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ABSTRACT

A continuum-based variational principle is presented for the formulation of the discrete governing
equations of partitioned structural systems. This application includes coupled substructures as well as
subdomains obtained by mesh decomposition. The present variational principle is derived by a series
of modifications of a hybrid functional originally proposed by Atluri for finite element development.
The interface is treated by a displacement frame and a localized version of the method of Lagrange
multipliers. Interior displacements are decomposed into rigid-body and deformational components to
handlefloating subdomains. Both static and dynamic versionsare considered. Animportant application
of the present principle isthe treatment of nonmatching meshes that arise from various sources such as
separate discretization of substructures, independent mesh refinement, and global-local analysis. The
present principle is compared with that of a globalized version of the multiplier method.



1. INTRODUCTION

The decomposition of discrete models of mechanical systems has received increased attention in recent
years. Research into that topic has been driven by the analysis of coupled systems, the solution of
inverse problems and the use of massively parallel computers. This paper studies a specific class of
decompositions. the partitioned analysis of mechanical systems.

The term partitioning identifies the process of spatial separation of a discrete mechanical model into
interacting components generically called partitions. The decomposition may be driven by physical,
functional, or computational considerations. For example, the structure of a complete airplane can be
decomposed into substructures such as wings and fuselage according to function. Substructures can be
further decomposed into submeshes or subdomains to accommodate parallel computing requirements.
Going the other way, if that flexible airplane is part of a flight ssimulation, atop-level partition driven
by physics consists of fluid and structure (and perhaps control and propulsion) models. This kind of
multilevel partition hierarchy, viz., coupled system, structure, substructure and subdomain, istypical of
present practice in modeling and computational technol ogy.

Partitioned analysis stipul atesthat the di scretization of individual componentsthrough standard methods
(such asfinite elements, finite differences or boundary elements) iswell onhand. Theproblemisthereby
reduced to modeling theinteraction of those components. For simpledecompositions, asinamechanical
mesh collocated to another, this can be handled by well known primal or dual techniques, such asdegree
of freedom matching or standard Lagrange multipliers.

Complicationsmay beintroducedinto thepicture, however, by several factors. Physically heterogeneous
models may be the product of different discretization techniques, as exemplified by a pressure-based
fluid BEM mesh coupled to a displacement-based FEM structural mesh. Nodes on both sides of an
interface may benonmatching, sliding or moving; thelatter beingtypical of contact andimpact problems.
Finally, multilevel decompositions bring combinatorial complexity.

A source of nonmatching meshes is illustrated in Figure 1. The domain 2 of Figure 1(a) is divided
into three subdomains by an interface 92, as depicted in Figure 1(b). Figure 1(c) shows a FEM
discretization with matching meshes. This typically results by discretizing the whole domain first,
followed by mesh decomposition. If subdomain meshes are subsequently refined without consideration
of interconnections, nonmatching meshes may result aspictured in Figure 1(d). Notethat if theinterface
segments are curved as in this example, the discrete interfaces do not generally overlap in space and
their normals are generally misaligned.

To handle such a wide variety of scenarios it is useful to develop a general continuum variational
framework, from which specific partitioned formulations and solution algorithms can be devel oped
and tested. The situation is analogous to the transition that took place in the development of the finite
element method from matrix structural analysis to continuum-based variational principles, which are
by now well established. These “coupling principles’ should be powerful enough to model physically
heterogeneousinterfaces, handle non-matched discrete nodal distributions, and guidetherational choice
of admissible discretization function spaces along the partition boundaries.

The present paper addresses the construction of such principles for structural mechanics models. The
main novel features are: (i) the use of separately varied partition-frame displacements and Lagrange
multipliersto link arbitrarily connected meshes of mechanical finite elements, and (ii) the explicit sep-
aration of rigid-body and deformational motions so that the solvability conditionsfor floating partitions
are automatically provided as part of the formulation.
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Figurel. (a) A domain 2 with boundary 02 = 992, U a€2,; (b): partition into three
subdomains: @, @2 and ©2 by cutting it through interface 9Q;,. Two FEM
discretizations of (b): (¢) matching submeshes; (d) nonmatching submeshes.
Superposed hats distinguish discrete versions.

2. VARIATIONAL PRINCIPLESAND LAGRANGE MULTIPLIERS

There exist a rich body of literature on the variational principles in structural mechanics. Survey
articlesand book chapters oriented to such applications may befound in Argyrisand Kelsey,* Fraeijsde
Veubeke,? Washizu,® Pian and Tong,* Pian,® Atluri,® Oden and Reddy,” Reddy,? Hughes,® Zienkiewicz
and Taylor,'° and Felippa.lt

Most of these principleswere devel oped with finite element modelsin mind. In particular, devel opments
of hybrid and mixed principles since the mid-1960s, pioneered by Pian? and Herrmann,'® were largely
driven by the goal of relaxing displacement continuity requirements so asto formulate better performing
elements. Those principlesintroduce additional independent variables which, as pointed out by Fraeijs
de Veubeke in several important articles>*'> may be viewed as an application of the method of
Lagrange multiplier fields. Those fields are adjoined through standard techniques such as Friedrichs
dislocation potential s'® or Legendretransforms.t’ In hybrid principles the multipliers may be physically
interpreted as internal fields such as stresses, pressures, tractions or strains. Upon discretization the
associated variables are eliminated at the element level to produce elements with the standard external
displacement degrees of freedom.

Itisrecalled that Lagrange’s original motivation for what he called the “ method of indeterminate coef-
ficients” was to derive the equilibrium equations of a system of constrained rigid bodies, or “ particles’
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in Newtonian mechanics parlance. To this end, Lagrange treated the problem “as if all bodies are
entirely free” and formulated the virtual work by summing up the contributions of “entirely free” indi-
vidual bodies. He then identified the “equations of condition” [in modern terminology, the constraint
equations] among the kinematic differential variables. Once identified, each constraint equation was
multiplied by an indeterminate coefficient and added to the virtual work of the free bodies to yield the
total virtual work of the system. He states: “the sum of all the terms which are multiplied by the same
differential [same variation in modern usage] are equated to zero, which will give as many particular
solutions asthere are differentials. . . . These equations, being then rid of the indeterminate coefficients
by elimination, will provideall of the conditions necessary for equilibrium.” SeeLagrange,*® Lanczos'®
or Dugas.?® Hence the notion of eventual elimination of multipliers has strong historical roots.

