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27-3 827.1 TRIANGULAR ELEMENT PROPERTIES

The purposeof thisChapter isto explain the construction of displacement-based triangular Kirchhoff
plate bending elements through the development of the necessary interpolation formulas. The
resulting element is complete but does not satisfy full normal-slope conformity.

§27.1. Triangular Element Properties

We recall the following properties of a straight-sided triangular element, taken from Chapter 15 of
IFEM.

§27.1.1. Geometry

The geometry of the 3-node triangle shown in Figure 27.1(a) is specified by the location of its
three corner nodes on the {x, y} plane. The nodes are labeled 1, 2, 3 while traversing the sides in
counterclockwise fashion. The location of the cornersis defined by their coordinates:

Xis Vi, =123 (27.1)
The area of the triangle is denoted by A and is given by
1 1 1
2A = det |:X1 X2 Xs} = (X2Y3 — X3¥2) + (X3Y1 — X1Y3) + (X1Y2 — X2Y1). (27.2)
Yi Y2 VY3

It isimportant to realize that the area given by formula (27.2) is asigned quantity. It is positive if
the corners are numbered in counterclockwise order as shown in Figure 27.1(b). This convention
isfollowed in the sequel.

@ 3em (b)
Area A >0
A 2 (%)
X 1 (X .y0)

Z up, towards you

Figure 27.1. Geometry of stright-sided triangular element.

§27.1.2. Triangular Coordinates
Points of the triangle may also be located in terms of a parametric coordinate system:

{1, 62, &3. (27.3)

In the literature these three parameters receive many names. In the sequel the name triangular
coordinates will be used to stress its close association with this particular geometry.
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Chapter 27: TRIANGULAR PLATE DISPLACEMENT ELEMENTS 274

§27.1.3. Propertiesof Triangular Coordinates

Equations
¢ = constant (27.9)

represent a set of straight lines parallel to the side opposite to the it" corner. See Figure 27.2. The
equation of sides12, 23and 31 are{; = 0, £ = 0 and ¢3 = O, respectively. Thethree corners have
coordinates (1,0,0), (0,1,0) and (0,0,1). The three midpoints of the sides have coordinates (%, % 0),
(0, 3.3 and (3,0, 3), the centroid (3, 3, %), and so on. The coordinates are not independent
because their sum is unity:

G1+o+i=1 (27.5)

Figure 27.2. Triangular coordinates.

827.1.4. Linear Interpolation

Consider a function w(Xx, y) that varies linearly over the triangle domain. In terms of Cartesian
coordinates it may be expressed as

w(X,y) = ap + X + a,y, (27.6)

where a,, 8, and a, are coefficients to be determined from three conditions. In finite element work
such conditions are often the nodal values taken by w at the corners:

Wy, Wy, Ws (27.7)
The expression in triangular coordinates makes direct use of these three values:

& w1
w(é’l, $o, fs) = w81 + wylz + wyl3 = [wl w2 w3] |:§2j| = [§1 & §3] |:w2:| . (21.8)

{3 w3

Expression (27.8) is called alinear interpolant for w. See Figure 27.3(a).
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275 827.1 TRIANGULAR ELEMENT PROPERTIES

@ (b)

1

Figure 27.3. Nodal configurationsfor: (@) linear interpolation of w by three
vaues wi, a cornersi = 1, 2, 3; (b) quadratic interpolation of w by
six values wj at cornersi = 1, 2, 3 and midpointsi = 4, 5, 6.

827.1.5. Coordinate Transfor mations

Quantitieswhich are closely linked with the element geometry are naturally expressed in triangular
coordinates. On the other hand, quantities such as displacements, strains and stresses are often
expressed in the Cartesian system x, y. We therefore need transformation equations through which
we can pass from one coordinate system to the other.

Cartesian and triangular coordinates are linked by the relation

1 1 1 17ra
|:Xi|=|:X1 Xo X3i| |:§2i| (27.9)
y Yi Y2 y3dL{s

The first equation says that the sum of the three coordinates is one. The second and third express
x and y linearly as homogeneous forms in the triangular coordinates. These simply apply the
linear interpolant formula (27.8) to the Cartesian coordinates. X = X1¢1 + Xol2 + X3¢z and 'y =
Y181 + Y282 + Yals.

