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Kirchhoff Plates:
BCs and
Variational Forms
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Advanced FEM

BCsin Kirchhoff Plates (and Thin Shélls) -
Mathematical Difficulties

Rotational freedoms introduce displacement derivatives
(differentiation is always a sour ce for trouble)

Some BCs are difficult to realize experimentally
e.g. sSsimple support

Kirchhoff model per mitsonly two independent conditions
at boundary points, whereas the natural number isthree
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Advanced FEM
Conjugate Quantities on Kirchhoff Plate Boundary

deflection and rotations positive as shown

(b) dx / 6
s

Work pa| rs forces & moments positive as shown

Jw Jw
w, — = —Ug, —_— =
an ds
Boundary work integral

ow ow
W = /F(an + Mns— o + Mnn%) ds = /r (an + MnsBy — MnneS> ds

0, Qn, M, Mns
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Advanced FEM

The Modified Shear
(aka " Kirchhoff Shear Force")

B

aM ow

WB|E:/ [(Qn— asns)w—l—l\/lnn—an}dt—l— Mns w| .
A

0 Mns

Vo = Qn —
n = Qn s

9

Wg|B = " (vew + Mo 2 it 4 Mocn B
Bila = nW + Mpp + nsw|A-
A on

/!

responsible for "corner forces"
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Advanced FEM
Physical I nterpretation of

M odified Shear at Plate Corner

s (arclength)

At acorner point A-> C <-B:
Mns“i = Rw = (MrTs - Mn_s)yW

Re = Mps — Mg
Thisisa"corner Simple Support,
lifting" force No Edge Anchorage
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Common Plate Boundary Conditions

Clamped or Fixed Edge (with s along edge)

Jw
:O’ _— = — :0
w an %

Simply Supported Edge (with s along edge)
w=0 Mu=0
Free Edge (with salong edge)
Vo=0, My =0
Symmetry Line (with salong line)

ow

V, =0, — =
n an

—6;=0

Point Support

w=~0
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Examples

Free edg&

Clamped
(fixed) edges

"Point support" for
reinforced concrete slab
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Prescribed

deflections

& rotations
N\

W, és

Strong Form Tonti Diagram

. \& Latera
Bs =6 i ater
S =TS Deflection o]
Displacement w q r
BCs
Kinematic | K=Pw Equilibrium | PTM =g
inQ inQ
. . N\
Constitutive Mnn= Mnn .
: Prescribed
M =Dk Bending | v, = O moments
Curvatures : s n=Vn & shears
K inQ M Force BCs Mnn, Vi

Advanced FEM
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Prescribed

deflections

& rotations
VA

W, és

Total Potential Energy Principle:
Departure Weak Form

w=W
Os =0s |Deflectionw| Master L%%al
Displacement | Rotations 8" q
BCs
Kinematic | K" =P w Equilibrium
inQ
Constitutive
S e~ R e Slave
. v MY=DkW Bending
Slave :Curvatv\tljr%: _ i moments
K : inQ : MW & ForceBCs
Lassssnnnnnsn Lassssnnnnnsn

Advanced FEM

Prescribed
moments
& shears

N\ N\

Mnn, Vh
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Advanced FEM

Total Potential Energy Functional of Kirchhoff Plate

Mrpe[w] = Urpe[w] — Wree[w] Ier)](JE[eerrr%?all "

Internal energy:

Urpe[w] = %/Q(Mw)T w %fg(mw)Tme dQ = %fQ(WPT)D(Pw)dQ

where P=1[82/0x2 92/ay? 23%/3xay]"
External work hasthree components:

transverseload +
Wrpe[w] = Wg[w] + Ws[w] + Wc[w] | boundary forces +
corner forces

Wq[w] :/qudsz, Ws[w] = (Vaw — Mn8Y) dI

T'vm

Nec Nc
WC:_Z;RCJ- Wi =2;(M;;— Mpe) W
= =

J
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Prescribed

deflections

& rotations
/\

W, és

Hellinger-Reissner Principle:
Departure Weak Form

w= W
Os = Os Deflection w | M aster Ll%%al
Displacement | Rotations 8" q
BCs
Kinematic | K" =P w Equilibrium
inQ
Save ECurvaturesE
E KW
.
............ Constitutive
: M"=DK" Bending
Slave :CurvatMures- moments
] K 1
3 inQ M

M aster

Force BCs

Advanced FEM

Prescribed
moments
& shears

VAN AN
Mnn, Vh
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Advanced FEM

Hellinger-Reissner Functional for Kirchhoff Plate

HHR[w, M] = UHR[U), M] — WHR[U), M]

Unr[w, M] = /(Man — IMTD™'M) dQ :f(Man —U*) dQ
Q Q

U* = SMTD™'M : complementary ener gy density (per
unit of plate area) in terms of moments

external work term similar to TPE
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Fraeljsde Veubeke Curvature-Displacement
Principle: Departure Weak Form

Prescribed

deflections

& rotations
/\

W, és

w= W
0s =0s  |Deflectionw| Master Ll%%al
Displacement | Rotations 8" q
BCs
r
Kinematic | K" =P w
inQ
peeendaaaaa, Constitutive S|ave
:Curvatures: M"=Dk" . Bending Equilibrium
Slave ; W —= $ moments a
et LMY
Congtitutive  .......du.. :Slave SeeTed
Curvatures MX=D k : Bending : moments
Master - i moments : & shears
K inQ E MK = ForceBCs Mnn, Vn
Tsssssmmnnnm -
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Fraeljsde Veubeke Curvature-Displacement
Functional

Mrav[w, K] = Urav[w, &] — Wrav[w, K]

Megv[w, kK] = f(mTMw — %HJTDK:) dQ
Q

external work term similar to TPE
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Advanced FEM

Variational | ndex of Master Fields

Functional transverse bendin plate
displacements moments curvatures

TPE 2

HR 2 0

FdV 2 0

Index m, = 2 on transverse displacementsw isabummer

Main difficulty: classical Ritz requires Clinterelement
continuity, not easy to achieve with polynomials

Much research since early 1960s has been devoted to
alleviate or eliminate this tough requirement
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