The partitioning scheme considered here retains Lagrange multipliers on interfaces rather than elim-
inating them. It represents a continuum generalization of the localized Lagrange multiplier (LLM)
method, presented by Park and Felippa®® for discrete mechanical systems whose interface freedoms
match. For matching meshes one advantage of the LLM method over the classical multiplier method is
the treatment of the so-called cross points, namely nodes whose freedoms are shared by more than two
submeshes. The LLM method yields a unique set of constraint conditions. That appealing simplicity
breaks down for nonmatching meshes. To handle those complications it is convenient to move to a
continuum level framework, and treat multipliers as interface fields to be appropriately interpolated.
Those interpolation functions cannot be arbitrarily chosen, but must satisfy Fraeijs de Veubeke's limi-
tation principle.? The LLM for matched meshesis recovered as a particular case, in which the interface
multipliers are interpolated by node-collocated delta functions.

When multipliers are retained as interface connectors the “floating partition” problem arises. In the
standard displacement formulation of finite elements the rigid body modes (RBM) are implicitly em-
bodied in the strain-displacement equations. Upon assembly and application of support conditions the
discrete stiffness equations are rid of RBMs (except in specia problems, such as free-free dynamics).
In multiplier-connected systems the RBMs of each partition must be explicitly identified and be in
self-equilibrium under rigid-body motions. This self-equilibrium condition was apparently first stated
by Fraeijs de Veubeke?? as providing the fundamental solvability conditionsfor disconnected elements.
It has played apivotal rolein the development of the Finite Element Tearing and Interconnecting (FETI)
method devel oped by Farhat, Roux and coworkers>=2° for parallel computation of structural mechanics
problems. These precursors to the present formulation are discussed in Section 6.

3. CONTINUUM VARIATIONAL FORMULATION

Inal1975article, Atluri® presented two hybrid functionals, labeled HWM 1 and HWM 2 (for “ Hu-Washizu
Modified”), which collectively extend the Hu-Washizu (HW) principle to accommodate internal inter-
faces. The five-field functional HMW1 extends HW with the interface discontinuity term proposed by
Prager,?” which links interface displacements through a single Lagrange multiplier field. The six-field
functional HWM?2 includes independently varied boundary displacements weakly linked to interior
displacements by subdomain-localized Lagrange multipliers fields. This approach is relevant to the
present devel opment.



Figure 2. Interface treatment used in constructing several functionas. (a) The domain of Figure 1(a)
divided into three subdomain partitions; (b) Functional TTywwm2: linkup by localized Lagrange
multipliers and partition-frame displacements; (¢) Functional ITpgm2: the multiplier fields
are extended to include prescribed-displacement portions d2,,; (d) Functiona TTygr: the
multiplier fields are extended to cover all boundaries, whether internal or external.

3.1 The HMW?2 Functional

Key ingredients of HWM?2 are illustrated in Figures 1 and 2. The elastic body of Figure 1(a) occupies
domain 2, referred to a Cartesian system x;. The boundary 92 has exterior normal n;. Thedomainis
partitioned into three subdomains 21, 2, and 23 asdepicted in Figure 2(a). Aninternal boundary 02y
called a partition frame, is placed as shown in Figure 2(b). The displacements of 92, are to be varied
independently from those of the subdomains. The partition frameis*“glued” to the adjacent subdomains
by Lagrange multiplier fields 1,. These multipliers are said to be localized because they are associated
with subdomains.

Theinterior fields of subdomain 2™, considered as an isolated entity, are: displacementsu™, strain €;7,
stress airj“ and prescribed body force f_im. Its boundary 2™ can be generally decomposed into 92,
QM and 027", a2 and 92" are portionsof Q2™ where displacementst; and tractionst; , respectively,
are prescribed. 925" isthe interface with other subdomains, over which the Lagrange multiplier field
Ay has the role of surface traction. Subdomain linking is done through the displacement uy; of the

partition frame 0€2,. The strain energy density and symmetric displacement gradients are denoted by
Ul(eij) = %Eijkl €jen, Ui = %(Ui,j +Uj i), QD
respectively, inwhich E;ji aretheelastic moduli, commasdenote partial derivatives, and the summation
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convention is in effect. With these ingredients in place, the HWM?2 functional for linear elastostatics
can be presented as a sum of subdomain contributions:

Mawmz (Ui, €ij, 0ijs b, Aeiy Uy) = Taw — g = Znﬂw—zﬂﬂn, (2
m m

in which

g e :f [UED) + o, — ¢ —u f7] d — f umtmdS - / t" ™ —a™ds,
aQm aqQm aQm

- :/ APUP — Uy ) dS.
o

)
The sum over m extends from 1 to the number of subdomains Ns. For the boundary integralsdSis used
to denote the boundary differential instead of the clumsier doQ2. Note that T}, called the interior
functional for obvious reasons, is fully subdomain localized since all entities have superscript m. The
only interpartition connection isthrough u,; in ", whichis called an interface potential or dislocation
potential in continuum mechanics. The sum of the 7" results in the integral being carried out twice
on each interface, once on each side of 92y, asistypical of hybrid functionas. If the compatibility
condition u™ = uy,; is enforced a priori, 7z, drops out and the ordinary Hu-Washizu functional Iy
results. [The HW functional is expressable in two forms, which can be transformed from from one to
another through integration by parts|.

Atluri® shows that the stationarity condition §TTuwmz = O vields: (i) the elasticity field equations
€j = Ui jy, 0ij = Eijuew and oij j + fi = 0 in Q as Euler equations; (ii) the displacement boundary
condition u; = G; on d€2, and the traction boundary condition t = oj;n; on 32, as natural boundary
conditions; (iii) the interface compatibility u; = u,; and traction equilibrium A, =t on 9%, as
interface continuity conditions.

