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SUMMARY

This paper proposes a new finite element method of frictional impact of elastic bodies. The formulation
introduces a contact frame that is placed in between contacting bodies and represents the contact
surface. The non-penetration condition and the slip-stick condition are defined between the contacting
body and the contact frame with the aid of the independent Lagrange multipliers representing the
contact force. The position of the contact frame and the local coordinate of the contacting node along
the contact frame are also treated as the independent variable, which enables the exact satisfaction of
the constraint conditions without the deficiency or redundant constraint. The energy and momentum
conservation algorithm is applied to the proposed impact system. In the result, the energy and the
momentum is exactly conserved in case of frictionless impact. In case of frictional impact, the linear
momentum is exactly conserved and the angular momentum is approximately conserved with negligible
error. Copyright c© 2004 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The numerical simulation of the contact/impact between deformable bodies has been receiving
a great deal of attention in engineering field, and the remarkable progress in the computational
contact/impact problem has been achieved during recent years, especially by the finite element
method, and it can be observed on both the modeling and the solution method. There are
two major modeling methods of the identified contact surface, the so-called master-slave
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method [1, 2, 3, 4] and interface surface method [5, 6, 7, 8, 9, 10] including the mortar element
method. The problem is described with these models, and solved with the non-penetration
condition. In most cases, the constraint condition is imposed by using Lagrange multipliers
[3, 5, 8, 9, 10] or penalty function [2, 6, 8, 11, 12, 13, 14]. The progress has resulted in the
improvement of the efficiency and the accuracy of the numerical solution.

The appropriate approximation of the contact pressure is one of the most important subjects
for the accuracy of the contact analysis based on both modeling method. Several researchers
have proposed the numerical methods to improve the accuracy. For example, Crisfield [3]
proposed the determination method of the interpolation function of the contact force field
based on the contact patch test and shown the appropriate choice of the function leads to
the improvement of the accuracy. Jones and Papadopoulos [9], and Lei [10] proposed the
formulation that introduces the contact pressure as the configuration variable instead of the
nodal contact force, and interpolates the pressure smoothly in the interface surface. Coorevits,
Hild, Pelle [15] showed the practical approximation method of statically-admissible stress filed
at the contact region as well as kinematically-admissible displacement field that satisfy the
non-penetration condition. Several error estimator of the constitutive relation at contact region
have been also proposed [7, 15].

The solution method of the non-penetration condition is also important for contact/impact
problem. Traditionally, the condition is formulated at the finite element node discretely, or
integral form in the contact region. Since Simo, Wringgers, and Taylor [5] proposed to solve
the non-penetration condition in the weak form by the augmented Lagrangian approach based
on the penalty function, and several researchers has proposed the modified methods [11, 12] to
improve the accuracy without decreasing the efficiency. The augmented Lagrangian approach
[6] is based on the explicit update of the value of the Lagrange multiplier, so that it is suitable
for the explicit time integral scheme. This approach should, however, be employed with great
care on the accuracy and convergence of the computation. The alternative approach has been
proposed to improve the convergence property [13].

In case of frictional contact/impact, the problem contains the inequality constraint concerned
with the frictional force. It is very difficult to ensure the existence of the solution that exactly
satisfies the constitutive relation of the frictional force that is written in the inequality form.
Such a difficulty does not occur in frictionless problem, i.e. it is unique to the frictional problem.
This problem is still a very active research field, and several researchers have proposed the
formulations and solution algorithms based on the implicit variational inequality with the
penalty function [6, 8, 6, 16, 17, 18]. Rebel, Park and Felippa [19] has proposed a formulation
of frictional contact problem that overcomes the numerical difficulties mentioned above. Their
formulation introduces a contact frame that is similar to the conventional contact interface
with one distinct difference, that is, the contact frame possesses its independent displacement
degrees of freedom and its associated equilibrium equations. The equilibrium equations consist
of the localized Lagrange multipliers [20]. The non-penetration condition is established between
the contacting nodes and the frame, and it is satisfied exactly. The friction is taken into account
between the body and the frame, instead of the contacting bodies themselves. The stick state
is realized by prohibiting the slip on the frame, i.e. fixing the local coordinate of the contacting
node measured on the frame. Thus the inequality associated with the frictional force is exactly
satisfied. The displacement of the frame is described by those of finite number of the frame
nodes. The location and the number of the frame nodes as well as the interpolation function
in each frame element are determined uniquely by the contact patch test so that the obtained
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pressure distribution has high accuracy [21]. The slip displacement of each contacting node is
also interpolated by those of the frame nodes. The geometric bias or surface locking associated
with the master-slave method [9, 22] never occurs.

The transient dynamic analysis of the contact/impact problem has the numerical difficulty
other than those mentioned above. The contact/impact system is essentially a conserving
system, so that the energy and momentum should be exactly conserved. However, it is
not easy to ensure the conservation condition because of high nonlinearity of the system.
Furthermore, the geometrically nonlinear motion with discontinuity induced by the impact
cases the numerical instability in the time integral procedure. In order to clear these difficulties,
the attempt to application of the so-called energy momentum method [23, 24, 25, 26, 27, 28]
to the impact system has been presented for frictionless problem [29, 30, 31]. The energy
momentum method modifies the equation of motion so that the conservation condition is
satisfied during the impact motion. In the result, it guarantees the unconditionally stable time
integration even if the motion is highly nonlinear.