Inversion of (27.9) yields

& 1 [XeYa—XaY2 Y=Yz Xx3—Xx[1 1 [2A3 Yoz X271

| = oA X3y1—X1y3 Ya—Y1 X1 —X3 || X [ = oA 2A31 Ya1 X3 || X |.

{3 XiYo—Xoy1 Y1—VY2 Xo—XidLy 2A12 Y12 X1 dLy
(27.10)

Here Xjk = X; — Xk, Yjk = ¥j — Yk, Alisthetriangle areagiven by (27.2) and A;i denotesthe area

subtended by corners j, k and the origin of the x—y system. If thisoriginistaken at the centroid of
the triangle, Aoz = Az = Ap = A/3

827.1.6. Partial Derivatives

From equations (27.9) and (27.10) we immediately obtain the following relations between partial

derivatives:
X ay

o =% . (27.11)

3G_M

9
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Chapter 27: TRIANGULAR PLATE DISPLACEMENT ELEMENTS 276

g d¢g;

In (27.12) j and k denote the cyclic permutationsof i . For example, ifi = 2,then j = 3andk = 1.

The derivatives of afunction w(¢1, ¢2, ¢3) with respect to x or y follow immediately from (27.12)
and application of the chain rule:

ow 1 (8wy +8wy +8wy >
— == —=Ys3t —Yat+t—VY
ax 2A\ 0 d d
{1 &2 {3 (27.13)
ow . 1 8wx n 8wx n awx
gy 2A\ac 2 o B ars o
which in matrix formis
— oW —
ow 0¢,
9x 1 9
ox | _ 1 [YZs Y31 Y12} Jw . (27.14)
w 2A [ X3 x13 Xzl | 9%
ay ow
L 9z,

§27.1.7. Six Node Quadratic Interpolation

Consider next the six-node triangle shown in Figure 27.3(b). This element still has straight sides,
and nodes 4, 5 and 6 are located at the midpoint of the sides. In Chapter 16 of the IFEM course
it was shown a function w(x, y) that varies quadratically over the element and takes on the node

values wi, i = 1,2, 3,4,5, 6, can be interpolated in terms of the triangular coordinates by the
formula
— N:(Lll -
N,
Ny
w=[w w, wy w, wg wgl NG (27.15)
4
Ny
| Ng
where the Niq are the quadratic shape functions
N =201201—1) N} =0026-1) N =¢g@25a-1
1 =0¢1(200—1) Ny =0(20—1) Ny =1¢3(203—-1) (27.16)

N, = 4412 Ng = 42283 Ng = 4¢3

The geometry is still defined by (27.9) because we are not permitting nodes 4,5,6 to be away from
the midpoint positions. Similarly, the partial derivative expressions of §27.1.6 remain valid.

2716



277 827.2 CUBIC INTERPOLANTS

Figure 27.4. Nodal configurations for two forms of cubic interpolation of w(Xx, y) over triangle:
(@) interpolation by ten values w; at cornersi = 1, 2, 3, thirdpointsi = 4,5, 6,7, 8,9 and
centroid i = 0; (b) interpolation by four w; valuesat cornersi = 1, 2, 3 and centroidi = 0,
plus six side slopes (dw/0Sp)1, (dw/3S3)1, (Aw/3S3)2, (Aw/dS1)2, (dw/dS1)3 and (dw/9Sp)3.

§27.2. Cubic Interpolants

Cubicinterpolantsfor w arefundamental in the construction of the simplest Kirchhoff plate bending
elements. The complete two-dimensional cubic polynomial has 10terms. There are several choices
for the selection of nodal values that determine that interpolation. Several important ones are
examined next.

§27.2.1. Cubic Interpolation Choice 1: 10 Nodes

Next consider the ten-node triangle shown in Figure 27.4(a). This element still has straight sides.
Nodes 4 through 9 are placed at the thirdpoints of the sides as indicated. The tenth node is placed
at the centroid and is labeled O.