The origina objective for (3), as well as specializations thereof, was construction of finite elements.
If the interface 02y, surrounds each element, each subdomain collapses to an individual element. All
interior fields: ul", €7 and o}, as well as the multiplier field 13, are eliminated at the element level,
leaving only the boundary frame displacement u,; as primary unknown. Thisis the standard technique
for constructing hybrid models. The resulting elements can be processed by FEM programs as if they
were ordinary displacement models. For use of (3) in partitioned analysis, however, it will be found
convenient to retain all boundary frame fields in the discrete equations.

3.2 Simplifications

Weareprimarily interested inthetreatment of i nterface conditionsrather than constructing new el ements.

Hence we begin by simplifying I[Tywm2 in two respects:

1. Therelationse; = ug, j) and oij = EijiaU,y in Q areimposed a priori. This eliminates ¢ and
oij asindependently varied fields, and reduces the interior functional to the Potential Energy (PE)
functional.

2. Prescribed displacement portions €2, of Q2 are treated in the same way as 92,. The traction
fieldt; onthose portionsisidentified with the multiplier field A, , asillustrated in Figure 2(c). This
modification allows processing all subdomains as free-free (i.e., possessing afull set of rigid-body
modes), which simplifies the computer implementation.
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These changes reduce (2) to amodified form of the Potential Energy functional:
IMpem2(Ui, Agi, Uy) = Tlpg —my = ZHQE—ZHLT, 4
m m

inwhich
HQEzf [U@™ —uf™] dsz—/ um g ds,
Qm a

Qm

(5)
ngp:/ AWM — uy) dS,
D9PU IR

To redefine m,, the frame displacements u,; are formally extended so that u,; = G; on 9€2,. The
functional labeled ITyp, by Atluri® is essentially TIpey2, except for keeping the original integral over
dQ intheinterior functional. That hybrid functional was originally proposed by Tong.?

A related functional is the one that governs the Unscaled Free Formulation?®20 of finite elements:

HUFF(ui7tivubi):Z|:/ [U(Up)—urnf:m] dQ—/
Qm

up tMdS — f tmu" — uy) dS] .
m o aQm

(6)
The interface integral of ITygr extends over the complete boundary of each subdomain: 9Q™ : 9QM U
0 U a2y, asillustrated in Figure 2(d). This form can be obtained from (4) by extending u,; and
A 10 0€2,, adding and subtracting fma Adi (U — up) dSand renaming A,; — t;. Note that the 9]
termin (6) involvesuy; and not u". This treatment of traction boundary conditions is more convenient
for individual element formulations because in that case the internal displacements u" are eliminated
at the element level. The Scaled FF functional contains afree parameter in the interior component that

interpol ates between the Potential Energy and Hellinger-Reissner forms.>

3.3 Displacement Decomposition

For several applications of partitioned analysis, notably inverse problems and parallel solution, it is
convenient to explicitly separate therigid body modesin the governing equation of floating subdomains.
Following de Veubeke? this is done by decomposing of total displacements into deformational and
rigid-body components:

Ui (Xk) = di (X)) + I (X). (7)

Sinceug, j, = dg,j, the strain energy density ¢/ becomes function of the deformational displacements d|
only: U(dy) = %Eim dg,j) du,1y- Inserting (7) into (4) we obtain the four-field functional

Mpem2(dh, 1i, Ay, Uy) = Tpe — 77y = ZﬁQE—ZfrlT, 8)
m m

inwhich
. = / [U@™ — @™ +r™ "] de - f d™+r™mEnds
m aQy
9
Fm = / ATA™ 41— ) dS
aQr



3.4 Deformation-RBM Orthogonality Condition
Given asubdomain displacement field u™, the decomposition (7) isuniqueif thefollowing orthogonality
condition isimposed:

Qm Qm

This can be shown as follows. Over each subdomain the rigid body displacements can be expressed as

"= R, (1)

where o are subdomain rigid body mode (RBM) amplitudes and Ri”j1 are entries of a dimensionless
full-rank matrix R™ whose columns span the RBMs. The entries of R™ are at most linear in the
coordinates x;. R™ isformed by selecting alinearly independent RBM basis for its columns, followed
by orthonormalization: [, RTRE = V™ 8jx, inwhich §;i isthe Kronecker deltaand V™ = /o, dQis
the subdomain volume (area, length). Substitution into the second of (10) yields

(fmu{“R{?dQ—oe{(“/gm R;?af?dsz>a;n:(am—vmap)a;n:o, (12)

where P™ = Jom ui" R} d<2. The nontrivial solution of (12) is obtained by taking " = P™/V™. We
observe that the RBM amplitude «" is merely the projection of the displacement u" on the it rigid
body mode R If R™ is not orthonormalized the inverse of a weighting matrix appearsin (12).

3.5 Stationarity Conditions: Static Case
Varying ITpgm2 N the static case yields the weak (Galerkin) form

STlpemz = ) {GF 8d™ + G[} sa™ + G 827 + Gl ouy (13)

m

in which account is taking of (11) to express ér{" = Riéo". The subdomain variational coefficients

are
Go =/ pimdQ—/ f‘imdsz—/ t‘{“dS—f AR ds,
Qm Qm Q7 aQy

Gm :_fm f‘jmarydgz_/mmqﬂaf?ds_/mmxg; RV dS
o b
(14)
Gl = —/ [0" +r™ —uy,]dS,
o

Gloly

In thefirst of (14), p™ isthe internal force density that results from the variation of the internal energy
density: sU™ = pMsdM. Setting the variation (13) to zero provides weak forms of deformational
equilibrium, rigid-body equilibrium, interface compatibility (including prescribed displacements) and
interface equilibrium (Newton’s third law at subdomain boundaries) conditions, respectively. The first
two are localized at the subdomain level. The only connection between subdomains is done through
the last two conditions, which bring in the partition frame displacements u,; .
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Figure 3. Direct subdomain connection using global Lagrange multipliers.

3.6 Stationarity Conditions: Dynamic Case

Functional (10) can be formally extended to dynamic problems through the substitution of f; by the
D’ Alembert’s force

fi = fi — p(di +1}) (15)

With this replacement 8Tlpevwz = O is a restricted variational principle in which time is to be held
frozen on variation. We note that, if desired, it can be transformed to a Hamiltonian principle through
integration by parts of the kinetic energy terms.