The present work aims to extend the contact formulation of Rebel, Park and Felippa [19]
to the dynamic case. The present formulation inherits the feature of the contact frame except
the following two points. The first one is that the slip displacement of each contacting node
on the frame is given as independent variable. The second one is that the frame element is
separated from each other. These modification enables us to simulate the change of the contact
configuration during a single time increment including the switch between contact and release
state, an to avoid the singularity associated with the dependency between the unilateral contact
condition and the equilibrium condition of the contact force in case of frictionless contact.

Another aim of this paper is to apply the energy momentum conservation algorithm to the
contact frame formulation, and to show that the conservation condition is satisfied exactly in
the frictionless impact system, and approximately in the frictional one.

The organization of this paper is as follows. In Section 3, we introduce the concept of contact
frame, define the impact system based on the contact frame, and formulate the governing
equations of the frictionless impact problem. In this process, we introduce the concept of
partitioned frame, too. In Section 4, we apply the energy momentum conservation algorithm
to the impact system defined in Section 3, and modify the governing equations. In Section 5, we
extend our impact system to frictional impact problem. The solution algorithm is summarized
in Section 6. We demonstrate the good performance of the formulation with the support of
several examples in Section 7, and finally give the conclusion in Section 8.

2. NOTATION

In the transient impact analysis shown in the following sections, we subdivide the time domain
into discrete steps of index n, and denote the time at the origin of each time step as tn .
We assume that the configuration variables at tn are known already and those at tn+1 are
unknowns. The time step width between tn and tn+1 is denoted by ∆t, i.e. ∆t = tn+1 − tn .
We call the state at and the previous and current state, respectively.

The bar above a variable represents the averaged value of the variable at the current and
the previous state. ∆ represents the incremental value from the previous to the current state.
We denote the value of a variable at the previous state by using the tilde under the variable,
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while no index is attached to the value at the current state.

Z̄ ≡ Z(tn+1) + Z(tn)
2

, ∆Z ≡ Z(tn+1)− Z(tn) , Z ≡ Z(tn) for ∀Z (1)

3. IMPACT SYSTEM BASED ON LOCALIZED LAGRANGE MULTIPLIERS

Let us consider the impact of two elastic bodies, body-1 and body-2, that are modeled with
finite elements, and denote the domain of each body as Ω(1) and Ω(2), respectively. In the
classical contact formulation, we determine the contacting node (slave node) and the contacted
surface (master surface), and formulate the contact constraint condition between the slave
nodes and the corresponding master surface. On the other hand, the present method considers
the contact between the node and a curved surface located so that the two bodies are separated
in opposite side as shown in Figure 1 [19]. We call this surface a contact frame, and denote
its domain as Λ. The contact surface Γ is contained in the contact frame, and the equilibrium
condition of the contact force acting on the contact surface will be formulated on the contact
frame.
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Figure 1. Contact frame

In the finite element analysis of this impact system, the contact frame is also modeled with
finite elements. The initial location of the frame nodes that constitute the frame elements is
determined by the contact patch test [21], which is summarized as follows. Let us consider
a curvilinear coordinate system (s1, s2) on the contact frame Λ and define Λ∗ and Γ∗ as the
projection of Λ and Γ on s1 − s2 plane, respectively. Then, Γ∗ ∈ Λ∗ holds and the contact
nodes on body-1 and body-2 can be mapped on Λ∗ as in Figure 2. The frame node location on
Λ∗ is determined by carrying out the contact patch test on this plane. After that, the location
on Λ is obtained by the inverse mapping from Λ∗ to Λ. Based on the contact patch test, Rebel,
Park, and Felippa [21] concluded that the frame position should be interpolated linearly by the
frame nodes, i.e. the frame element should be three noded triangular or four noded quadratic
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finite elements as in Figure 2.
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Figure 2. Placement of frame nodes

3.1. Frictionless impact problem

Let us denote the position vector of a body node on the surface of the body as xp, that of a
frame node on the contact frame as ym where p and m represent the nodal number of body
node and frame node, respectively. The natural coordinate (ξ1, ξ2) is defined on the contact
frame as in Figure 3.
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Figure 3. Frame element

In this impact system, the contact potential πc can be defined as in Equation (2).

πc ≡ λp · (xp −Nm
p ym) (2)
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where λp is the localized Lagrange multiplier vector that represents the contact force, and Nm
p

is the value of the interpolation function Nm = Nm(ξ1, ξ2) at node-p, i.e. Nm
p = Nm(ξp

1 , ξp
2).

Nm
p has the following property. ∑

m

Nm
p = 1 for ∀p (3)

We can obtain the governing equation of this impact problem by applying variational principle
to the total energy including πc.

The contact condition between the body node and the contact frame is described in terms
with the tangential and normal component of the contact force λp to the contact frame. Let
us denote the covariant basis vector at node-p by gp

α, and the unit normal vector on the frame
by np. These are defined as Equation (4).

gp
α =

∂Nm
p

∂ ξα
ym , np = ηp gp

1 × gp
2

|gp
1 × gp

2|
for α = 1, 2. ∀p (4)

where ηp is equal to 1 if the contact node hits from the negative side of the frame surface, and
-1 if the positive side, i.e.

ηp = −1 for p ∈ Ω(1) , ηp = 1 for p ∈ Ω(2) (5)

Then, the variation of the contact potential is written as Equation (6).

δπc = (xp −Nm
p ym) · δλp + λp · δxp − (λp · gp

α)δξp
α −Nm

p δym (6)

Taking into account the contact potential πc, we obtain the governing equations (C1)-(C4)
for our frictionless impact system.