In aHomework of the IFEM course it was shown that afunction w(X, y) that varies cubically over
the element and takes on the node values wi, i = 1,2,3,4,5,6, 7, 8,9, 0, can be interpolated in
terms of the triangular coordinates by the formula

— Nfl —_
NS
NS
Ncl

4

w=[w; w, wy W, Wy Wg Wy; Wg Wy W] Ngl ) (27.17)

s

cl
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where the N°! are the 10-node cubic shape functions

278

NSt =16Ba - DB -1 N =1006n-DGeR—-1 N§t =135 -1DG@s—1)

NSt = 2¢1¢2(3¢1 — 1) NS = 2016(3¢, — 1) N§* = 9¢203(302 — 1)
NSt = 3205(303 — 1) N§' = 36361(353 — 1) Ng! = 3¢a1(301 = 1)

NSt = 27218085

(27.18)

The geometry is still defined by (27.8) because we are not permitting nodes 4 through 9 to be away
from the thirdpoint positions as well asforcing 0 to be exactly at the centroid. Similarly, the partial

derivative expressions of 827.1.6 remain valid.

§27.2.2. Cubic Interpolation Choice 2: 4 Nodes plus 6 Side Slopes

Consider now a variant of the cubic interpolation over the triangle as shown in Figure 27.4(b).
This element till has straight sides. In addition to values at the corners 1,2,3 and the centroid O,
we we specify the side-slope corner derivatives wjx = (dw/dsj)x. There are six combinations:
wp1 = (0w/0%)1, w3y = (dw/0S3)1, w2 = (w/9S)2, w12 = (dw/3S1)2, w1z = (dw/9S)3 and

wp3 = (dw/0Sp)3. Theresulting interpolationis

w=[w; wy wy W, Wz Wy Wy Wiz Wy Wy

in which the N are the shape functions

_ N Jzz —_
Na,
NS,
Na,
N

6

c2

N2 = ¢2(21 + 382 + 323) — 7618283 NS? = —L31(83¢2 — ¢18283)

N$? = L12(¢1¢2 — 10283) N3 = ¢3(3¢1 + &2 + 3ta) — T6atats

N§? = —L12(£1¢5 — £18283) N§? = Laa(¢at — Catats)
NS = ¢2(3¢1 + 32 + £3) — 7¢18283 N§? = —L3(8282 — £18283)

NS? = La1(£at? — ¢18283) N§? = 27218283

(27.19)

(27.20)

and L j denotesthe length of the sidejoining corners j and k. The function of the corrective terms

£182¢3 isto make the first nine functions (27.20) vanish at O.
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27-9 827.2 CUBIC INTERPOLANTS

The c1 and c2 formulas are alledgely related by the transformation matrix

w7 27 0 0O O 0 0O O 0 0O 0771 w7
Wy 0 0 0 27 0 0O O 0 0O O Woq
Wg 0 0 0 O 0 0 27 0 0O O Waq
Wy 20 0 4L, 7 —2Lp 0 O 0 0O O Wy
we| _ 1|7 0 2204y 0 0 0 0 O ||ug|
Weg 271 0 0 0 20 0 4,3 7 -2L3 O O Wiy ’
w4 0 0 0o 7 0 2L3 20 —4L,3 O O Wg
Wg 7 -2L;; 0 O 0 0 20 0 413 O Wqg
Wq 20 4Ly O O 0 0o 7 0 2L3; O Wog
[ wg 0] 0 0O O 0 0O O 0 0 271 L wy -

§27.2.3. Cubic Interpolation Choice 3: 4 Nodes plus 6 Cartesian Slopes

This choice is similar to the previous one but the corner derivatives are taken with respect to the
directions x, y of the Cartesian reference system. The notation used for the slopes is wyx; =
(Qw/0X)1, wyr = (Qw/3Y)1, wx2 = (Qw/3X)2, wy2 = (dw/dY)2, wxz = (w/9X)3 and wyz =
(dw/0Y)s3. Theresulting interpolation is

— NC3 —_
N]éS
N%S
N?;S
w=[w; wyy wy wy Wy, Wy, W3 Wyg Wz Wo] N§3 . (27.22)
NS
L NSS A
in which the N are the shape functions
N$® = ¢2(¢1 + 352 + 323) — 7018203 NS = 2(Xo102 — X1303) + (X13 — X21)18203
N$® = ¢2(y2102 — Y13¢3) + (Y13 — Ya1)18a03 N§® = ¢2(301 + &2 + 3L3) — 7010283
NS = £2(Xapls — X2181) + (Xo1 — Xa2)818283 N3 = £2(Y3283 — Y2181) + (Va1 — Ya2) {18283
N$3 = ¢2(3¢1 + 382 + £3) — 7618283 NS® = £2(X1381 — Xs282) + (X2 — X13)¢18283

