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1 Introduction

Electrostatically actuated MEMS devices may exhibit instabilities in their
modes of operation. Capacitive devices pull-in and make contact between
electrodes due to the strength of the applied electrostatic load. This behavior
may be undesirable if the device operates in analog, conversely, it may be
wanted if digital responses are required for proper performance.

What we propose to attempt in this project is to characterize the stabil-
ity of MEMS devices by examining the eigenvalues of the coupled electro-
mechanical system. The authors hope that the instability of the system at
pull-in will manifest itself in the eigenvalues of the system. Rather than ex-
amining all of the thousands of eigenvalues from the coupled system, only the
eigenvalue of smallest magnitude will be calculated and studied. Three ge-
ometrically distinct problems will be studied: a parallel plate-spring model,
a torsional plate model, and a cantilever beam model. The first two of these
problems have analytical solutions for their pull-in behavior, which will be
paramount in verifying our analyses.

2 Analytical Models used for MEMS Analysis

In this section the theoretical results for two of the geometries examined later
are presented. These problems are the plate-spring and the torsional plate
problems. These problems are simple enough that they can be adequately
modeled as one degree of freedom systems. This geometric simplicity allows
one to derive closed form solutions for the pull-in behavior of these devices.

2.1 The Plate-spring Model

Figure 1 contains a visualization of the geometry of the plate-spring model.
Two parallel electrode plates of overlap area A are initially set apart a
distance dp; the bottom plate is held fixed while the upper plate is held
in place by a set of linear springs characterized by their effective elastic
restoring stiffness K, such that f = Kz. The upper plate is assumed to only
displace an amount z in the vertical direction. Finally, a voltage V is assumed
between the electrodes.
The applied voltage between the plates creates an electrostatic force
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Figure 1: Visualization of Spring-plate Model

where € is the electric permittivity of the material in the gap between the
electrodes. Equating the applied electrostatic force (Eq 1) to the elastic
restoring force of the spring produces the equilibrium equation solved for
the voltage V

V= (do— 2y 2 (2

Pull-in occurs when the derivative of Eq 2 with respect to z equals zero.
Carrying this differentiation out, one can show that
do

Pull-in occurs at zp; = —

. 6

Back substitution of Eq 3 into Eq 2 produces an expression for the theoretical
pull-in voltage.
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2.2 Torsional Plate Model

The geometry for the torsion plate problem is shown in Figure 2. Note that
the diagram extends out of the page a length b. Here the bottom plate is
assummed fixed, while the upper plate is allowed to rotate about an axis
extending out of the page. Unlike the plate-spring problem, the electrode
geometry is not simply represented by a simple area parameter. Instead, the
geometry of the problem is defined by the lengths a1, as, and a3 as shown
in Figure 2. The plates are assumed to initially lie a distance h apart, and
a voltage V is applied between the electrodes.
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Figure 2: Visualization of Torsional Plate Model

The applied voltage produces an electrostatic torque on the plate. This
movement, M, can be expressed as !

M =

(5)
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More insight may be gained by employing the following non-dimensionalization

B =az/a3 (6)
Omaz = h/as (7)
O =0/0mas (8)

v = ai/as (9)

From these, Eq 5 may be re-expressed as
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Equation 10 clearly shows that the electrostatic moment is primarily gov-

erned by the non-dimensionalized geometrical quantities 8 and +.