(C1) fp + λp − Fp = 0 for ∀p (7)
(C2) xp −Nm

p ym = 0 for ∀p (8)

(C3) −Nm
p λp = 0 for ∀m (9)

(C4) − gp
α · λ

p = 0 for ∀p, α (10)

where fp is the nodal internal force including inertial force, and Fp is the external force at node-
p. The physical meanings of these equations can be summarized as follows: (C1) equilibrium of
nodal force, (C2) geometrical constraint condition for the position of each contact node, (C3)
momentum balance of the contact force at each frame node, and (C4) condition for frictionless
contact at each contact node. The unknowns are the position vector of the body node xp, the
frame node ym, the localized Lagrange multiplier vector λp, and the natural coordinate ξp

α.
The normal component Qp of the contact force λp to the frame surface Λ must be positive.

Otherwise, the node should be released from the frame. Qp is defined as follows.

Qp = λp · np (11)

3.2. Partitioning of contact frame

Equations (8), (9) and (10) suggest that we can partition each frame element and formulate
the governing equations for each frame element independently. The detail about the idea of
the partitioning is described in this section.
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Figure 4. Geometry of contact frame in 2D case: (a) normal vector of frame element; (b) contact of
body nodes and body elements; and (c) partitioned frame element
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Figure 5. Partitioning of contact frame in 2D case

Let us consider 2D case of the impact system. In this case, every frame element is a straight
line so that the normal vector at every contact node np in a frame element is identical to each
other. Figure 4(a) illustrates typical two frame elements, Λ1 and Λ2, connected to each other.
Black, white, and double circles represent the contact nodes on body-1, body-2, and frame
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nodes, respectively. As shown in Figure 4(a),

np = ηpn(α) for p ∈ Λα , α = 1, 2 (12)

where n(1) and n(2) are the unit normal vector of Λ1 and Λ2, respectively. Equation (10) means
that the tangential component of the contact force λp vanishes. Consequently Equation (9)
for the frame node Y2 is written as Equation (13). ∑

p∈Ω(1)

Nm2
p Qp

n(1) +

 ∑
p∈Ω(2)

Nm2
p Qp

n(2) = 0 (13)

Equation (13) is equivalent to Equation (14) if Λ1 is not parallel to Λ2.∑
p∈Ω(1)

Nm2
p Qp = 0 ,

∑
p∈Ω(2)

Nm2
p Qp = 0 (14)

Figure 4(b) illustrates the relation between the body nodes in the frame element Λ1 and the
body elements along the boundary of each body. The body node-p1 is in contact with body
element Γ3, so that the body node-po that is out of Λ1 should be on the line of Λ1. And so
is the body node-pe. This fact and Equation (14) suggest that we can partition the frame
elements if each frame element is extended to involve the outer nodes such as po and pe. Thus
the frame element Λ1 is partitioned and extended as Figure 4(c). In this figure, the positions
of the frame node Y1 and Y2 are identical with those of the body node po and pe, respectively.
Figure 5 illustrates an example of the partitioning of contact frame.

In 3D case, the frame element can be also partitioned and extended in the same manner
with 2D case. An example is shown in Figure 6. The partitioning is carried out on Λ∗. Ai

are the contact nodes on body-1, and Bj are those on body-2 (1 ≤ i ≤ 7, 1 ≤ j ≤ 6). A1,
A2, B1 and B2 are included in the frame element consisting of the frame node Y1, Y2, Y3

and Y4. B1 and B2 are in contact with the body element (A1,A2,A3,A4) and (A2,A5,A6,A7)
on body-1, respectively. A1 and A2 are in contact with the body element (B1,B5,B6,B2) and
(B1,B2,B3,B4) on body-2, respectively. Thus the frame element is partitioned and extended so
that Ai and Bj are included in the element.

3.3. Consistency of partitioned contact frame

As defined in the previous subsection, a partitioned frame is a piece of a flat plane and it
has unique unit normal n. Let us define orthogonal basis (e1, e2,n) on the frame (partitioned
frame is called frame for simplicity hereinafter). Then, the contact equation (9) is rewritten
as Equation (15).

Nm
p T p

1 = 0 , Nm
p T p

2 = 0 , Nm
p Qp = 0 for ∀m (15)

where T p
α is a tangential component of λp in the direction of eα.

T p
α = λp · eα (16)

Equation (10) is rewritten as (17).

T p
α = 0 for ∀p, α (17)
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Figure 6. Partitioning of frame element in 3D case

The first and second equations of Equation (15) are unconditionally satisfied if Equation (17)
holds. Furthermore, Equation (15) and (8) allow arbitrary rigid displacement of the frame
node in the contact plane Λ∗. Thus Equation (8), (15) and (17) are not independent to each
other, so that the solution of these equations has indeterminacy. If the frame consists of four
or more noded element, there are the additional constraints for the position of the frame nodes
that the nodes are located on a plane at the current state as well as the previous state (These
constraints are automatically satisfied if the frame consists of three noded triangular element).

In order to avoid this indeterminacy and to satisfy the additional constraint, we enforce the
following two conditions as well as the condition that all frame nodes are on a plane at the
previous state.

(C5) The motion of the frame from the previous to the current state must be a
rigid one, and the axis of the rigid rotation is parallel to the frame plane at the
previous state as in Figure 7. In 3D case, the total number of the condition
is (3nf − 5) where nf is the number of frame nodes. The total number is 1
in 2D case.