N§® = £5(y13¢1 — Y282) + (Yaz — Y13)182(3 NG® = 27518283
(27.23)

inwhichxij =x —xjandyj; =Y — ;.
§27.2.4. CubicInterpolation Choice4: 4 Nodes plus 6 Cartesian Rotations

This interpolation is the same as the previous with some rearrangements. The rotational degrees
of freedom at the corners are introduced using the relations 6, = dw/dy and 6y = —dw/dx.. The
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Chapter 27: TRIANGULAR PLATE DISPLACEMENT ELEMENTS 27-10
resulting interpolation is

— N](_:4 —
NSt
N$*
NC4
4
w=[w; Oy Oy wy Oyp Oy w3 Oy3 O3 wol N§4 . (27.24)
NE*

c4

in which the N are the same shape functions of Choice 3 with some

N§* = N3 NS* = N§° N$* = —Ng?

N§* = Ng° NS = N&2 Ng* = —Ng® (27.25)
N$* = Ng3 N§* = N§° N§* = —N§® '
N(():4 — NES

§27.3. TheBCIZ Plate Bending Element

One of the simplest Kirchhoff plate bending elements! was presented by Bazeley, Cheung, Irons
and Zienkiewicz at the 1965 Wright-Patterson Conference.? This is called the “BCIZ element”
after the authorsinitials.

Thiselement can be derived from the cubic interpolation choice 4 (27.24). Thetechnique appearsa
bit mysterious at first. Basically one can construct a 10 x 10 plate stiffness matrix. Freedom wg at
the centroid can be statically condensed out and the resulting 9 x 9 stiffness used in finite element
anaysis. Unfortunately the static condensation destroys curvature completeness so the solutions
will not generally converge. Theideabehing the BCIZ element isthat elimination of the centroidal
DOF isdonein such away that completeness is maintained, using a kinemtic constraint.

827.3.1. TheKinematic Constraint

As explained above, we seek a kinematic constraint to eliminate wq in terms of the nine connector

1 Historically the first triangular plate bending element that satisfied completeness and invariance. This element is also
important as the motivation for development of the patch test.

2 G.P Bazeley, Y. K. Cheung, B. M. Irons and O. C. Zienkiewicz, Triangular Elements in Plate Bending — Conforming

and Nonconforming Solutions, Proceedings First Conference on Matrix Methodsin Sructural Mechanics, AFFDL-TR-
66-80, Air Force Institute of Technology, Dayton, Ohio, 547-576, 1966.
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27-11 8§27.3 THE BCIZ PLATE BENDING ELEMENT

DOFs:
wq

le
041
Wy
wo = [Aw1 x1 Ay1 Qw2 x2 Aey2 w3 Aox3 Ays] | Oy (27.26)

Substituting thisinto any of the 4 choices of the previous section, wy is eliminated. For choice 4:
N4 + a1 No
N%Cj-F a@xlNO
w=[wy Oy Oy Wy b, O, wy Oy O] | Na T 3y1No | (27.27)

N§* + apy3No

inwhich Ng = 27¢122¢3 is the same for all choices. To determine the a’s in (27.27) we impose
the condition that all constant curvature states must be exactly represented. Thisisacompleteness
condition. Constant curvature states are associated with quadratic variationsof w, which are defined
by the 6-node interpolation (27.16). The procedureis asfollows:

(i) Use(27.16) to express wg in terms of w1 through wg by setting ¢ = ¢ = ¢3 = 1/3.

(if) Take the cubic interpolation choice 4 (27.24) and express the value of wy, ws and wg in terms
of the nine connection DOF w; through 6y3 by setting ¢1, ¢> and ¢3 to appropriate midpoint
coordinates.

(iii) Eliminate w4, ws and we from (i) and (ii) to get (27.26) and hence (27.27). The resulting
formulais called the BCIZ interpolation. The associated N’s are the BCIZ shape functions.

It can be shown that the constraint is

q =[1/3, (=2X1 + X2 + X3)/18, (=2y1 + Y2 + Y3)/18,
1/3, (X1 — 2%2 + X3)/18, (Y1 — 2Y2 + ¥3)/18, (27.28)
1/3, (X1 + X2 — 2X3)/18, (Y1 + Y2 — 2y3)/18]

The derivation of the entries of (27.28) is the subject of a homework Exercise.
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@ (b)
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Figure 27.5. Thetwo 3-point Gaussintegration rules for triangles, which are
useful in the computation of the plate element stiffness matrix K.
Numbers annotated near sample points are the weights.

