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Beams with Uncertain Boundary Conditions



Consider a beam whose two ends are constrained by transverse
springs (k, 4, K, ,) aswell asrotational springs (k,;, Kk,,) asshown
In the figure below.

Beam with unknown boundary conditions
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Fig. 1 Modeling of unknown boundary conditions




Before we proceed further, it should be noted that the mathemati-
cally known boundary conditionscan berealized by taking thelimit
values of the four spring constants as follows:

Simply supported :
Cantilever beam x =0 :
Fixed-fixed :

Freefree:

K,,p —> 00 and
Kgq — 00 and
Kgq — 00 and

Keg =0 and

Kg1 = Koo =0

kw2:(6?2:o

kw2: (92—>OO
kw2:k62:O

(1)

For intermediate values of the unknown springs a convenient way
of identifying the boundary conditions is to invoke a variational
formulation. Thisisbecause the appropriate boundary conditions,
both natural and essential, are determined as part of variational

Pr OCESS.



Kinetic energy:

Jw(X, 1)

L
T = %/0 m(x) w(x, HZdx, w(x,t), = ™ (2)

Potential energy of the beam:

L
Vi = %/O {EI(X) w(X, )2, + P(X) w(x, )2} dx

3%w(X, t) dw(X,t)

UJ(X, t))()( — 8X2 ) w(X, t)x — Ix

3)

where EI (X) I1s the bending rigidity and P(x) is the pre-stressed
axial force.



Potential energy of four unknown springs:

Vs = 3{ K,q w(0, )%+ Kyq w(O, )3

4
+ Ko w(L, )%+ kg w(l, )2 )

External energy duetodistributed applied forcef(x, t), shear forces
Q1.2 and moments M(; 2) applied at both ends:

L
SW = f f(x,t) Sw(x, t) dx + Qq sw(0, t)
0

+ M, Sw(L, )y
Qi=QO, 1), Q2=Q(L,1) ©)

M1 =M(@O,t), Mz=M(L,1)



Hamilton’s principle
2
[6T —6Vp —6Vs+ W ]dt =0 (7)

t1

Kinetic energy
/8T dt = //m(x)w(x,t)ttcSw(x,t)dtdx (8)
1

Variation of theinternal energy of the beam V,

5Vp = [El w(X, t)xxdw (X, t)x]lg
—{[El w(X, t)xx]xdw(X, t)}||6

9
L
+ / {[El w(X, Oxx]xx = [P w(X, )x]x Jdw(x, t) dX
0



Variation of the potential energy of the unknown boundary forces
and moments

Vs = { k,; w(O,t) sw(0, t) + ky; w(O, t)x Sw(O, t)yx

oL Sl ) +kp w(L Dxow(L Dy



(11)
0

dt =

Vs + W ]

Y IVA

t2[5T — 6Vp

K]



to
/ [6T — 6V — 6Vs 4 6W ] dt =
(4]

to
— | {—[El w(L, )xx]x + Kpw2 w(L,t) — Q, } Sw(L, t)dt

&1

to

-+ {—[El w(0, t)xx]x — ky1 w(O,t) + Q4 } Sw(O, t)dt

t1

t
— 2{[EI w(lk, t)xx] + kg w(L,)x — M5} Sw(l, t)ydt (12)

&1
to

+ {{El w(O, t)xx] — kyq w(0, t)x + Mq } Sw(O, t)xdt

8]

to L
— / f {MX)w (X, e + [ET wX, xx]xx
t1 0
— f(X, 1) } dw(x,t)dxdt =0



The governing equation of motion:
m(X) w(X, Oy +[El wX, Dxx]xx — f(X,t) = 0 (13)
The boundary conditions:

{(—[El w(L, Dxx]x + Ko w(k,t) — Q5 }dw(L,t) =0
{—[El w(, )xx]x — K,1 w(O,t) +Q;}ow(0,t) =0
{[ElI w(L, xx] + Kgp w(L,t)x — M, }dw(L,t)x =0

{{El w(O, )xx] — Kyq w(0,t)x + My} dw(0,t)x =0

(14)