The substitution (15) produces kinetic energy density termsin the four combinations pr;fi, pdit;, pdir
and pr;ifi. If p isconstant, enforcing the orthogonality condition (10) makes the cross-coupling terms
dit; and djr; vanish on integration over QM. If p is not constant over the subdomain, however, (10)
must be modified with the mass density as weight function:

This results in simple modifications to the integrals of (12). Assuming this “mass orthogonality” is
enforced, the restricted variation (with frozen time) |eads again to the weak form (13), in which thefirst

two coefficients are augmented with acceleration terms:
e = [ prda- (f‘im—pmd}m)dsz—/ t'imdS—/ AT dS,
Qm Qm QY Iy
(17
of = [ (R -,mRyamde - [ Rpas— [ anRpds
b

m
o

3.7 Connection Through Global Lagrange Multipliers

Asnotedinthehistorical remarksof Section 2, intheclassical method of L agrange multipliersdevel oped
originally for particle and celestial mechanics, constrained bodies are directly connected by interaction
forces. The equivalent technique for partitioned analysis is illustrated in Figure 3. The partition
frame 92y, that effectively localizes the Lagrange multipliers is omitted. Compatibility of boundary
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displacements of two connected subdomains, m and n, isenforced by traction fieldst™" and t™™, which
satisfy Newton'sthird law t™" 4 t™™ = 0. To avoid carrying over two sets of tractions, a from-to sign
convention must be established. For each pair {m, n} of linked subdomains, we chose the traction flow

as positive from mto n if m < n. The global multiplier field A;;" isdefined as Ap" = t™" = —t™™
for m < n. Thisrule can be subsumed into one equation using an alternator symbol:
0 if m=nor{m,n} arenot connected,
At = c™Mt™ inwhich c¢™" = {—i-l if m<n, (18)
-1 ifm>n.

The notation is extended to include the prescribed displacement portions by conventionally identifying
the ground as subdomain zero (see Figure 3). Hence m ranges from 0 to the number of subdomains Ns.

The variational form of this technique is based on the hybrid functional
Mpem1(Ui, Api) = Tlpe — 73, (19

where INpe isthe same asin Ipgy2, and

Ns  Ns

nk:_/;gbkbi udS= ZZ

/ c™"t™"udS. (20)
m=0 n=1 738"

This interface potential was first proposed by Prager?’ to treat internal physical discontinuities. If
coupled with Ty, afunctional similar to Iywmi of Atluri® results but for the different treatment of
9L2,. Inserting the decomposition u; = d; + r; into IMpgy1 yields

Mpema (1, 0, Api) = Tpg + 72, (21)
where
Ne N
T =/ Api (di +1i)dS= ZZ/ ™™ (d" + 1M dS (22)
02p m=0 n=1 3Qbm,n

The variation of [Tpgw1 in the static case yields the weak form

(31:[pE|\/|1 = Z {Gm 6di + Gz aaim} + Z ZG;T:” S dpi (23)
m n

m

where

m= pimdsz—/ f_imdQ—/ t_imdS—/ Api dS,
Qm Qm aQm aQn
GN = _/ f_ij{}‘dQ—f i R,-TdS—f Ay RS, (24)
m aQn gy

Gi"= —/ c™M(d™ +r™dS,
Q"

Generalization to the dynamic case can be carried out as in the case of [pem2.
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Q? 02
Collocated uZand X2 nodes U% nodes ® u global nodes
Uy interpolation Ap interEolation + A global nodes
0-000—0—0—0—0 ® Collocated (u, A) local nodes
Collocated utand A; nodes ul nodes o u local nodes
o8 Q!

Figure4. Two connection schemes for nonmatched mesh interfaces:
(a) connection by global displacements and node-force-collocated
local multipliers; (b) connection by global multipliers.

4. TREATMENT OF NONMATCHING MESHES

As noted in the Introduction, nonmatching meshes can arise from a variety of sources. separately
constructed discretizations, localized refinement, global-local analysis and coupled-field problems.
The functionals (4) and (8) provide adequate tools to treat nonmatching meshes of mechanical finite
elements. This section discusses aspects of the discretization procedure associated with the use of
Lagrange multipliers. It should be noted that primal techniques that do not use multipliers, such asthe
“mortar method” of Bernardi, Maday and Patera,! have been recently devel oped to couple nonmatching
meshes. Such techniques are appropriate when master and slaves interfaces can be readily identified,;
for example afine mesh linked to a coarse one asis common in global-local analysis.

For definitenessthe discussion refersto the caseillustrated in Figure 4. Upon discretization the nodeson
the partition frame 8 2, match neither with those on subdomain 2* nor subdomain Q2. Thetwo interface
methods depicted there correspond to the functionals Tpgpm2 and Tpem1, respectively. Throughout this
Section the displacement field iskept as u;, without decomposing intor; and d;, to clarify the exposition.
The more general caseis dealt with in Section 5.

The continuum interface potential for the localized functional (5) is given by

o (U, U2, A%i,kfi,ubi):/;m b uildS+fmz A2 uizdS—fml 2 ubidS—/mz 32 Uy, dS
b

(25)
In the above expressions, 9$2¢ denotes the projection of the attributes on 9Q* onto 32y, and similarly
for 9Q32.

The continuum interface potential for the global functional (18) is given by

2
GIoK Blo:
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4.1 Discretization by Localized Multipliers

The FEM interpolations assumed for the case of Figure 4(a) are
Uy = Njub, uB = NGU2 A = NG 2 = N2 {upl =NQup. (27)

whereNZ, for example, collectsthe shape functions of theinterface displacement {u'}. If the example of
Figure 4 correspondsto plane stress, N. would bea2 x 16 matrix, since there are then two displacement
components (i = 1, 2) and eight nodes on the ' interface; matrices Nﬁ, NI, Nf and NB would be
dimensioned 2 x 14, 2 x 16, 2 x 14 and 2 x 16, respectively.