§27.3.2. The Curvature Displacement Matrix

Once we have an interpolation formulafor w, asin (27.27), the curvatures over the plate element
can be evaluated by double differentiation of the shape functions with respect to x and y. The
resulting relation can be expressed in matrix form as

Wy
Qxl
6y1
Kxx 32w /9x? Bi1 Bi2 Biz B Bis Big Biz Big Big w,
kyy | = | 0%w/oy? | = | Ba Bz Bz By Bas Bos Bz Bog Bao | | 64 | (27.29)
2uexy 20%w /dydy Bs: Bs2 Bss Bas Bss Bss Bay Bss Baol | Oy2
W3
0x3

|6y

or

k =Bu (27.30)
The entries B;; arelinear in the triangular coordinates ¢1, ¢> and ¢3.
The derivation of the entries of the B matrix is the subject of a homework Exercise.

827.3.3. TheElement StiffnessMatrix

For this displacement element, the stiffness matrix is given by the usual formula
K = / B'DBdQ (27.31)
Qe©

where Q© isthe element area, D isthe plate rigidity matrix that relates moment to curvatures (see
§9.3.2) and B is the curvature-displacement matrix defined in (27.30).

If D is constant over the element, as frequently assumed, the integrand of K is quadratic in the
triangular coordinates. If so the integral can be done exactly using one of the two 3-point Gauss
rule presented in Chapter 23 of IFEM. The two rules are reproduced below for convenience:

1
A /. Fluide= IFG s D+iFG. 2D +3FG. LD, (27.32)
Qe
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27-13 8§27.3 THE BCIZ PLATE BENDING ELEMENT

1
A ) FGr L2 )d2=3F3, L 0+1F0 1 H+3iFG. 0. (27.33)
The second one is called the midpoint rule because the three sample points are at the triangle
midpoints. These rules are depicted in Figures 27.5(a) and (b), respectively. Both are exact up to

quadratic polynomialsin the triangular coordinates, which is what is needed for the plate stiffness
matrix.
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Homework Exercisesfor Chapter 27
Triangular Plate Displacement Elements

EXERCISE 27.1 [A:15] Check that the shape functions given for cubic interpolation choice 4 satisfy the
conditions of being 1 for the associated DOF, and zero for all others. For example N,, which is associated
with 6y, must satisfy

N N
N,(1,0,0) = 0, 8—;(1, 0,0) =1=06,, —a—xz(l, 0,00 =0=06,, e (E27.1)

Note: It is sufficient to verify N;, N, and N3 because the next six shape functions are obtained by cyclic
permutation of subscripts. Ny is easy to check since its corner value and corner slopes are zero.

EXERCISE 27.2 [A:15] Usingthechain rule and the results of §27.1.6, show that the following formulacan
be used to compute the plate curvatures from an interpolation formulain w:

- 2w -
a¢7
9%w
82_w Y§3 X§2 2X32Y23 T 8_;22
3X2 y32>1 st 2X13y31 82w
2w | _ 1| v, X5 2Xa1Y12 3z (E27.2)
ay? ©4AA? | 2Ya3Ya  2XgXiz  2(Xz2Ya + XizYas) 9w ' ’
2 w 2YznY12  2XizXar  2(XizY12 + Xa1Ya1) 021002
axay 2y12Y23  2XxnX3  2(X21Y23 + Xa2Y12) 92w
082083
9%w
~ 043081 -

EXERCISE 27.3 [A:15] Derivethe expression for the a’s in (27.27) following the procedure outline in that
section, and derive the modified shape functions appearing in (27.28).

EXERCISE 27.4 [A:25] Program the BCIZ element starting from the interpol ation formula provided by the
previous exercise, the expression (E27.2) to form the curvature-displacement matrix B and one of the 3-point
Gaussrulesgivenin §2733toevaluateK® = [ , BT DBdQ. Assumethat D = (h®/12)E inwhich both the
thicknessh and the 3 x 3 stress-strain matrix E are constant over the element, and supplied through arguments.

EXERCISE 27.5 [A:15] Evaluate K® of the BCIZ element for atriangle with corners at (0, 0), (2, 1) and
(1, 3), fabricated with isotropic material of E = 120 and v = 0, and constant thicknessh = 1. As a check,
compute the 9 eigenval ues; three of them should be zero and six positive.

27-14