Similar to the plate-spring problem, the assembly discussed thus far is
held in place by a set of torsional micro-beams which provide an elastic
restoring force K, such that M;,; = K. Summing the applied and restoring
forces to attain equilibrium and solving for the voltage provides
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'This derivation is based off the work in Degani et. al. [1]

V=




Differentiation of Equation 11 with respect to ® provides the equation
for the pull-in angle Qg
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A quick glance at Equation 12 shows that the driving voltage is a highly
non-linear function of the desired rotation angle and is strictly a function of
the electrode geometry. Analytical solutions only exist if ¥ = 0, which is the
case of the electrode centered under the rotation axis of the upper plate. In
this case the solution to Eq 12 must satisfy

BOy = 0.4404 (13)

Utilizing Equation 13, the pull-in angle for a design which has a substrate
electrode that is equal to the size of the micro-mirror itself has a theoretical
value of approximately 44% of the maximum angle allowed by the gap size.
It is also worth noting that if 8 drops below the value of 0.4404, the pull-in
phenomena no longer occurs as the normalized pull-in angle must be greater
than one — a non-physical solution. Substitution of Eq 13 into the voltage
expression of Eq 11 produces the expression for the torsional plate pull-in
voltage

Vo =

(14)
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3 Computational Framework for Electro-mechanical
Analysis

3.1 Modeling of Electro-mechanical Problem

Though only two physical domains are simulated in electro-mechanical anal-
ysis, the overall simulation is modeled as a three-field problem. The extra
field is a result of the dependence of the electrostatic computational do-
main on the structural shape. If the structure changes shape due to de-
formation, this infringes upon the electrostatic domain, thus introducing a
non-physical field: the mesh-motion of the electrostatic domain, as is done
in aero-elasticity by, for example, Farhat et. al. [2].



The following three fields represent the global system and the dependen-
cies of each individual field.

S(u,v,x) = 0 Structure (15)
E(v,x) = 0 Electrostatic (16)
R(u,x) = 0 Electrostatic mesh (17)

with u, v the structural and electrostatic states, respectively and x being
electrostatic mesh displacements.

The above fields (15 - 17) are represented by the following state equa-
tions:

S = Ku-f(v,x) (18)
E = Pv-g with v prescribed on I'" (19)
R = Kx—h with x =u on I'P/9 (20)

with K and P being the stiffness and permittivity matrices, respectively, in
a standard finite element representation. The structural load due to mechan-
ical and electrostatic forces is represented by f. The matrix K represents the
ficticious stiffness of the electrostatic mesh. The vectors g and h are gener-
ally zero, as ¥ and R are non-zero Dirichlet boundary condition problems,
but are inserted here for completeness.

3.2 Solution of Coupled Equations

The structural and electrostatic problems are solved using the finite element
method, as mentioned above. The electrostatic problem is solved using non-
zero Dirichlet boundary conditions (constrained voltages) in addition to any
Neumann boundary conditions, thus obtaining the full voltage state, v. The
electrostatic forces are then determined in the following manner, as outlined
by Kaltenbacher et. al. [4]. Maxwell’s electrostatic stress tensor along the
structural-electrostatic interface (I'®/%) is computed in each electrostatic
interface element, assuming the structure to be a perfect conductor:

ez — 3llell3 €zly ere;
Te=¢ exey 6:3 — %||e||% eye, (21)
€z€, €y€y 62 - %HeH%

where ¢ is the electric permittivity of free space and e = [e; ey e,], is
the electric field. The electric field, which is the gradients of the voltage, is
computed as follows:

ez/QBde (22)
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where B is the “strain-displacement” matrix of finite element analysis. The

electric field and voltages have the same differential relationship as do strains
and displacements in elasticity. Now, using the formed Maxwell stress tensor
(Te), the electrostatic interface forces are computed as:

£, = Tendl (23)
TE/S

where n is the outward normal on I'®/5. This is performed on an element
level such that:

n;
£=3 £ (24)
k=1

where n; is the number of elements on T'®/5 and the superscript e in paren-
theses denotes f for a given element.

The electrostatic forces provide the forcing term for the structural finite
element equations, which are solved directly for linear analysis and with a
Newton-type method for non-linear analysis, producing u. The structural
displacements on I'P/5 prescribe the motion of the electrostatic mesh on
T'E/5 and the deformations of non-interface nodes are determined using
an elasticity finite element model to represent the “stiffness” of the mesh.
The prescribed displacements are used as boundary conditions for the finite
element problem, and a non-zero Dirichlet boundary condition problem is
solved.