Substituting these interpolations into (25) the discrete version results:
Ay (Ut U2 AL N2 ) = (A1) (Crut = CapUp) + (A?) T (C2u% — Cap ). (28)

in which the C are connection matrices (also called constraint matrices):

Ck= [ (NOTNKAS, Cw= [ (NHTN2dAS, k=12 (29)
QK IQk

The simplest choice for multiplier interpolation is node force collocation, in which the multipliers are
simply point (concentrated) forces at multiplier nodes that coincide with the local displacement nodes.
This choice is that depicted in Figure 4(a) by merging cross and circle symbols. Matrices N; and Nf
consist of deltafunctions collocated at the subdomain mesh nodes. If so, C; and C, reduce to identity
matrices whereas the entries of Cy, and Cyy, are obtained simply by evaluating NB at interface nodes.
Furthermore the interface force vector associated with the multiplier nodal valuesis simply

RE .
out A
fi. = = . 30
o= aa, | =L >
au?

Consequently full domain discretization accuracy is preserved. Another advantage of the node-force-
collocated multiplier discretization is the fact that N} and Nﬁ do not appear in the connection matrices.
Hence the implementor of a partitioned analysis program need not know the types of finite element that
are being linked. This feature helps software modularity.

If collocation is adopted, there still remains the problem of interpolating the frame displacements. Asa
general guideline, if the number of interface nodes on subdomains Q* and 2 isn; and n,, respectively,
the number of global displacement nodes, marked by a dark circle in Figure 4(a), should be at least
max(ny, Ny). Thisrule does not tell, however, how those nodes should be placed. Thisisthe subject of
current research.

If the meshes match, that is, when all nodes are collocated and the multipliers are node forces, the
connection matrices reduce to Boolean matrices with O or 1 entries.

4.2 Discretization by Globalized Multipliers
For the globalized multiplier case the FEM interpolation is

(uly =Nul, (U =N2u?, () =NPu;. (31)



e U global nodes

e Collocated (u, A) local nodes
o U local nodes

444 Localized multiplier field

Figure 5. Localized-multiplier FEM discretization of example domain of Figure 1(c). Matched
submeshes shown for simplicity. Three node types are identified by indicated symbols.
Prescribed displacement portions of the boundary are treated as internal interfaces.
Global nodes conventionally belong to subdomain zero. Hence node numbers 1,2,. . .
could have also been identified 0.1, 0.2, . . ., should that simplify the implementation.

where Ni’z is constructed from the multiplier nodes marked by a cross in Figure 4(b). The rules for
selecting such nodes are more delicate than in the previous case. The discretized interface functional is

(U, U2, Ap) = (Ap)T (Ciut — Ciou?) (32)

inwhich
Cu=/[ (NDTNIdS, Cpo=[ (N>TNZds (33)
02 02
Again, should A, be defined by point forces at multiplier nodes the connection matrices can be simply
constructed by evaluating N} and N2 at the multiplier nodes. The displacement interpol ation, however,
would depend on the type of element adjacent to the interface. This hinders software modularity.

The interface force vector associated with the multiplier nodal valuesis

97, )
aul Ci1A ]
f = — 34
>= 1 oz, [—sz A
U’

On studying theexpressions(30) and (34) for theinterfaceforces, wefind that intheformer thereemerges
a least-sguares projection operator that plays the role of filtering out the boundary frame modes. This
property enforces Newton’s action-reaction law in aleast-square sense. On the other hand, thereisno a
priori guaranteethat the law would be satisfied by (34). Preliminary numerical experiments corroborate
these remarks.

If the meshes match and node force collocation is used for A, the connection matrices become incident
matrices, with entries =1 or 0. Note that these are no longer Boolean matrices.
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5. FEM DISCRETIZATION

We now passto consider the displacement-based FEM discretization of the ITpgy2 functional. A typical
configuration of the resulting discretization is illustrated in Figure 5. Although a matched mesh is
shown for visualization convenience, the development that follows is valid for nonmatching meshes.
Three types of node pointsillustrated in Figure 5 should be distinguished:

1. Global interface nodes, or u,, nodes, which define the interpolation on 02, and 9€2,. These are
numbered 1 through 14 in Figure 5. Conventionally these belong to subdomain zero.

2. Locad interface nodesor (u, 1) nodes, which for matched meshes are paired with the global nodes
on 92, and 0€2,,. For example, local nodes 2.5 and 3.10 are paired to global node 4.

3. Loca nodes, or u nodes, are al nodes that do not fit the previous two types. These are located
either on the inside of the subdomain meshes, or on S, ; e.g. nodes 1.11 and 3.2 in Figure 5.

For aproblemwithn¢ displacement freedomsper node, thesenodetypescarry 2n¢, 2n¢ and n; freedoms,
respectively.

For nonmatching meshesit may be necessary to consider four node typesif multiplier and displacement
freedoms on partition boundaries do not coincide. The fourth type includes the so-called “multiplier
nodes’ or A nodes, which are identified by a cross symbol.

5.1 Localized Multiplier System Equations

The component-by-component interpolations of subdomain quantities are

m=NPE", M =NT{", (35)

whereas displacement components of the partition frame are interpolated globally:
Ui = Npi Up. (36)
Grouping these components gives the complete field interpolations
{d™ =NJd™,  (r™ =RMa™ (A} = NIAT,

{f™ =N, (f™ =NP™, {up} = Np Up.

37)
Here array N collects the shape functions for the deformational displacement in subdomain m, and
similarly for the others. Node values are stacked in subdomain arrays d™, A™, t" and ", and in the
global array up,. For example, if Figure 5 represents a plane stress mesh, d™ and A™ have dimension 38
and 16, respectively, for m = 2, whereas uy, has dimension 28. Prescribed displacements, if any, are
included in the interpolation of {up}.

Theinterpolation for the subdomain rigid body displacements, {r ™} = R™a™, isspecia inthat o™ are
nodel ess variables associated with a subdomain rather than anode. For example, if Figure 5 isaplane
stress mesh, each subdomain hasthree RBMs, a™ hasdimension3and R™ is2 x 3foreachm = 1, 2, 3.
We shall assume that the deformational-RBM orthogonality condition (16) is also enforced over each
discretized subdomain.

