7.4 Step 4: Derivethereduced equations of motion for thetotal system
The Lagrangian of the total systemis given by
L=T U+ AT uP —u?) (21.29)

wherethelast terminvolving the Lagrange multiplier A\*? isintroduced to enforce theinterface displacement
compatibility constraint

u? —u?® =0 (21.30)
The equations of motion for free vibration (fY = 0, f® = 0) can be derived from (21.29) as
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M(l) 0 q(l) K(l) 0 q(1)

@ @

q<1>:{q' } q(2):|:q' } (21.31)
ui_‘l) U}—?)

Ct=[0 1 0 -]

If desired, the interface force A2 can be eliminated by expressing the interface displacement u® interms

r
of u(rz) or vice versa. Thiscan be accomplished by the reduction

(€]

Q|1 q(l) I 0 O
U;-) _ La 22) La _ 0 0 I _ 0 _ 2 21.32
qiz) = q ’ “lo 1 0] Ur = Up" = Up (21.32)
e Ur 00 I

r

Substituting (21.32) into (21.31) and premultiplying the resulting equation by (L?)T we obtain the following
reduced-order free vibration eguation:

M = 0 MP MP | Mpr = ME A+ MP
(21.33)
MPr ME Mer
AY 0 o0
K=| 0 A7 0 |, Kr=KR+K3
0 0 Krr
§21.7.5 Step 5: Perform eigenanalysis of thetotal system
First, we perform an eigenanalysis of (21.33):
1
3"
K®=M®2 A, d=|o? (21.34)
q)I‘

Second, once (@, Ay) are obtained, the global eigenvector ® is obtained by the following expression
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(@8] D D
| 0 \IJIF (I)I
;= 0 w?® w? || &P (21.35)

0o 0 I 3,

Observe that the eigenvalues are preserved under a similarity transformation. Thus, the global eigenvalues
and eigenvector pairs are given by (24, Ag ).

The component mode synthesis for other techniques due to Benfield and Hruda, Hurty, MacNeal, Rubin,
Hintz, Dowell and Klein, and Craig and Chang may be similarly constructed.

Remark 1. Note that from (21.33) eguation, in carrying out the component mode synthesis by the Craig-
Bampton method, viz.,
M=K ® (21.36)

the mass matrix M becomes dense even if the origina substructural-level mass matrices are diagonal.
Remakr 2: The stiffness matrix at the interface is given by
Krr = K + K3

KO =KE KD KDHTKD (21.37)
K2 =KZ -KZ KK

Note that both K% and K%, are the Schur complements (or in structural mechanics known as Guyan-
reduced matrices) that preserve the strain energy content of each substructure. Hence, no approximation is
introduced at the interface strain energy contents.

On the other hand, the same cannot be said regarding the kinetic energy. This can be seen by examing the
interface mass traix M.

Mer = M+ M7

.
ME =vE MP U +MP) +ME e+ ML (21.38)
M(FZ} — \IJI(%) (M(Z) \11(2) + M( ) + M(Z) \11(2) + M(Z)

Inother words, the constraint modes W, . play therole of augmenting theinterfacekinetic energy by infusing
theinterior masses M, unto the interface nodes.
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