(C6) The natural coordinate (ξp
1 , ξp

2) of a specific contact node is fixed, i.e. these
values at the current state are the same as those at the previous state. The
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10 Y. MIYAZAKI AND K. C. PARK

node located at the boundary of the partitioned frame is suitable to be fixed.
The number of this condition is 2 in 3D case, and 1 in 2D case.

Thus the total number of these enforced conditions, nc, is

nc =
{

3nf − 3 in 3D case
2 in 2D case (18)

Therefore, we replace nc equations in the frictionless contact condition (C4) with (C5) and
(C6). This replacement makes the governing equation independent to each other, so that we
can solve the problem without any indeterminacy.
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Figure 7. Rigid motion of partitioned frame

The implementation procedure of the constraint condition (C5) is summarized in the
followings.

In 3D case, the constraint condition (C5) can be implemented by introducing five new
configuration variables, too. When the frame is constructed at the previous state, the frame
node position is expressed as follows.

ym = z + sm
α eα for ∀m (19)

where eα(α = 1, 2) is the orthogonal basis vector tangential to the frame plane Λ at the
previous state, and sm

α is the coordinate of the frame node-m on Λ. Then, (C5) requires that
the frame node position is described in terms with two vectors z and θ as Equation (20).

ym = z + sm
α R(θ)eα (20)

where R(θ) is the rotation matrix described by the finite rotation vector θ. θ is parallel to the
axis of the rotation. z and θ are expressed as

z = (z1, z2, z3)T , θ = θαeα (21)

Thus the five independent variables (z1, z2, z3, θ1, θ2) are necessary to describe the frame node
position. The total number of Equation (20) is 3nf . In the result, we can solve our impact
system by removing (3nf − 5) equations in (C4) and implementing Equation (20).
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It is also possible to implement (C5) without introducing new variable. For example, (C5)
is expressed as Equation in case that the frame is four noded quadratic element (nf = 4 and
the number of condition (C5) is seven).

|y2 − y1| − |y2 − y1| = 0, |y3 − y2| − |y3 − y2| = 0, |y4 − y3| − |y4 − y3| = 0,

|y1 − y4| − |y1 − y4| = 0, |y3 − y1| − |y3 − y1| = 0, |y4 − y2| − |y4 − y2| = 0,

(ȳ2 − ȳ1) · (∆y4 −∆y1) = 0

(22)

In case of 2D impact, (C5) is expressed as Equation (23) for example.

|y2 − y1| − |y2 − y1| = 0 (23)

4. ENERGY MOMENTUM CONSERVATION PROCEDURE

The governing equations (7)-(10) can be solved with given time integral scheme. However, the
total energy and momentum may not be conserved unless appropriate conservation algorithm is
employed. Impact is essentially a conservative problem, i.e. the liner and angular momentum
are conserved and the total energy is also conserved if the impact is perfectly elastic and
frictionless. Numerical analysis of impact system should satisfy this conservation condition to
provide highly accurate results and stable time integration.

In this paper, we propose to apply the energy momentum method [23, 24, 25, 26, 27] to our
impact system. The energy momentum method ensures the preservation of total energy and
momentum, and is a quite powerful method for the analysis of highly nonlinear elastodynamic
system. The application of this method to the impact system based on the contact frame is
described in the following subsections.

4.1. Modified equation of motion

Firstly, let us consider a non-contact system, and denote the linear momentum by P, the
angular momentum by L, and the total energy of the bodies including the kinetic energy,
strain energy, and other internal energy by π. The energy momentum method requires the
modified nodal force vector f̃p satisfying Equation (24) and (25).

∆π = f̃p ·∆xp (24)
∆P
∆t

= f̃p ,
∆L
∆t

= x̄p × f̃p (25)

(26)

Based on the energy-momentum method, the equation of motion for the non-contact system
is given as follows.

f̃p − F̄p = 0 for ∀p (27)

Equation (27) is solved with the following time integration scheme.

∆xp

∆t
= ¯̇xp (28)

Copyright c© 2004 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2004; 1:1–1
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12 Y. MIYAZAKI AND K. C. PARK

where ẋp is the velocity vector at node-p. When Equation (27) and (28) are solved
simultaneously, we obtain that

∆π = ∆xp · F̄p (29)
∆P
∆t

= F̄p ,
∆L
∆t

= x̄p × F̄p (30)

Equation (29) and (30) show that the conservation principles of the energy and momentum
are satisfied approximately, and the total energy and momentum are conserved exactly if there
is no external force.

In our impact system, the total energy is the summation of the energy stored in the bodies
and the contact potential.

π∗ = π + πc (31)

From Equation (2) and (24), we obtain the incremental expression of π∗ as

∆π∗ =(f̃p + λ̄p) ·∆xp +
(
x̄p −Nm

p ym

)
·∆λp

+
(
N̄m

p λ̄
p) ·∆ym −

(
δNm

p

δξp
α

ȳm · λ̄p
)

∆ξp
α

(32)

where δNm
p /δξp

α is determined so as to satisfy Equation (33).

∆Nm
p =

2∑
β=1

[
δNm

p

δξp
β

]
∆ξp

β , lim
∆t→0

δNm
p

δξp
α

=
∂Nm

p

∂ ξp
α

for ∀m, p, α (33)

From Equation (32), we can obtain the modified governing equation in case of frictionless
impact like Equations (7)-(10).