The strain interpolation can be expressed as {¢™} = S™ d™, where the strain-displacement matrix S™ is
constructed from the symmetric gradient of Ni. The stressinterpolationis {c™} = E™{¢™}, where E™
collects the constitutive moduli in matrix form.
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Substituting these interpolations into IMpgy2 produces the discrete functional :

fpema(d, ot A b ) = D | Mlyaa(@™, @™ A7) = Ay AT U | (38)

m

The splitting (38) does not correspond to T8 + =", but simplifies the physical visualization of the
discrete equations. Here

A dm 97 KT, 0 B 7rd" MT, 0 O7rd" fm
AL BM R 0 Al 0 0 odLJ 0

(39)
represents the contribution of the m™" subdomain plus the action of localized multipliers on itsinternal
fields, whereas

cm  _[APTT o enfam o [ArT 0 CrBIM [ AM “0)
PEM2D Up Ci 0O Up U (Bg)TCL 0 Up |

represents the contribution of the partition frame displacements. In (40), uf' = BJ'u,, isthe portion of
up that contributes to subdomain m and By is the Boolean matrix that restricts up, to uy'.

The matrices and vectors appearing in (39)-(40) have the following expressions:

m=[ (SHTES"dQ, B = f (NN d2 = (Bfy,
Qm I

May = / PMINDINGdQ,  RG = [ RMHINTAS=(RY)".
Qm %y
om 3QL"
m— [ ND'NPdQ " + f (NDHTNM ST,
Qm Glo

fm=/ (RMTNM A fm+f (RMTNMdST".
Qm Flol

o

Setting § fIrF‘JEMZ = 0 yields the discrete governing equations for each subdomain:

KM 0 B O dm My O 0 07qpd" fm
0 0 R 0 m 0 MJ, 0 O]fam fm
m m o m am + 0 0 00 C}m = - (42
Ad Rka 0 _Cku )‘Z >‘Z 0
o o -CcI o um 0 0O 0 OofLuap 0

The complete node value vectors d, «, A, are obtained by stacking up the contributions of the Ng

subdomains: ot ol AL
dhs alNs AN

14



To establish the compl ete system equationsin terms of the above relations, stack al subdomain matrices
in block diagonal form, and link uj' = BJ'uy:

K O By 0 d Mgg O 0 O d fq
0O 0 R, O o 0 Mu 0 O||a/| |t
By Ru 0 —Cullx!|Tl o o oolla|=|ol ©
0 0 -C, O U o o o0 ollu 0

where C,, = 3, C, Bl = C[, . In the static case the term involving accelerations drops ouit.

5.2 Forming Stiffness and Mass from Existing FEM Libraries

The foregoing matrix equationsinvolve Ky, My and M . These are the deformation-basis stiffness,
deformation-basis mass and rigid-body motion massmatrices, respectively, for anindividual subdomain.
In practice these can be obtained from a standard finite element library as follows:

1. Using the available library, form the stiffness matrix K™ and mass matrix M™ for the subdomain
m by standard assembly techniques.

2. Extract arigid-body mode basis @' and a deformational basis @' from the null and range space,
respectively, of K™,

3  Orthonormalize so that @' and ®!' are biorthogonal with respect to M™. Take R™ = ®".

4. Set K{y = (®PHTK™®T, MT, = (@PH)'MMe], MM = (R™MTM™R™.

For the static case one simply takes Ky = K™, making maximum use of existing FEM libraries.

It is necessary to extract the rigid body basis R™, although this is not required to satisfy the mass

orthogonality condition. In the dynamic case the procedure is more delicate; there is no explicit need,
however, to explicitly compute the deformation modes @' as shown by Park, Gumaste and Alvin.®2

5.3 Specializations

Equations (44) are valid for matching as well as nonmatching meshes. For matched meshes with node-
force-collocated multipliers, Bg;,, R,; and Cy; reduceto By, R, = B} R and Cp, = B L, respectively.
Here B} is aBoolean localization matrix that localizes the interface degrees of freedom, and L is the
global assembly matrix such that Ky = LTKL isthe global stiffness matrix of the non-partitioned
structure. Thisisthe equation used in the development of asimple dynamic parallel algorithm.®?

For static problems the inertial terms are dropped and Kyq may be kept as K (the block diagonal
supermatrix of al K™), giving

K 0 B, O d fq
0 0 Ry O fo
g b > = (45)
Bl Rb, 0 —Cp|| X 0
0O 0 -C o Ub 0

The nodal deformation vector d can be obtained from the first matrix equation asd = F(fg — By Ap),
whereF = K isthefree-freeflexibility, or Moore-Penrose generalizedinverse of K. Thismatrix can be
efficiently obtained, subdomain by subdomain, as described in Felippa, Park and Justino.®* Substituting
thisinto the third row gives Bg FBpAt —Rpax +Cpu, = Bg Ffq. Combining the second and fourth

15



+ A global nodes

o U loca nodes

e prescribed displacement nodes
444 Globa multiplier field

Figure 6. Matching-mesh, global-multiplier FEM discretization of example domain of
Figure 1(c). Three node types are identified by indicated symbols. Prescribed
displacement portions of the boundary are treated as internal interfaces.

rows with that equation, one arrives at the following partitioned flexibility equation:

Fbb —Ro —Cp [\ hp
-R} O 0 a|=|f, (46)
-Cp O 0 u, 0

whereF, = B} FBy andh, = B} Ffq4. Thelatter hasdimensions of displacement. Equation (46) links
only the interface degrees of freedom.

The partitioned flexibility equation (46) and its dynamic counterpart have been applied to parallel
computations by Park, Justino and Felippa,>3¢ treatment of hetrogeneities,® to damage detection by
Park, Reich and Alvin,” tojoint identification by Park and Felippa,3 and to distributed vibration control
problems by Park and Kim.*

5.4 Global Multiplier FEM Discretization

Figure 6 shows a matched-mesh, FEM discretization of the example domain using global multipliers.
The governing equations can be derived, for example, from the ITpgy7 functional. The details will not
be worked out here, as they essentially lead to the equations summarized in Section 6.4.

It should be remarked that nodes with prescribed displacements can be treated in two ways. The one
shown in Figure 6 carries additional multiplier and displacement unknowns, It leads, however, to amore
modular implementation of the floating subdomain problem since all subdomains can betreated asfree-
free, while support boundary conditions are applied by the interface solver. In addition, the multipliers
givedirectly the reactions, which are often of interest. Alternatively, the displacement conditions could
be applied directly on the subdomain nodes, and the multipliers on 02, dispensed with.
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6. RELATED PRIOR WORK

This section summarizes specific publications or lines of research that have directly or indirectly in-
fluenced the work presented here. The notational scheme used by other authors has been modified as
necessary to agree with our nomenclature.