The overall coupled system is solved using the staggered procedure of
Maute et. al. [5], which allows the different analysis techniques, discussed
above, to be used independently. An outline of a step, (z), in the staggered
procedure proceeds as follows:

1. Determine the electrostatic forces, £, with equations 19 and 21 - 24.

2. Compute
f,

or () — e £, (25)
where Ty is a transformation matrix that accounts for potentially non-
matching nodes between sub-domains and is based on the conservative

load transfer algorithm of Farhat et. al. [3].

3. Compute _ .
ulth = (1= 9)u® + oa (26)

where u is the solution of equation 18, solved for u and 6 is an under-
relaxation factor € [0.5,0.9]. This factor is determined in such a way



that the solution of an aero-elastic system is numerically stable. Since
in an electro-mechanical system, both fields are elliptic (a fluid is hy-
perbolic), a better method for computing € could potentially be deter-
mined. Once ul*t1) is calculated, check the convergence of the solution
by comparing ut1) to u®. If converged, exit the loop, else, continue
to the next step.

4. Transfer ul“?) to the electrostatic mesh as in step 2:
uT(H-l) — Tu u(i+1) (27)
where T, is the same transformation matrix as T¢.

5. Solve equation 20, the mesh-motion, thus determining a new electro-
static mesh configuration. Return to step 1.

4 Solution of Eigenvalue Problem

The electro-mechanical model employed is non-linear, even though equations
(18) - (20) are linear. In order to perform and eigenvalue analysis, the system
needs to be linearized. There are two configurations around which the system
could be analyzed:

1. The configuration after analysis of the system. This is expected to be
the better option for accuracy. The drawback to this option is that
it is unable to be used in the event that pull-in actually occurs. If
pull-in occurs, the electrostatic mesh will become so distorted that the
electrostatic elements will invert, resulting in negative Jacobians. The
analysis software will exit upon this occurrence. Therefore, eigenvalues
can only be obtained before pull-in occurs.

2. The initial configuration. The attractive aspect of this formulation
is the fact that eigenvalues can be obtained for voltages exceeding
the pull-in voltage because an electro-mechanical analysis is not per-
formed.

As part of this project, results from both linearized configurations will be
compared.

The non-linear electro-mechanical system (M) is linearized about point
yo with a Taylor expansion:

M = M(yo) + VM(yo) (28)



where VM (yo) represents the electro-mechanical Jacobian matrix. As stated
by equations (15) - (17), M(y) = 0, therefore

M = VM(yo) (29)

The Jacobian matrix (A) for this electro-mechanical problem appears as

follows:
05 95 9s
Ou Ov O0x
— OE OE OFE
VM(yo) = |56 ov o (30)
OR OR OR
LFou  Ov  Ox-
A
Evaluating certain terms in A yields:
oS oS
KQQ ov 0x
OFE
A = 0 Py % (31)
K E/S 0 K

or

Where ﬁQFE/S is the portion of the ficticious mesh stiffness that couples

the interior of the mesh (£2) to the boundary with the structure (T*/5). The
three block diagonal terms are interior matrices.

The ‘(0)’ terms in A indicate that there is no direct dependence, there-
fore a partial derivative will evaluate to zero, for example, the term 9F/du.
Though the electrostatic system (E) clearly depends on the structural dis-
placement (u), the electro-mechanical model does not contain a direct depen-
dence. The mesh displacements (x) are directly dependent on the structural
displacements. The electrostatic field is in turn dependent on the mesh-
motion, but this would only be captured by a total derivative, not a partial.