(C1)’ f̃p + λ̄
p − F̄p = 0 for ∀p (34)

(C2)’ x̄p −Nm
p ym = 0 , Q̃p > 0 for ∀p (35)

(C3)’ − N̄m
p λ̄

p = 0 for ∀m (36)

(C4)’ − g̃p
α · λ̄

p = 0 for ∀p, α (37)

where Q̃p is the normal component of the contact force λ̄
p, and g̃p

α is the tangential vector of
Λ̄ defined as Equation (38).

tildegp
α =

δNm
p

δξp
α

ȳm (38)

Equation (37) suggests that g̃p
α is tangential to the contact surface, i.e. Λ̄ is the equivalent

slip surface of our discretized impact problem. The unit normal vector of the equivalent slip
surface is defined as Equation (39).

ñp = ηp g̃p
1 × g̃p

2

|g̃p
1 × g̃p

2|
(39)

Thus Q̃p is defined as

Q̃p = λ̄
p · ñp (40)

Copyright c© 2004 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2004; 1:1–1
Prepared using nmeauth.cls



LOCALISED LAGRANGE MULTIPLIERS 13

Equation (35).1 has a serious problem on the geometry of the frame. If node-p is not on the
frame at the previous time state, xp can be expressed as

xp = Nm
p ym + ∆pnp (41)

where ∆p is the distance between node-p and the frame at the previous state, and ∆p < 0.
Then, Equation(35).1 results in

xp −Nm
p ym = −

(
xp −Nm

p ym

)
= −∆pnp 6= 0 (42)

Equation (42) means that the contact condition is not satisfied, i.e. node-p is not on the frame
at the current time state, which is not acceptable in view of the accuracy of impact analysis.
Therefore, we should modify Equation(35).1 so that the contact condition is satisfied without
the violation of the conservation conditions. Let us modify Equation(35) as follows.

(C2)’
1
2

(
xp −Nm

p ym −∆pwp
)

= 0, Q̃p > 0 for ∀p (43)

Then, Equation (43) is geometrically admissible if Equation (44) holds.

wp · np = 0 for ∀p (44)

In the next subsection, wp will be determined so that the conservation of the momentum is
satisfied.

4.2. Conservation of momentum

Taking into account that Equation (25) holds, we obtain the increment of the momentum in
our impact system as Equation (45) by solving (C1’).

∆P
∆t

= F̄p − λ̄
p (45)

∆L
∆t

= x̄p × F̄p − x̄p × λ̄
p (46)

The conservation principle of the momentum requires that the second terms of the right side of
these equations vanish. Equation (36) and (3) ensure the conservation of the linear momentum
as shown in Equation (47). ∑

p

λ̄
p =

∑
m

∑
p

N̄m
p λ̄

p = 0 (47)

As mentioned in the previous subsection, the vector wp is determined by the conservation
principle of the angular momentum, which is shown in the rest of this subsection.

The conservation condition of the angular momentum is

x̄p × λ̄
p = 0 (48)

By using Equation (43), the conservation condition is rewritten as

Nm
p ym × λ̄

p +
(

∆p
wp + np

2

)
× λ̄

p = 0 (49)
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14 Y. MIYAZAKI AND K. C. PARK

As shown in Equation (19) and (20), ym, ym, and ȳm are located on planes extended with
eα, eα, and ēα, respectively.

ym = z + sm
α eα , ym = z + sm

α eα , ȳm = z̄ + sm
α ēα (50)

Let us denote the normal vector of the frame plane Λ, Λ, and Λ̄ by n, n, and n̄, respectively.

n ≡ e1 × e2

|e1 × e2|
, n ≡ e1 × e2

|e1 × e2|
, ñ ≡ ē1 × ē2

|ē1 × ē2|
(51)

Then, the requirement that the rotation axis of the orthogonal basis is parallel to Λ leads to
the following relations.

ē1 ·∆e2 = ē2 ·∆e1 = 0 , ∆e1 × ñ = ∆e2 × ñ = 0 , ñ =
n̄
|n̄|

, ∆n · ñ = 0 (52)

Considering these relations, we can prove that the first term of the left side of Equation (49)
is 0 as follows. Let us denote the orthogonal basis vectors parallel to Λ̄ by ẽα, and express the
contact force λ̄

p in component fashion.

λ̄
p = ηpQ̃pñ + T̃ p

α ẽα (53)

T̃ p
α represents the tangential component of the contact force. The frictionless contact condition

(C4)’ is equivalent to Equation (54).

λ̄
p = ηpQ̃pñ , T̃ p

α = 0 for ∀p, α (54)

Under this condition, the momentum equilibrium condition (C3)’ is equivalent to Equation
(55)

N̄m
p ηpQ̃p = 0 for ∀m (55)

By the substitution of Equation (50) and (54), the first term of the left side of Equation (49)
is recalculated as follows.

Nm
p ym × λ̄

p =
(

N̄m
p ȳm +

1
4
∆Nm

p ∆ym

)
× ηpQ̃pñ

=
(
N̄m

p ηpQ̃p
)
ȳm × ñ +

1
4
∆Nm

p

(
∆z× ηpQ̃pñ

)
+

1
4
∆Nm

p sm
α ηpQ̃p(∆eα × ñ)

(56)

Using Equations (3), (52) and (55), we conclude that the right hand of Equation (56) is 0.
Considering Equation (52), we conclude that Equation (49) is satisfied by defining wp as

Equation (57).

wp ≡ np − 1
ñp · np

ñp = ηp

(
n− 1

ñ · n
ñ
)

(57)

Thus we can conclude that the conservation principle of the momentum,(30), is satisfied by
solving Equations (34), (43), (36), and (37) with the time integral scheme (28).
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4.3. Conservation of energy

The increment of the body energy in this impact system is recalculated as Equation (58) by
using Equation (24) and (34).