6.1 TheClassical Force Method

Suppose the subdomains depicted in Figure 6 are an assembly of substructures connected by force-
collocated global Lagrange multipliers arrayed in Ayp. These are taken as the redundant forces of
the Classical Force Method. The governing matrix equations for this method>*° may be compactly
presented in the supermatrix form

F -1 O p 0
[_. 0 Bl] [ y } _ {_Bofb]. an
0 B 0lLX 0

Once this equation is solved, the interface displacement uy, can be recovered from
Up = By V = Fpp, (48)

inwhich F, = Do — DJ,D33D1o = K !, D11 = B] FB; and Dyo = B] F B,

In these equations fy,, p and A\, are vectors of applied, internal and redundant forces, respectively; up
and v are the vectors of node displacements and internal deformations work-conjugate to f, and p,
respectively; Bp and B; are matrices that decompose the internal forces into statically determinate and
indeterminate components, respectively; finally, F denotes the block-diagonal deformational flexibility
matrix diag{F™}, in which F™ is the deformational-flexibility matrix of the m" substructure. Both the
deformation flexibility F and the so-called indeterminate flexibility D, are required to be non-singular.
If the structure is statically determinate, B; and Ay are void, and internal forces p can be determined
directly from statics.

The challenge for implementing this method is the effective selection of the indeterminate force trans-
mission matrix B;. Oncethisisdone, By can be easily formed and all other quantities thereby obtained.
Hence, most papers on the Classical Force Method have focused on the algorithmic construction of
B, through clever choices of redundant force patterns. See, for instance, the surveys by Kaveh* and
Felippa.*>*® Because D11 isfull or quite dense, however, this method has not been competitive against
the Direct Stiffness Method version of the displacement method, particularly for the continuum FEM
models that became popular in the 1960s. These points are further elaborated by Felippa and Park.*

Comparing the Classical Force Method (47) and (48) with the partitioned flexibility equations (45) and
(46), we find that nothing in the latter requires user decisions or elaborated analysis of redundants.
Once the meshes and partitions are set up, and rigid body mode bases obtained, matrices B, R, and Cy,
follow, and hence the construction of the partitioned flexibility equation (45) isautomatic. The efficient
solution of (45) is discussed by Park, Justino and Felippa® ¢ and that of its dynamic counterpart by
Park, Gumaste and Alvin.*?

In passing, we mention that Professor Gallagher had been pursuing the development of a‘* modernized’
forcemethod for structural shapeand topol ogy optimization.* At thiswriting, thepotential of the present
partitioned flexibility equations (45) or its variants for use in such applications remains unexpl ored.

6.2 Fraejsde Veubeke (1973)
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A particularly relevant work is that presented by Fraeijs de Veubeke in a workshop lecture on Matrix
Structural Analysis delivered at the University of Calgary in 1973.22 The material examines in great
detail intrinsic and connection properties of adiscretized structure divided into arbitrary elements, with
no apriori preconceptions on element types. He spelled out the following matrix relations (italics bel ow
denote Fragijs de Veubeke's terminology):

a) Transition conditions between face + and face — of each interface:

Displacements:. u™ —u~ =0

49
Tractionss tT 4+t~ =0 “49)

b) Saticsat element level:
RT(f+f,) =0, (50)

where (in our notation) R isabasisfor the element rigid body modes, and fy, and f are force vectors
produced by boundary loads and body forces, respectively.
c) Generalized boundary displacement vector:

up=F f+fy) +Ra, (51)

where F is the deformational flexibility matrix and o are rigid body amplitudes.

These key relations, also summarized in Table 1, provide the necessary toolsto extend flexibility-based
methods beyond the Classical Force Method, which by then had already hit adead end.*® Unfortunately
the lecture did not provide the all-important implementation details. Furthermore the Notes were of
limited dissemination, having only appeared in the 1980 Memorial Volume of selected papers.

6.3 Atluri (1975)

In the previously cited 1975 paper, Atluri® presented a systematic construction of hybrid elasticity
functionals for finite element development work. The approach isto combine

Hybrid functional = Canonical internal functional + Interface potential (52)

From the canonical functionals of linear elasticity, Atluri selected the Hu-Washizu, Hellinger-Rei ssner,
Potential Energy (Displacement) and Complementary Energy (Equilibrium) forms. Two interface
potential forms, herein caled , and x;, were considered. Of the various combinations studied by
Atluri, those identified as HWM?2 and HD2 are particularly relevant to the formulation of Section 3.

6.4 Farhat and Roux (1991, 1994)

Thework of Farhat and Roux?>2* devel ops a practical implementation of flexibility methods driven by
aspecific objective: the efficient solution of FEM structural equations on massively parallel computers.
Their derivations are summarized in Table 1. The starting point is the constrained FEM stiffness
equilibrium equations for a structure divided into matched subdomains:

[gl %A][Aub] B [;] (53)
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Table1l Comparisons of De Veubeke, Atluri, Farhat/Roux, and Present Formulations

De Veubeke Atluri Farhat & Roux Present and
(1973) (2975) (1994) Park and Felippa®
Formulation Matrix methods | Continuum Equilibrium Continuum
Basis of structura variational with variational
analysis formulation constraints formulation
Local and Local and
Lagrangian Global and weighted Global and physical
multiplier generalized average generalized point
forces forces forces forces
Flexibility
Matrix F (no detail) not derived F=C] K'C, F, =B} KBy
Floating partition
equilibrium RT(f+f,) =0 |notconsidered| R" (f+C, X)) =0 | R"BpA, +f, =0
Interface ut—u- =0 B, U Clu=0 Bp d + Rpax
constraints —Cpoup,=0 —Cpu,=0
Newton’s implicitin
3rd law tt+t- =0 Cu A =0 | interfacetreatment Ci A\ =0

Here K is the partitioned block-diagonal partitioned stiffness matrix, C, the constraint matrix that
enforcestheinterdomain continuity conditionu™ = u~, u istheinterior node displacement vector, f the
applied node force vector, and Ay, isthe vector of node-force-collocated Lagrange multipliers. Solving
for u from the first row of (53) one gets

u=K*f-C; X)) +Ra. (54)
HereK ' isageneralizedinverseof K, R isanull-space basisof K whenever K isrank-deficient because
of unsuppressed rigid body modes, and « collects those modal amplitudes. Substituting (54) into the
second row of (53) yields

