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Vibration of Continuum Beams



Summary of Elementary Beam Theory
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Potential energy of the beam:
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Hamilton’s principle:
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External energy:
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Variation of the Kinetic energy:
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since we consider w(X, t1) and w(X, t) as specified or constant at
t=tiandt = ts.



Variation of the Potential energy:
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Substituting (5)-(7) into Hamilton’s principle (4), we obtain the de-
sired variational equation.
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Asin thecase of string equations, thefirst two expressionsyield the

boundary conditions. Itisthethird expression intheaboveequation
that providesthe governing equation of motion for beam.



Boundary-value problem for beam bendingwith P = 0

Governing equation of motion:
m(x) w(x, t)tt —I_ [EI w(x, t)XX]XX — f(X, t)

Moment and/or Slope Boundary Conditions:

(M(X, )sw(X, )y 15 =0, M(X,t) = El w(X, t)xx (9)

Shear and/or Displacement Boundary Condition:

VX, Hdw(x, 1) } 15 =0, V(X,t) = —=[El w(X, t)xx]x




Boundary-value problem for beam bending - cont’d

Unlike string problems, we need two conditions at each end with
X = ¢ being the end coordinate.

Freeend at X = C;

M(c,t) =0 and V(c,t) =0 (10)

Fixed end at X = C:

w(c,t) =0 and w(c,t)y =0 (11)

Smply supported end at X = C:

M(c,t) =0 and w(c,t) =0 (12)




Classical Solutions of Beam Bending Vibration

Solution of the homogeneous governing equation assumes the form
w(x, 1) = FOW(X), withF(t) = Fetl®t (13)

Remark (abrief tour of hyperbolic partial differential equation the-
ory): Inarigoroustreatment, onesubstitutes(13) intothegoverning
equation with f(x,t) = Oto obtain

M(X)F O W(X) + ETX)FOW(X)xxxx = 0 (14)
Dividing both sides by F ()W (X) one obtains

F(O)tt _ E1(X) W(X)xxxx (15)
F(t) m(x) W(X)




Sincetheleft-hand term isafunction of timewhereastheright-hand
term isafunction of only x, both termsmust beindependent of time,
t, and the coordinate, x. Hence, both terms must be a constant if
theequality isto hold for all time and for the entire spatial domain
range:, viz.,

FOw _ E1OO Wxxx _ —w?, wbengreal (why?) (16)
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which yields the following two sets of ordinary differential equa-

tions:
F(t) + w’F(t) =0 (17)

W(X)xxxx — BTWX) =0, g% = (18)




Solution of (17) can be expressed as

FO)=Fe' = £+0°=0 = {2;}={i_j}w (19)

Therefore, F(t) hastheform of
F(t) = Asinwt + B coswt (20)

which impliesthat w(X, t) oscillateswith timewith the correspond-
Ing period T = 27 /w. Hence, w isits characteristic frequency.

Solution of (18) assumesthe following form:

W(X) = C1ainx + CocosBx + Czsinh Bx + C4cosh Bx  (21)



MVibration of Beam Bending
1. Free-freebeam: For thisthe boundary condition (10) gives

M(X, 1) = El (X)wX, t)yx =0
VX, 1) = —El (X)w (X, Dxxx =0

U
_ {ETOOW(X)xx}x=0 =0 (22)
al x=0 { LET (X)OW(X) xxx }x=0 = O}

_ {ETOOWX)xx}Hx=L =0
atx=L { {ETOOW (X)) xxx}x=L = O}

Substituting W(x) (21) into the above four boundary conditions, we
obtain with 8 = BL.:



—Co+C4 =0
—C14+C3=0
—C1sinB —CycosB + Czsinh B+ CacoshB =0

_ - _ L (23)
—C1c0s88 + Cosinf 4+ Czcosh g + CsgsinhB =0
U
AC=0

whose characteristic equation (the determinant of A of the above
equation) isgiven by

1 —cosBL -coshBL =0 (24)




Search for initial root locations
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Caracteristics roots of free-free beam
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Mode shape of free-free beam
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Mode shape

Mode shape of free-free beam
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What are the mode shapesof L =07

When BL = 0, one can check the rank of the characteristic
matrix A reducesfrom threetotwo. Thisisadegenerative case.
Hence, the solution form assumed by (21) is not appropriate.

Therefore, one must invoke the governing equation (18), which
becomeswith 8 = O:

W(X)xxxx = 0 (25)

that is subject to the boundary conditions (22). Integration of the
above equation yields

W(X) = C1 = CpX + C3X? + Cgx° (26)
which upon satisfying the boundary conditions (22), yields

W(X)x =C = W(X)=C1+CX (27)



Notethat W(X)x = coistheslopeof thebeam and isaconstant. This
meansthe free-free beam with zero frequency (beta = O) rotates as
astraight line. Thisisreferred to arotational rigid-body mode.

There is a second rigid body mode given by W(x) = c1 If ¢ =
O (i.e., no rotational rigid body mode). c; represents a uniform
displacement acrossthebeam span. Thisisknown asatranglational
rigid body mode. Thisisillustrated below.

Rotational rigid body mode Translational rigid body mode
W(x) x=Q W(x) =G

Two rigid body modes of a free-free beam



Beamswith other boundary conditions

There are five additional end conditions that are possible from combi-
nations of the three distinct boundary conditions (10) - (12). These are
|eft for your practice.