The methodology for predicting the stability of the electro-mechanical
system will be to look at the eigenvalue of A with the smallest absolute value
(Ao), with the assumption that the pull-in instability can be predicted by
Ao- The eigenvalue A9 will be obtained through the inverse power method,
which returns the lowest absolute value eigenvalue of a matrix. The steps
in the inverse power method will be highlighted in order to illustrate some
implementation difficulties for the presented electro-mechanical model.

For a given step, (k), the inverse power method proceeds as follows:
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Step 0: Initialize g*=%), any random vector will work.

Step 1: Compute z*t1) = 4-1q(),

Step 2: Compute A(¥) = g’ 4 1q(F) = q*) z(k+1)

Step 3: Check convergence of A*). If converged, exit, if not, continue.

Step 4: Compute q¥t1) = % Increment k, return to step 1.

The difficulties with the inverse power steps will be highlighted below:
Step 0: No problem

Step 1: The first difficulty arises in the Jacobian matrix, A, as three off-
diagonal block matrices still need to be evaluated. The derivatives
0S/0v, 0S/0x and OF /9x are programmed by hand, taking analytical
derivatives of the finite element governing equations. The implemen-
tation of this is very lengthy.

In addition to A being difficult to compute, it is never explicitly
formed, as it exists over three different pieces of software. The so-
lution to A~'q®*) is computed by a Gauss-Seidel iterative procedure,
outlined by Maute et. al. [6].

Steps 1 - 4 Since A exists in three different pieces of software, so do q, z
and A. Communication routines need to transmit information between
software in order to compute these terms.

5 Numerical Examples and Analysis of Results

5.1 Plate-spring Example

In order to compare computational results to analytical results, the plate-
spring model of section 2 was recreated. Figure 3 shows the coarse computa-
tional mesh for this problem. The four springs can be seen at the corners of
the plate, which is represented by the black triangular elements. The solid
grey part of the mesh represents the electrostatic field. The orange markers
indicate the presence of applied voltage. The analytical and computational
results agree well as the plate reaches pull-in at almost exactly dy/3 in the
computational model. This is the value predicted by the analytical model.
The pull-in voltage occurs for the computational problem at 272.74 volts.
The eigenvalue computation is carried out for several different applied volt-
ages, in order to study the behavior of the lowest eigenvalue. The behavior
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Figure 3: Plate-spring electro-mechanical computational mesh
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Figure 4: Linearization about analyzed configuration - plate-spring
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Figure 5: Linearization about initial configuration - plate-spring
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Figure 6: Comparison of linearizations - plate-spring

for the analyzed configuration and the initial configuration is presented in
figures 4 and 5, respectively. Figure 6 compares the two results.

When taken separately, the results from linearization about the analyzed
and initial configurations both look plausible. However, when viewed to-
gether (figure 6), it is clear that the sharp drop in A far overshoots the actual
pull-in voltage. Additionally, the trends are completely opposite. The actual
value of the eigenvalues are very small, this is due to the numbers involved
in the electrostatic problem. The electrostatic permittivity is 8.85e—12, ren-
dering the scale of the eigenvalues very small as well.

The hope was that the actual value of the eigenvalue would give some
indication of the stability when taken by itself. Unfortunately, since the
eigenvalue does not equal any number of significance at pull-in, the trend
of the eigenvalue remains the most important indicator of stability. Further
examples will be looked at in order to shed more light on the problem.

5.2 Torsional Plate Example

A second example studied was that of a torsional plate. The plate is sup-
ported by two beams, with six degrees of freedom per node, at its center.
The idea was to study the beam with two different modes of instability:
rotational and deformational, and see how the eigenvalues behaved for each
instability. The different instability modes are triggered by changing the
size of the electrode beneath the plate, as was discussed in section 2. If the

13



Figure 7: Computational mesh for rotational instability
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Figure 8: Rotational instability mode - structure

Figure 9: Rotational instability mode - electrostatic
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Figure 10: Rotational instability eigenvalues - torsional plate

Figure 11: Computational mesh for deformational instability

electrode is made to be thin enough, the beam will pull-in due to its defor-
mation. However, a sufficiently wide electrode will produce enough moment
about the beam supports to cause pull-in to occur rotationally. In order to
achieve some initial movement in one rotational direction, a slight voltage
offset was induced.