∆π = ∆xp · F̄p −∆πc (58)

where

∆πc = ∆xp · λ̄
p (59)

By substituting Equation (41) and (43) into (59), we obtain

∆πc =
[
∆Nm

p ȳm + N̄m
p ∆ym + ∆p(w

p − np)
]
· λ̄p (60)

Equation (36), (37), (52), and (57) lead the following relations.

∆Nm
p ȳm · λ̄p = 0 , N̄m

p ∆ym · λ̄p = 0 , wp − np = ηp

(
∆n− 1

ñ · n
ñ
)

(61)

By substituting Equation (61) and the fourth equation of (52) into (60), we conclude

∆πc = −∆pQ̃
p

ñ · n
(62)

∆πc is positive because ∆p is negative and Q̃p is positive. In order to achieve the conservation
of the body energy, we will introduce the discrete contact velocity in the following section.

4.4. Discrete contact velocity

The idea of discrete contact velocity has been proposed in reference [31]. This idea requires a
discrete jump of the velocity after the governing equations (34), (43), (36) and (37) are solved.
Let us denote the current velocity obtained from the governing equations by ẋp

∗ , and modify
the current velocity by adding the discrete contact velocity vp

c , i.e.

ẋp = ẋp
∗ + vp

c (63)

This velocity jump causes the jump of the energy and momentum as in Equation (64).(
∆P
∆t

)
jump

= Mpq
vq

c

∆t(
∆L
∆t

)
jump

= xp ×Mpq
vq

c

∆t

(∆π)jump =
1
2
Mpqvp

c · vq
c + Mpqẋp

∗ · vq
c

(64)

where Mpq is the component of mass matrix contributed by node-p and node-q.
After the governing equations are solved, the energy decreases of the amount ∆πc. Therefore,

our purpose is to find vq
c that satisfies the conservation conditions, i.e. the following relations.(

∆P
∆t

)
jump

= 0 ,

(
∆L
∆t

)
jump

= 0 , (∆π)jump = ∆πc (65)
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16 Y. MIYAZAKI AND K. C. PARK

Let us define vq
c as Equation (66) so that the first conservation condition of Equation (65) is

satisfied automatically.

Mpq
vq

c

∆t
= amN̄m

p ηpQ̃pñ for ∀p (66)

where am is the parameter determined later. Substituting Equation (66) into the second
equation of (65), we obtain (

∆L
∆t

)
jump

= amwm
α ẽα (67)

where

wm
α = N̄m

p ηpQ̃p(xp × ñ) · ẽα (68)

The conservation condition of the angular momentum, i.e. the second equation of (65), is
automatically satisfied if Equation (69) holds.

amwm
1 = amwm

2 = 0 (69)

This equation has non-zero solution for am (The relation m ≥ 3 hoolds in case of 3D impact.
THe relations wm

2 = 0 and m ≥ 2 hold in case of 2D impact. Therefore, there exists non-zero
solution). Let us denote the solution as

am = b(i)a(i)
m (70)

where (i) represents the frame element number in which the frame node-m is involved, and
a
(i)
m is the solution of (69). Then, Equation (66) is rewritten as follows.

vp
c = b(i)u(i)

p , u(i)
p ≡ a(i)

m [Mpq]−1N̄m
q ηqQ̃qñ(i)∆t (71)

Substituting this equation into the third equation of Equation (65), we obtain a nonlinear
equation for b(i).

Aijb
(i)b(j) + Bib

(i) −∆πc = 0 (72)

where

Aij =
1
2
Mpqu(i)

p · u(j)
q , Bi = Mpqẋp

∗ · u(i)
q (73)

We can obtain the solution of (72) by iterative procedure such as Newton-Raphson method.
Since ∆πc has very small positive value, Equation (72) has non-zero unique solution that
satisfies

b(i) =
−B′

i + sgn(Bi)
√

(B′
i)2 + 4Aii∆πc

2Aii
(74)

where

B′
i = Bi +

∑
j 6=i

Aijb
(j) (75)

After b(i) is obtained, the velocity at the current state that satisfies the conservation
condition is calculated by using Equation (63) and (71).

Thus we solve the impact system by two stages. The first stage is to solve the governing
equations of the impact system, (34), (43), (36) and (37), with the time integration scheme
(28). The second stage is to add the discrete contact velocity vp

c to the obtained velocity.

Copyright c© 2004 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2004; 1:1–1
Prepared using nmeauth.cls



LOCALISED LAGRANGE MULTIPLIERS 17

5. FRICTIONAL IMPACT

In case that there is Coulomb friction between two bodies, we should consider the frictional
force acting between the body nodes and the frame. In this section, we extend our formulation
to the frictional impact problem.

The frictional force T̃ p is defined as the tangential component of the contact force λ̄
p to the

slip surface Λ̄.

T̃ p ≡
√

(T̃ p
1 )2 + (T̃ p

2 )2 = |λ̄p × ñ| (76)

When the body node is in the slip state, the frictional force should be in the opposite direction
of the slip displacement. The slip displacement up and the unit vector ẽp

fr along the slip
displacement is written as Equation (77).

ẽp
fr =

up

|up|
, up = ∆Nm

p ȳm (77)

Let Γslip and Γstick denote the set of contact nodes that are in the slip state and the stick
state, respectively.