Free vibrations of a beam

Thefree vibration of beams can be modeled from (13) and (14) by
setting
P=0Q01=0Q=M1 =M= f(x,t) =0 (15)

so that (13) and (14) are simplified to

M(x) w(X, D + [El wX, Dxx]xx = O

{—[El w(L, t)xx]x + Kk, w(L,1t) }Sw(L,t) =0
{—[El w0, t)xx]x — k,; w(O,1) } Sw(0,t) =0 (16)

{{El w(L, )xx] +kgo w(L,t)x } Sw(L,t)x =0

{{ElT w(0, )xx] — kg1 w(0, )x } sw(0,t)x =0



Free Vibration Governing Equation and Four Natural Boundary
Conditions:

m(x) w(X, ) + [El w(X, Dxx]xx = O
{(—[El w(L, )xx]x + k,, w(L,t)} =0
{—=[El w0, Oxx]x — K,y w(0,1) } =0 (17)
{{El w(L, t)xx] + ko w(L,t)x} =0
{{El w(O, )xx] — k91 w0, t)x} =0



Four natural boundary conditions - cont’d
w(X, 1) = W(x)el“

which, when substituted into (17), yields

2

—‘”E—I W) + W(X)xox = 0, 0<x <L
—W(0)xxx — kEI W(0) =0
w(O)xx — l;l W(0)x =0
~W(L)xxx + kEI W(L) =0

Ky
w(L)xx + == El W(L)x =0

(18)

(19)



The frequency equation of vibrations of a uniform beam can be
obtained by assuming the solution in form of

W = ¢y SiInBX + €, cosSBX + c3Sinh BX + ¢4 cosh BX
2
®w°m

4—_
'B_EI

Wy = B (€1 cOSBX — € Sin BX + C3 cosh BX + €4 Sinh BX) (20)

W,x = 82 (=€ Sin BX — C, COSBX + Cc3Sinh BX + ¢4 cosh BX)
Wixx = B° (—C1 COSBX + C Sin BX + €3 cosh BX + €4 Sinh AX)



B 183 _kwl _BB _kwl ] (Cp )
1 B N
—p3cosp  B°sing  p3coshp  BisinhB | (=0 @
—k ,snp —k ,cosB —k ,snhp —k, ,coshp ]
Bsnp  fcosp —Bsnhp  —Bcoshp ||
| —k,,cosB  +k,,snp  —k,,cosnp  —Kk,,sinhg | -

where

B=PBL, ki =ksi/(EI/L), Kyi =Kkyi/(ElI/L®) (22)



Free-free beam (k1 = K2 = kg1 = kg2 = 0)

det

,3_3

—cosfB

L sing

0 —p3

—,3_ 0

0

p

B3sinB  B3coshf  B3sinhpB

B cosp —pB snhf —pB coshp -

snB coshp  snhp

cosp —sinhp —coshp -

(23)



Cantilever beam (ky»> = kg2 = 0, k1 —

det

wl

—B

sinp

cos B

_13_3
Kg1
cosh B

—sinh B

o, k@l —> OO)

sinh B

—cosh g

=0

(24)



det

—cosB sinB coshB  snhp

sng cosp —sinhB —coshp

(14 cosB coshB) =0

which gives

B = {1.875, 4.694, 7.855, ...}

(25)

(26)



Fixed end rotational spring parameter for cantilever beam
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Effect of fixed end rotational spring on fundamental frequency of a cantilever
beam



Smply Supported and Fixed-Fixed Beams
(w(0) = w(L) =0o0r k1 = ky2 — o0)

det

0

_k91
—sinpB

Bsinp
Koo

U

~1
—B
—cosp

B cosp

cosf  +k,,sinp

0 -1 .
_Rel B
—sinh B —cosh 8

—B snhg —p coshp

—k,,coshp  —k,,sinhp _

B?sinBsinh B + ke1 B (sinB cosh B — cosB sinh B)
— koo BcosBsinh B + kg1 kg2 (1 — cosBcoshB) =0

(27)



Several ideal cases can be obtained from (27):

Simply supported ends: {kg;1 =0, ky» =0} = sngsinhf =0
Clampedat x =0
and simply supported at x = L : {kg1 — 00, kg = O}
J (28)
tang —tanhg =0
Clamped at both ends: {ky; — oo, kg2 — o0}
= 1—cosBcoshg =0

When the boundary conditions are not ideal, viz.,

(0<kyy<oo and 0 < kg < o0} (29)

one needs two or more measured frequenciesto determine {ky; and  ky»}.