The first instability mode studied was the rotational mode. See figure 7
for the computational mesh used. Also, figures 8 and 9 illustrate the pull-in
mode for this configuration. The shading in figure 9 is the voltage field. The
pull-in voltage was approximately 350 volts. As in the plate-spring model,
the trend in the eigenvalues was once again indicative of the stability of the
system, but the actual value lacked any real significance. See figure 10 for a
plot of the eigenvalues.

The deformational instability of the torsional plate was studied with
the mesh in figure 11. Figures 12 and 13 illustrate the instability behavior
for the structure and electrostatic, respectively. The shading in figure 13
is the electrostatic forces. In studying the eigenvalues of the deformational
instability, it became clear that the actual value of the eigenvalue does have
significance. The trend was similar, but opposite, and the eigenvalues were
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Figure 12: Deformational instability mode - structure

Figure 13: Deformational instability mode - electrostatic
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Figure 14: Deformational instability eigenvalues - torsional plate
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Figure 15: Instability eigenvalues - cantilever beam

different. This suggests that the value is meaningful in itself. See figure 14
for a plot of the deformational eigenvalues.

5.3 Cantilever Beam Example

The final example presented is that of a cantilever beam. The results for this
study were similar to the other, more simple structures. The trend in eigen-
values, however is less dramatic. Figure 15 shows results from linearization
about the analyzed and initial configurations. The voltage values are so high
because this problem was run on a large scale, rather than a micron scale,
therefore a rather large voltage value is required for pull-in to occur. This
plot further confirms that the initial configuration is very unconservative in
regards to predicting pull-in. The interesting note is that the eigenvalues do
not drop dramatically at pull-in as they do for the other systems. This is
possibly related to the fact that this is a more complicated system than the
plate-spring and torsional plate models.

The other notable result from this study is the associated computational
times for determining the smallest eigenvalue. It should be noted that the to-
tal number of degrees of freedom for this electro-mechanical system is 1,920.
As the system approaches instability, the computational time dramatically
increases, as illustrated in figure 16 for linearization about the analyzed
configuration. This is for two reasons:

1. The inverse power method takes significantly more iterations to con-
verge.
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Figure 16: Run-time and iteration count for analyzed configuration - can-
tilever beam

2. The Gauss-Seidel iterative inversion also becomes much less efficient.

The overall result is a very large computational cost for computing one
eigenvalue close to pull-in.

6 Conclusions

At this point in time, the results of this study are hardly conclusive. The
eigenvalue plots linearized about the deformed configurations (Figures 4,
10, 14, and 15) show similar characteristic profiles, but no definite state-
ment may be made about the eigenvalue behavior as pull-in is approached.
Some eigenvalues are positive while others are negative, and some seem to
assymptotically approrach infinity as the system nears pull-in while some
seem to approach negative infinity. The one behavior that appears consi-
tently throughout the plots is the significant change of the eigenvalues in
the voltage region before pull-in. It would be insightfull to be able to exam-
ine the eigenvalues after pull-in, however the mesh collapse that accompanies
pull-in makes this beyond the current capability of the software.

Although the analysis presented in this docmument lead to no defini-
nite conclusions, the authors intend to keep this problem in the scope of
their current research work. One thing could definetely lead to more insight
into the problem would be to determine a physical interpretation of the
computed eigenvalues — assuming that the eigenvalues even have a physical
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interpretation. The ability to somehow detect the onset of pull-in without
having to trigger one could have a significant impact on the optimization and
correspoding sensitivity analyses of MEMS devices. Potentially, the pull-in
behavior of a device could be manipulated through the optimization process,
increasing the performcance of a given MEMS design.
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