Γslip ≡ {p|p ∈ Γ, T̃ p > µQ̃p} , Γstick ≡ {p|p ∈ Γ, T̃ p ≤ µQ̃p} (78)

Then, we can simulate the frictional impact problem by replacing the governing equation (37)
with (79).

(C4)′


ẽα ·

[
µQ̃pẽp

fr − λ̄
p
]

= 0 if p ∈ Γslip

ξp
α − ξmin

α

ξmax
α − ξmin

α

=
ξp

α − ξmin
α

ξmax
α − ξmin

α

if p ∈ Γstick

(79)

It must be noted that this modification guarantees the conservation of the linear momentum.
The angular momentum is not conserved exactly, but it has a very small amount of the
deviation as in Equation (80).

∆L
∆t

=
[
1
4
∆Nm

p (∆ym · ñ) + ηp∆p

(
|n̄| − 1

|n̄|

)]
T̃ p

α(ñ× ẽα) (80)

6. SOLUTION ALGORITHM

The solution algorithm of the present impact system is summarized as follows.

1. form the contact frame including possible contacting nodes at tn
2. solve the governing equation (34), (43), (36) and (79) with the time integration scheme

(28) by some iteration algorithm, e.g. Newton-Raphson procedure, and obtain the nodal
position of the bodies at tn+1.

3. calculate the energy increment ∆πc from (62).
4. calculate the discrete contact velocity vp

c from (71), and (72), and obtain the nodal
velocity at tn+1 from (63).

It should be noted that the contact frame is not necessary re-formed at each time step as
described above. The contact frame at tn obtained in the previous time increment [tn−1, tn]
can be used for the current increment. The re-formation is, however, recommended to avoid
the missing of newly contacting nodes.
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18 Y. MIYAZAKI AND K. C. PARK

7. NUMERICAL EXAMPLES

In this section, three numerical examples are shown to demonstrate the performance of the
proposed method. The first example is the Hertz impact of two cylinders, which evaluates its
numerical accuracy. The second one is the impact of two free flying rings, which verifies the
conservation property of the proposed method. The final one is the frictional impact between
a ring and a strip, which verifies the convergence and conservation properties under friction.
The calculated results of the first and the second examples are compared with those obtained
from the classical master-slave method with conservation algorithm proposed in reference [31].

In the numerical results shown below, the nodal contact force at t = tn is evaluated by the
averaged value of the midpoints of the time step containing tn, i.e.

λ̄
p(tn) ≡

λ̄
p(tn−1/2) + λ̄

p(tn+1/2)
2

(81)

where λ̄
p(tn+1/2) is identical with λ̄

p in the time period [tn, tn+1], and λ̄
p(tn−1/2) is that

in the previous time period [tn−1, tn]. The contact pressure is also evaluated by the similar
formulation with xp(tn+1/2) ≡ [xp(tn) + xp(tn+1)]/2. The smoothing approximation proposed
in reference [32] is used for the evaluation of the pressure distribution to suppress its oscillation
[10, 32].

7.1. Hertz impact of two cylinders

Two identical elastic cylinders of non-dimensional radius R = 4 impact against each other with
opposite velocities vo = 2 as shown in Figure 8(a). Each cylinder has the following properties:
the Young’s modulus E = 1000, the Poisson’s ratio ν = 0.2, the thickness h = 1, and the mass
density per unit area ρ = 1. This problem is identical with the impact problem of a cylinder
and rigid foundation as shown in Figure 8(b). As in Figure 8(b), the cylinder is modeled by
using four-noded nonlinear plane stress elements. The simulation is carried out with the time
step width ∆t = 0.01. In this case, the result is identical with that by the master-slave method
because the frame is the surface line of the rigid foundation which is identical with the master
segment used for the master-slave method.

The time histories of the total contact force Fc and the distance dr between the centers of
two cylinders are shown in Figure 9. The solution based on the Hertz static contact is also
plotted in broken lines. The Hertz solution is calculated by solving the following differential
equation [33, 34].

2πR2hρd̈r = Fc , dr = 2
[
R− ηFc

h

(
2
3

+ log
Rh

ηFc

)]
, η =

1− ν2

πE
(82)

The Hertz solution assumes that the contact area is small and the inertial force is uniformly
distributed in the cylinder. In other word, it does not consider the local oscillation within the
cylinder. Therefore, the Hertz solution underestimates the contact force at the beginning of the
impact when the inertia of the body near the contact surface increases the contact force. And
it overestimates the contact force when the velocity of the center of the cylinder gets small.
The total contact force for the present solution oscillates around t = 0.65, which is caused by
the local vibration in the cylinders. Hertz solution cannot simulate such oscillation.

Figure 10(a) and (b) show the time history of the contact length a and the pressure
distribution p along the horizontal axis s1 when the approach of two cylinders is at maximum.
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Figure 8. Hertz impact problem of two cylinders: (a) a schematic of the problem; (b) finite element
model-1; and (c) finite element model-2

The Hertz solution of these two properties is given as Equation (83).

a = 4

√
ηRFc

h
, p = p(s1) =

4Fc

πa

√
1−

(
2s1

a

)2

(83)

Because of the geometrical nonlinearity, the pressure at the center of the contact region is
smaller than that of the Hertz solution whereas the pressure at the outer side is larger.
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Figure 9. Hertz impact of identical cylinders (model-1): (a) total contact force; and (b) distance
between centers of cylinders