C/[KT(f-CyAp) +Ra]=0. (55)

Grouping (55) with the self-equilibrium equation (50) applied at the subdomain level, in which f, =
—C, Ap, ONe arrives at

CIK*C, —CIR7[X] _[CiK*'f

-RTC, 0 a| | -RTf |

which contains only interface variables. Equation (56) is solved iteratively by projected conjugate-
gradient methods. Upon convergence theinterior subdomain states are recovered from (54). Farhat and

(56)
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coworkers have devel oped projection operatorsthat offer parallel scalability for structural problems, not
only for three-dimensional solid elasticity problems but for plates and shells as well.?>26 These parallel
structural algorithms, collectively identified as FETI (Finite Element Tearing and Interconnecting),
represent one of the major advances in computational structural mechanics over the past decade.

6.5 Interface Potentials Accounting for Jump Conditions

Inarecent survey of Parametrized Variational Principles, oneof the authors presented®® atwo-parameter,
four-field form interface potential form that can be reduced to specific instances by adjusting the
parameters. The varied local fields are the interface displacements u; and the boundary tractions
oni = ojjn; coming from the FEM mesh. Thevaried interfacefieldsarethetractionst; and the partition
frame displacements u,,;. The two faces are labeled — and +. A generdlization over the potentials
considered previoudly isthe allowance of displacement and traction jJumps at any point of the interface:

[uil =ut —u, [t] =0} +o5 on 9%y. (57)
If the “transition conditions’ (49) are verified both jumps vanish. Prescribed jumps are resolved by
setting

ut =uy +3[ul, u =uy; —30ul. of =t +30tl. oy =—t + 3[4 (58)

where u,, = (U +u7)/2 and t = (0, — 0,;)/2. The parametrized interface functional that treats
al of the above as weak constraintsis

7t (Ui, Oni, Uy, B) = f [(2(1 — a2) ti + a2(o) — o)) (U —u = [uil) + e[t T +up)
02p

+ (1= 2a1) (o (U — U — MWD + o (U7 — Uy + 30uiT) +uy, [T)] dS.
(59)

Here o, and o, are free parameters. This generalizes aform proposed by Fragijs de Veubekein 1974.1°

The special casein which oy = % a2 =0, [ui]] =0and [[t]] = Oresultsin

(U, t) :f i (ui+—ui‘)dS, (60)
dQ2p

which with the notational changet; — 1,; becomesthe 7, of the method of global Lagrange multipliers
introduced in Section 3.5. Setting a1 = a, = 0 together with [Ju;]] = 0 and [[t;j]] = O resultsin

(Ui, oni, Up) = / [on (U — up) + o (U7 —uy)] dS, (61)
02

which with the notational changeo,; — Aj; and o,; — A, becomesthe r, of the method of localized
Lagrange multipliersintroduced in Section 3.2.

While an actual displacement jump is uncommon (aside from contact, impact and crack propagation
problems), traction jumps can occur on physical interfaces, such asjoints, subject to interface loads or
wave propagation. This extension of partitioned analysis is under investigation.
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Element-level
variationa principle
(hybrid treatment depicted)

Partition-level

variational principle .___/

Figure 7. Multilevel/hierarchical use of variational principles. The variational
principle(s) used for development of individual elements may be different
from that used for partitions that groups such elements. This strategy is
generally inevitable if a partition contain different element types.

7. SUMMARY AND CONCLUSIONS

We have presented a continuum-based variational formulation for the partitioned analysis of linear
structural systems. The varied fields are the deformational and rigid body displacements of each
partition, the global displacements of partition frames, and localized Lagrange multipliers that enforce
interface displacement compatibility.

The most important ingredients of the variational formulation are: the use of localized Lagrange multi-
plier fields, and the decomposition of the substructural displacementsinto deformational and rigid-body.
The latter is instrumental in providing separate equilibrium equations for each partition viewed as a
rigid body and as a flexible body. This separation is important in implementing accurate dynamic
time-stepping solvers as well as handling floating subdomains. The multiplier localization simplifies
the treatment of non-matching mesh interfaces, aswell asthat of cross points in matched interfaces.

The discrete equations were obtained using the Potential Energy canonical functional for the internal
fields. Thiswasdone for expediency since the paper focuses on the treatment of theinterfaces. Nothing
prohibitsthe use of internal functionalswith independently varied stress and/or strain fields, such asthe
Hu-Washizu or Hellinger-Reissner principles or, more generally, parametrized variational forms. 146

In practice, however, the application of variational principlesto partitioned analysisis best viewed in a
multilevel/hierarchical framework. Thisisillustrated in Figure 7. The variational principle(s) used to
develop individual elements need not be the same as that used to link up the partitions, aslong as they
produce elements with the standard displacement degrees of freedom. In fact the key ingredient for the
partition-level principle isthe interface potential rather than the interior functional. Two advantages of
this approach should be noted:

a) If partitions combine distinct elements types, it islikely that they come from different variational
formulations. Hence amultilevel strategy isinevitable.

b) It smplifies the use of element matrices from existing FEM libraries. In the case of models

21



assembled from commercia software, the element formulation basis is often unknown. Coupling
techniques that do not require such information are obviously preferable from the standpoint of
modularity. As noted in the Introduction, partitioned analysis should ideally focus on modeling
the interaction separately from the components.

The question of how to select interface interpolation functions to maintain rank sufficiency and consis-
tency (the latter being verifiable by interface patch tests) remains atopic of current research.

Two related topics are addressed in separate papers. |If the deformational displacement field is trans-
formed into strains, the resulting equations have been found attractive for system identification, damage
detection and localized vibration control, which collectively form a set of important inverse problems.
These topics have been covered by Park, Reich and Alvin,3” Park and Kim® and Park and Reich*/%.
An extension of the present variational principle to interaction of flexible structures with an internal
acoustic fluid has been devel oped by Park, Felippaand Ohayon.*®. Recently, the partitioned formulation
has been applied to substructuring technique® and reduced-order modeling®:.
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