ASEN 5022 - Spring 2005

Dynamics of Aerospace Structures

Lecture10: 17 February

Cableswith End M asses and End Springs



0] » X

Cableswith End Masses and End Springs



Formulation via Hamilton’s principle:

t, )
[6L + 8Whoncons]dt =0, L =T -V
€]

L
T =/ 2p(X)wA(x, t) dx
0

+ Mg w?(0, t) + ML w4(L, t) .

L
V =f 2T (X) wg(x, t) dx
0

+3Ko w?(0, 1) + 3K w(L, t)



Symbol Definitions:

Transverse displacement:. w(x,t) (m)
Timederivative: w = 4¥ (m/s)

Spatial derivative: wy = dx (m/m)
String tension: T(X) (N)

Mass per unit cablelength: po(x) (kg/m)
End springs. (Ko, KL) (N/m)

End masses. (Mg, M) (N/m)



Evaluation of fttlz sTdt

to
f STdt —
i

to L
_ft {[fo p(X)w(X, t) Sw(x, t)dx] (2)

Mo (0, t) Sw(O0, t)
+ Mpi(L,t) Sw(L, 1)) dt




Evaluation of §V

oV =

L
_ / T (X) W (X, HSW(X, 1) dX
0

+ [T (X) wx(X, )dw(X, t)]x=L 3)
— [T (X) wx(X, )dw(X, t)]x=0

+ [KL w(X, H)dw(X, t)]x=L

+ [Ko w(X, t)dw(X, t)]x=0




Virtual work due to nonconservative force f (X, t)

L

5Whoncons = ]O f (X, t)dw(X, t)dx (4)

Substituting (4), (3) and (2) into (1), one obtains Hamil-
ton’sprinciple:

to ~
[6(T — V) + §Whoncons]dt =0
] (D

b



Hamilton's principle for cable with end masses and end

springs
o L
/(f {[=p()w(x, t)
ty JO

+ T(X) wxx(X, 1) + F(X, D)] dw(X, t)}dx

— {[(T(X) wx(X, t) + KLw(x, t) ()
_I_ MLTIJ(X, t)]BUJ(X, t)}X:L

—{[=TX) wx(X, 1) + KLw(x, 1)
+ Mow (X, t)]sw (X, t)}x=0) dt =0



The governing eguation of motion:

p )W (X, 1) = T(X) wxx(X, 1) + T(X, 1) (6)

The boundary conditions:

{[(TX) wx(x, 1) + Kpw(X, 1) 7
ML (X, t)]w(X, t)}x=l =0

{[=TX) wx(X,t) + Kow(X, t) 8

+ Mow (X, t)]w (X, t)}x=0 =0

Observations:
1. The governing equation of motion for the case of end
masses and end springsisthe sameasthe case without



any end conditions. This means the governing equa-
tion of motion Is the same for all possible boundary
conditions.

. Therefore, the general form of solution

w(X,t) = F() [C19nBX + CocosBX] (9)

Isapplicableto all the cable vibration problems.



Boundary conditionsat x = L: From (7) wefind
T(L) wx(L,t) + KLw(L,t) + M w(L,t) =0  (10)

oo w(L,t)=0 (11)

Boundary conditionsat x = 0. From (8) we find
—T(0) wx(0, 1) + Kow(0, 1) + Mow (0, t) =0 (12

oo w(0,t)=0 (13)



From (10)-(13), onefindsthat the two essential boundary
conditions given by (11) and (13) are special cases of the
two natural boundary conditions given by (10) and (12),
since the former two are obtained from the latter two If

KL — oo and Kg — o0, respectively.

Substituting (9) into (10) and (12), together with F(t) =
Fel®! yieldsthe following characteristic equation:



- BoosB+ —Bsnp+ 7 (Ciy (O
22\ i A 72 2
(KL _/LL,B ysinpg (KL _MLIB ) COsp ) G \ (14)
- _B (KO - ,U/OIB_Z) -1 \ C2 J N O J
IO -
— p—_ — I_
B =w T p=2p
K. L KsL
KL — T , KO — % (15)
I\/IL |\/IO
ML = oL Mo = oL



The characteristic equation of (14) isfound by taking the
determinant to be zero:

(kg — B2 (k| — B2 sinp
B cosBl(kg— meB?) + (k| —u B5]  (16)
— B°snB =0

We now examine several special casesin the following.



1. Fixed-Fixed Ends (k. — oo, kg — 00)

Thiscase correspondsto (k. — oo, kg — o0) sothat, by
dividing (16) by (k_kp) yields:

sng=snBL=0 = pBL=kr, k=12, ..
U

K
o= L w103
LV oo

which was already discussed previoudly.

(17)




2. Fixed-Free Ends (k|_ — 0, kg — o0, ur = uo =0)
This case leads to the following characteristic equation
from (16):

cosB =snpL =0

-1
BL = (2k2 )TL', k=12, ...

U (18)

o= B DT T 10
2L 0

which was also treated before.




3. Flexible Supports (kg = kg # 0, . = uo =0)

This case leads to the following characteristic equation
from (16):

(k% — B2 tan B+ 2kB = 0, k =k = ko (19)

Other general cases can be evaluated using (17). Thisis
left for exercises



Mode shape of the first natural frequency of cable with flexible supports
1 T T T T T T T

0.8 _

©
-
T
I

mode shape
o
(o]
T
|

0.5} f
0.4} f
_— frequency in Hertz = 0.1039 spring k =10 beta*L = 2.6277
0.3 .
02 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

cable span

M ode Shapes of Cable with End Springs



Mode shape of the first natural frequency of cable with flexible supports
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