In order to investigate the effect of nonmatch of the finite element (FE) mesh between two
bodies, this problem is solved by using the FE mesh shown in Figure 8(c). The FE mesh of
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Figure 10. Hertz impact of identical cylinders (model-1): (a) contact length; and (b) contact pressure
at the maximum approach

the lower cylinder is coarser than that of the upper cylinder. We call this FE model ”model-2”
whereas we call the model shown in Figure 8(b) ”model-1”. Figure 11 shows the time history
of the total impact force and the contact pressure distribution along the horizontal axis. The
difference between the model-1 and model-2 is little, which shows the present method is robust
to nonmatch of the mesh. The difference between the present method and the master-slave
method is also very little, which means that the present method can describe the pressure
distribution without the laborious and sensitive construction of the pairs of master segments
and slave nodes.
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Figure 11. Hertz impact of identical cylinders (model-2): (a) total impact force and (b) contact pressure
at the maximum approach
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7.2. Impact of two free-floating rings

Two identical elastic ring of non-dimensional radius R = 10 impact against each other as shown
in Figure 12. The initial coordinates of the center of Ring-1 and Ring-2 are (0, 0) and (20, 10),
respectively. Ring-2 is initially at rest, and Ring-1 hits Ring-2 with the velocity vo = (4, 0).
Each ring has the following properties: the Young’s modulus E = 1000, the Poisson’s ratio
ν = 1/6, the thickness h = 0.3, and the mass density per unit area ρ = 0.1. This example is
given in reference [31]. The number of the finite element division is 3 in radial direction. As in
Figure 12, the division in the circumference direction is not uniform, but the possible contact
region is much finer than the outer region. The total number of the division is 80. The time
step width is ∆t = 0.01.

Figure 13 illustrates the transient shape of the rings. Two rings are point-symmetric to each
other. Figure 14(a) plots the total energy of the system and the energy stored in Ring-1. The
difference of the energy of Ring-1 between the present and the master-slave method, ∆E1,
is also plotted in Figure 14(a). The total angular momentum of the system and the angular
momentum of Ring-1 are plotted in Figure 14(b). The difference of the angular momentum
between two methods, ∆L1, is also plotted. The total energy and the angular momentum as
well as the linear momentum are exactly conserved, and the difference between the present
and the master-slave method is small. Figure 15 shows the pressure distribution and the ring
configuration at t = 0.92, when the contact length is at maximum. The origin of the curvilinear
coordinate s1 is at the point of symmetry of two rings. The difference between the present and
the master-slave method is small. When we employ the master-slave method to the impact
problem in which the contact surface is curved, we should take great care of the determination
of the contact pair so that no lack of the constraint nor overconstraint has occurs. If we fail
the determination, the pressure distribution would be entirely wrong. On the other hand, the
present method provides the necessary and sufficient number of frame nodes so that neither
lack nor overconstraint occurs.
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Figure 12. Impact of two rings: initial configuration
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Figure 13. Impact of two rings: transient shape
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Figure 14. Impact of two rings: (a) energy; and (b) angular momentum

7.3. Impact of ring and strip

An elastic ring impacts against a thin elastic strip as in Figure 16. The radius and the thickness
of the ring are R = 0.29 and hr = 0.2, respectively. The length and the thickness of the strip
are L = 8 and h = 0.25, respectively. They are made of same material with the following
properties: the Young’s modules E = 500, the Poisson’s ratio ν = 0.3, and the mass density
per unit area ρ = 1. The initial coordinate of the center of the ring is (−3.125, 3.125), and that
of the strip is (0, 0). The strip is at rest initially, and the ring has the velocity vo = (2,−1). The
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Figure 15. Pressure distribution at maximum contact length: (a) pressure distribution; and (b) ring
configuration

number of finite element division of the ring is 48 in circumference and 3 in radial direction.
That of the strip is 32 in longitude and 3 in thickness. The time step width is ∆t = 0.01.

Figure 16. Frictional impact of ring and strip

Figure 17 illustrates the transient configuration in case of frictionless impact (µ = 0) and
that of frictional one with µ = 0.5. In case of frictional impact, the ring trails the strip because
of the frictional force. The time history of the stored energies is plotted in Figure 18(a), which
shows the friction causes the high dissipation of the kinetic energy. The angular momentum
of the total system and that of the ring in the frictional impact are plotted in Figure 18(b).
The deviation of the total angular momentum from the initial value is also plotted in this
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figure. This figure shows that the deviation of the total angular momentum is negligibly small
even though the change of that of each body is large, so that the conservation of the angular
momentum is almost satisfied in the present method. These results show the present method
has no numerical difficulty to analyze the frictional impact problem.
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Figure 17. Transient configuration: (a) µ = 0; and (b) µ = 0.5
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Figure 18. Impact of ring and strip: (a) energy; and (b) angular momentum (µ = 0.5)

8. CONCLUSION

A formulation of the frictional impact system of elastic bodies is proposed. This method is
based on the localized Lagrange multipliers technique. It introduces the contact frame in
between the impacting bodies. The contact frame provides accurate prediction of the contact
pressure as well as the total contact force and the deformation of the bodies without the
laborious construction of the contact pairs that is needed in the classical master-slave method.
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Furthermore, the modification from the frictionless impact problem to the frictional one is
quite simple, and no numerical difficulty occurs in the simulation. The proposed method
guarantees the conservation of the energy and the momentum in the frictionless impact, and the
conservation of the linear momentum in the frictional impact. The conservation of the angular
momentum in the frictional impact is approximately satisfied, and its error is negligibly small.
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